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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
171 ]. This is test number | 105 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 13.3.1 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

1.1. Listing of CAS systems tested
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then

the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Mathematica | 98.83 (169 ) | 1.17(2)

Rubi | 97.66 (167) | 2.34(4)
Maple | 71.35 (122 ) | 28.65 (49)
Fricas | 66.08 (113 ) | 33.92 (58)
Mupad | 60.23 (103 ) | 39.77 (68)
Giac 40.12 (84) | 50.88 (87)
Maxima 49.12 (84 ) | 50.88 ( 87)
Sympy | 36.84 (63) | 63.16 ( 108 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.

1.2. Results
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 97.076 0.000 0.585 2.339
Maple 49.123 22.222 0.000 28.655

Maxima, 46.199 2.924 0.000 50.877

Mathematica 36.257 15.205 47.368 1.170

Fricas 31.579 34.503 0.000 33.918
Giac 18.713 30.409 0.000 50.877
Sympy 5.263 15.205 16.374 63.158

Mupad 0.000 60.234 0.000 39.766

Table 1.3: Antiderivative Grade distribution of each CAS

1.2. Results
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima

1.2. Results
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and Giac) or it could be an indication of an internal error in the CAS itself. This type of
error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Mathematica | 2 100.00 0.00 0.00

Rubi 4 100.00 0.00 0.00

Maple 49 26.53 73.47 0.00

Fricas 58 22.41 77.59 0.00

Mupad 68 0.00 100.00 0.00

Giac 87 14.94 85.06 0.00

Maxima 87 33.33 44.83 21.84

Sympy 108 75.00 5.56 19.44

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

1.3. Time and leaf size Performance
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System Mean time (sec)
Maxima 0.36

Maple 0.40

Giac 1.97

Rubi 2.02

Sympy 3.63
Mathematica 4.88

Mupad 21.11

Fricas 26.31

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Rubi 335.57 1.06 302.00 1.04
Maxima 375.69 1.35 217.50 1.20
Mathematica | 808.14 1.92 290.00 1.26
Giac 1752.95 5.51 492.00 2.30
Sympy 3297.92 13.67 711.00 2.70
Maple 3979.42 11.03 347.00 1.22
Mupad 13887.19 | 40.23 307.00 1.38
Fricas 15738.06 | 48.61 505.00 2.10

Table 1.6: Leaf size performance for each CAS

1.3. Time and leaf size Performance
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to
solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.

Rubi number of rules

Rubi number of rules

Figure 1.1: Solving statistics per number of Rubi rules used
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1.4. Performance based on number of rules Rubi used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.

1.5. Performance based on number of steps Rubi used
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution

1.6. Solved integrals histogram based on leaf size of result
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1.7 Solved integrals histogram based on CPU
time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.7. Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following gives the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time.

Leaf size vs. CPU time
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1.8. Leaf size vs. CPU time used
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {90}[91}[02,[03}[94}[95} 96} [07}, [08} 09} [T00}, [T01], [T02} [T03)}, [104}, [L05} [L06} [L07}, [T 10} [T 11} [T 12, 13}
[T14}[115|[116) 117} 118} [[19} 120} [121} 122} 123} [124] 125} 126} [127]}

Mathematica {146/}
Maple {}

Maxima Verification phase not currently implemented.

Fricas Verification phase not currently implemented.

1.9. list of integrals with no known antiderivative
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Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.12. Timing
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1.14 Important notes about some of the re-
sults

1.14.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')

See [https://ask.sagemath.org/question/43088/integrate-results-that-are-dif]
Ferent-from-using-maxima/| for reference.

1.14. Important notes about some of the results
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1.14.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.14.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was
determined using the following function, thanks to user slelievre at https://ask.sage]
math.org/question/b57123/could-we-have-a-leaf count-function-in-base-sagen

BEh7

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
returnl
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

1.14. Important notes about some of the results
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1.14.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
Lanti = int(integrand,the_variable)

Which gives sin(x)~2/2

1.14. Important notes about some of the results
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1.15

The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert " Maple script + grading+ verification | — ’. »
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

l Mathematica script + grading +verification ‘_>
l Rubi script + grading + verification POST

PROCESSOR
PROGRAM

l Python script to run sympy + grading ‘
> Generate Program that
l Matlab script for Mupad/SymboIictooIbox}—> : sQL generates the

database Latex reports

and analysis
| using input
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grading

SageMath/Python &
scrip.t to tesft SageMath Fricas -
Maxima, Fricas +

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

DLoONOWLAWNE

W~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx i

Designvsdx

S o

©

1.15. Design of the test system
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2.1.6 Giac . . . . .. e e e
2.1.7 Mupad . . . ... e e
2.1.8 SYMDPY . . . . o e e e e e e e e 24
2.1.1 Rubi

A grade { [1)2,505L6) 750,10} 1 12) 3 145 06,7 15,19} 20, 21} 2 3 A 25,26 2
28,29, 30} 31}, 32}, 33, 134} 35, [36}, 37, [38} 39, {0}, (A1}, 42}, (43} 44}, (45}, 46}, 47} 48, [50} 5T, 62} 53} 54,
55} (56}, 57} (58, [59} (601, (61}, [62, [63} 64, [65}, 66} [67], 68}, [69} [70} [71},[72} [73,, [74}, [75, [76}, [77],[78} [79, [BT),
B1}[82}[83, 84} [85} (861 B7} [88} 89, [90} 91}, 92} 93} [94} 95}, [96}, [97], 98, [99} [L00} [10T}, [102} 103}, 104} [105),
[106}, 107}, 110} 11T}, [TT2} [TT3} [T14} [T15} 116}, T17} [TT8, [T19, [T20} 121}, 122, 123}, 124}, 125}, 126, 127},
(128, (129,130}, [13T], 132,133} 134}, [135}, 136}, 137, [T38}, [139} [140}, 14T}, 142} 143} [144} [145], 147, [148]
[149,[150} 15T} [T52}, 153}, [154} [T55} 156}, [157], 158, [159} (160} [16T], 162}, 163} 164, [165}, [166}, 167, [168]

169,170 )
B grade { }
C grade {49}
F normal fail {[108][109][146}[171] }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.2 Mma

A grade {1\ B} 25 5,0} 7 553 77 52,65, 52 7 % ) 99, 00, 101, 103 105,
[106}, 107, 11T, [TT2}, 113} [TT4} [TT15}[T20}, 128}, 129, [130} [131}, 132}, 133, 134}, 135}, 136}, 137, [141], 142}
(47 (43, [749, 50, 51, 152, 155 156, 157, 158} 161} 163 63, 165, 167 165} TG0, 170

B grade {[75)[51)[53 5090} 05,6, 57} (102 03} (08, 109} [0} 21} .26} 27 138} 140, 143, 146,
[T53) [54,[T59} 160} 165,171 }

C grade {55y 75,510,112 (13,14 15,16, 7 15 19,20, 21,22 23,2 25,26, 27,29, 50, B
32}, 33,34} 351,136}, 371,138} 39, 40}, A1} 42} 43} {4} 50} [51], 52} 54} 55} (561, 57} 58, 59} (6T (61}, 62, 63,

2.1. List of integrals sorted by grade for each CAS
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(64, [65}[66}[67, [68, 169, 70} [7 T}, [72} [73, [77} [78, [79}, 8T}, [84}, [85} {86, 7, (116}, [L17} [TT8} 119} 122} 123,
[124] [125)[139] [144][145] }

F normal fail {[49}[164] }
F(-1) timedout fail { }

F(-2) exception fail { }

2.1.3 Maple

A grade {[1}[2,3[4,5,[617, 89} [10}[11} 12,13} 14} [15}[16} 17 18} 19} [20} 21} 22} 23} [24} 25} 26} 27
[28}[29} 30, 81}82, 3} 34} 135}, 36}, 37} [38; 39} [0, 11}, A2} A3} 14, 50} 51}, 62 53} 54, b5, 56}, 5 7] b8}
59,60} (611, 62}163; (64} 65}, 166} (67} 68} [69, [70} [7 T} [72, 73} [74} [753, 76} [77} [78} [79} B0} [T} 82, B3, [B4)
[B5}[86187,88}/89 }

B grade { [90,01} 02, 3,04, 95, 56} 57, 98, 9% [00} [0, [0 03} [0 {05} [0, 07 08} 109
10 11} [T12}[113][114}[115][116}[117,[118][119,[120,[121}[122}[123][124}[125][126}[127] }

C grade { }
F normal fail { 55,6} 7, 5 5 6% 165} 6667 [16% 169 (70,71

F(-1) timedout fail {[128[129}[I30},[I31}[I32},[I33}[I34}[I35}[136}[137}[138}[139} 140} [141}[142]
(143} [144} 145, [146} [147], 148, [149} 150} (15T} 152} [L53} 154} 155} [156} 157} 158, [159} [160} [T6T, 162
[163}

F(-2) exception fail { }

2.1.4 Fricas

A grade {[L2[3}[451[6} 78[5} 1011} [12}[13}[14 5} [16}[17 18} 19} [20} 21} 22} 23} 24} 2526} 27,
%@@@@@@@@@@@@@@I@@LI@L@@L@@@@@L
80

B grade {[32,33,(363738}[39 {40} A1} 42} 43) 44} 55 56} 62} 63} 68} [69} 75 677 78} 81} 82} 83}
[8% (8536, 871 [38} 89, B0, [0} 92} 3, 97} (98} 99} 100 (104} 105 (106, (110} [T} T2, [T T3} T8} TT9}
[124}[125}[130} [131} 132} [137}[138} 148} [149} [150} 151} 155 }

C grade { }

F normal fail { [15,[6, 77} 45} 49) 164} 65 (66, 67168, 160} 70} 71 )

F(-1) timedout fail {[0)05) 6|01} 102} 03} 07 {08} 109} {14 15} 116} 117 [120} 121, 23
[123],[126], 127}, 128}, [129} [133},[134} (135}, (136}, (139} 140}, 14T}, [142} [143} [144} [145], 146}, 147}, 152} [153]
[T54) 156} [57 158} 159} 160} (61, 162,163}

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS



CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 23

2.1.5 Maxima

A grade {[L2[3}[451[6} 7 8}[9} 1011} [12}[13}[14 5} [16}[17 18} 19} 20} 21} 22} 23, 24} 2526, 27
128,29} 30} 81} 82, B3} 34} 135} 36}, 37} [38; 39} [0, (11}, A2} A3} 14, 50} 5T}, 62 53} 54, b5, 56}, 5 7] b8}
EE%EﬂlKZRKZ%KEEKEEKﬁikﬁiﬁﬂlﬁﬂikﬁﬁﬁilﬁﬂlﬁiiEE%E@@EELEZLEE%EE%EELEILE!LEE&EELEEH

B grade {[76}[82,[33|[88,[89 }
C grade { }

F normal fail { [£5,[,/9, 01} 02,53 00} [06, 12 LT3} 125 (29} 130, 13T, 35 36} {37, 141
[148) 49} [T50} 151 156} 164 166, 167 (L8, 1693 170 }

F(-1) timedout fail {[47)[48}[00,97 [08} 09} [L04} 105} [110} 111} 116} 117, 118} [119}[122} [123][124]
(125} (132, (134 [[38, (139} 142, [T43, [144) [T45, [T47} 152 [[53, [154} 155} [T57} 158, (59} [T60} 162, [T63,
[165}[171] }

F(-2) exception fail {[3,55)06) 101) 02} [03 107 [108} {09} 14 {15} {20} {21 126} 127 133,
(140} 146} 161) }

2.1.6 Giac

A grade {[3[[11}[12}[13} 18[19,20} 21} 25}[26} 27 28} 29} 30} 31} [32} 33} ]37}[38} [39} (44} 54} 5} 6 1}
677071} [72} 73} 74 [79] }
B grade {[1}[2,[5[6} [7}[8} [9}[10} 14, [L5} 16} 1722} 23} 24} 34} 35| |36} 40} 41 |42, 43, [50} 51} 52} 53,

EEEEEIEE&EE%EﬂlEE&EEEEZREﬁiEEEEELEQHZQJBE[ZﬂEE%EﬂlEQBEE%EEEE!EEEEEEIEZLEEHEH

C grade { }

F normal fail { [£5}/46) 47} (126} 30 [64 65, {66, 167 [£68} 60} 70} {71 }

F(-1) timedout fail { I5)[19,50} 07} 02,53} 0% 5,56, 07 95,50} {00} 07 02} {03} {04 )
[106}, (107,108}, [109}, 110, 11T} [TT2} [TT3},[TT4} 115} [T16}, 117} [TT8][TT9, 120 12T} 122} 123} 124} [125]

[127,[128} 129} 131,132}, 133} 134} [135}, (136}, 137, [T 38, (139} [140} (14T}, 142} 143}, [144} [145], 146}, [147,
[T48) [T49}[150}[151} 152} [153] [154] [155} 156} 157} 158} [159] [160] [61}, 162} [163] }

F(-2) exception fail { }

2.1. List of integrals sorted by grade for each CAS
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2.1.7 Mupad
A grade { }

B grade { [1}[2,[3} 4[5} (6} (7,8} 9} [L0} 11} [L2} [L3} 14} [L5} [L61[17} [L8} [L9} 20} [21} 22} [23} [24} 25} [26} [27]
E28) 29, B0} 311 32, 33, 3 35, 36, 37 98, 89, 0L A, A2, 53, 44, 50, 571 52, 53, 5 55, 56, 57 58,
594 60 6T} 6524 53, 52653 66, 67} 654 69, 704 (71 72 73, [72 75, 76 (77 78, 79, 0L BT, 82, 53, B,
[55) 86, 87} 55} B9}, 92, 93} 9%, 195} 100} [T} 106} [LT0, (L1, (-2} (LT3, (LT .5} L7, (LTS} TT9} (123,
12425}

C grade { }
F normal fail { }

F(-1) timedout fail {[5,16) 7S} 49} 00,51} 06| 7 55} 09) 102 103} 104 [0 107 108} {0
[116} [120}, [T2T], [122], 126}, 127} [T28},[129} [130}, 131}, 132} 133}, [134}, 135}, [136}, 137} [138} [139}, 140} [14T}
(142, [143) 144} [145], 146}, [147} [148},[149} [T50], 151}, [T52} 153}, [T54} [T55] [156], 157}, [158} [159} 160} [16T}
162 163} 164} 165 [66} 167, 165} [69, 70,71}

F(-2) exception fail { }

2.1.8 Sympy
A grade {[1}[2,[0}[10}[11},[T8[19,20},[24] }

B grade {3[45,[6,[78[12}[13,[14[15},[16}[17,[21} 22, 23} 50} 51} 52} 63, 57} 58} 59} 60} 64} (65} (66
}

C grade {[25[26][27)[28, 29} 30} 31}32}33}[34}[35} 36,37} (54,55} 61}62}67} 68} [70} [71} [72} 73} 74}
[T74[78,[79,80] }

F normal fail { 156,715} 19,90, 07} 92,53, 07 5, 56, 07,8, 59,00, 107} 102} 108} 104,
(105} [106}, [T10} [TTT], T2}, 113} [T14} [TT5} [TT6], 117, [T18} 119} [T20} 121}, 122} 123} [124} [125], 126}, [127,
[128,[129, 130}, [13T], 132}, 133} 134}, [135},[136}, 137, [T 38}, (139} [140} 14T}, 142} 143} [144} [145], 147, [148]
[149,[150}, [I5T} 152}, 153}, [154} [155} 156}, [157], 158, [159} 160} [161}, 162, 163, 165, [166}, [167], 168, [169]

1)
F(-1) timedout fail {[83][89][107}[108}[109,[146] }

F(-2) exception fail { 58,59} 0, 1) 2,3} 5563 69 75 7)1, 62 4 5 56, 67 55, 164
170}

2.1. List of integrals sorted by grade for each CAS
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time
is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is
given as F(-2) if the failure was due to an exception being raised, which could indicate a
bug in the system. If the failure was due to integral not being evaluated within the time
limit, then it is given as F.

antiderivative leaf size
optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 87 86 88 86 85 139 937 84
N.S. 1 1.00 0.99 1.01 0.99 0.98 1.60 10.77  0.97
time (sec) N/A 0.590 0.647 0.279 0337 0.245 0.114 0.908 8.205
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 66 67 69 66 66 105 556 63
N.S. 1 1.00 1.02 1.05 1.00 1.00 1.59 8.42 0.95
time (sec) N/A 0.359 0.329 0.046 0.308 0.244 0.103 0.652 7.970
Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 59 46 50 50 82 50 58
N.S. 1 1.00  1.40 1.10 1.19 1.19 1.95 1.19 1.38
time (sec) N/A 0.355 0.075  1.460 0.329 0.247 0.294 0.726 7.988

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 37 39 49 43 52 59 85 53 69
N.S. 1 1.05 1.32 1.16 1.41 1.59 2.30 1.43 1.86
time (sec) N/A 0.510 0.064 0.286 0.330  0.257 0.412 0.902 8.309
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 43 45 88 53 68 73 116 119 87
N.S. 1 1.05  2.05 1.23 1.58 1.70 2.70 2,77 2.02
time (sec) N/A 0.493 0.033 0.286 0.330 0.260 0.719 1.067 8.489
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 68 7 7 86 95 143 179 108
N.S. 1 1.03 1.17 1.17 1.30 1.44 217 271 1.64
time (sec) N/A 0.618 0.507 0.339 0322 0.242 1.072 1308 7.977
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 89 101 95 104 121 173 237 127
N.S. 1 1.02 1.16 1.09 1.20 1.39 1.99 2.72 1.46
time (sec) N/A 0.764 1.081 0.355 0334 0247 1.875 1.609 7.863

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 108 110 100 108 122 138 204 299 145
N.S. 1 1.02 0.93 1.00 1.13 1.28 1.89 2.77 1.34
time (sec) N/A 0.909 1.255 0.348 0315 0254 2321 1337 8.637
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 148 160 221 148 147 146 250 2078 151
N.S. 1 1.08 1.49 1.00 0.99 0.99 1.69 14.04 1.02
time (sec) N/A 0.934 6.256 0.096 0.321 0.273 0.155 1.794 8.465
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 112 112 172 120 120 119 194 1389 121
N.S. 1 1.00 1.54 1.07 1.07 1.06 1.73 1240 1.08
time (sec) N/A 0.538 1.961 0.063 0312 0.255 0.130 1.192 8.432
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 87 96 87 91 91 151 95 91
N.S. 1 1.00 1.10 1.00 1.05 1.05 1.74 1.09 1.05
time (sec) N/A 0.528 0.522  0.253 0.308 0.252 0.459 1.006 8.301

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 72 91 80 85 92 136 86 90
N.S. 1 1.03 1.30 1.14 1.21 1.31 1.94 1.23 1.29
time (sec) N/A 0.577 0.311 0.224 0441 0.282 0.750 1.336 8.589
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 74 100 84 93 112 158 118 100
N.S. 1 1.03 1.39 1.17 1.29 1.56 2.19 1.64 1.39
time (sec) N/A 0.600 0.299 0.350 0377 0.254 1.010 1.674 8.563
Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 88 91 123 107 120 122 206 237 127
N.S. 1 1.03  1.40 1.22 1.36 1.39 2.34 2.69 1.44
time (sec) N/A 0.763 0.384 0.385 0.380 0.255 1.760 0.868  8.697
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 121 152 136 149 157 252 334 156
N.S. 1 1.03 1.29 1.15 1.26 1.33 2.14 2.83 1.32
time (sec) N/A 0.926 1.266 0.404 0.382  0.260 2.315 0.908 8.740

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 151 152 180 162 175 191 304 435 182
N.S. 1 1.01 1.19 1.07 1.16 1.26 2.01 2.88 1.21
time (sec) N/A 1.116 3.147 0.464 0.630 0.252 4.123 0.978 8.709
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 165 209 180 179 178 313 2670 181
N.S. 1 1.00 1.27 1.09 1.08 1.08 1.90 16.18 1.10
time (sec) N/A 0.744 1.765 0.109 0.422 0.265 0.166 2.372 8.544
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 140 130 139 143 142 248 158 142
N.S. 1 1.00 0.93 0.99 1.02 1.01 1.77 1.13 1.01
time (sec) N/A 0.732 1.128 0.283 0329 0.253 0.767 1.527 8.716
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 117 119 113 121 124 133 211 129 118
N.S. 1 1.02 0.97 1.03 1.06 1.14 1.80 1.10 1.01
time (sec) N/A 0.864 0.504 0.265 0333 0274 0976 1.621 9.325

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 119 121 113 118 125 145 214 152 114
N.S. 1 1.02 0.95 0.99 1.05 1.22 1.80 1.28 0.96
time (sec) N/A 0.896 0.518 0.256 0.346 0.266 1.701 1.220 8.777
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 129 126 136 142 162 253 193 135
N.S. 1 1.02 0.99 1.07 1.12 1.28 1.99 1.52 1.06
time (sec) N/A 0.910 0.487 0.243 0.335 0.276 2.326 1.285 8.766
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 161 164 172 180 181 323 390 169
N.S. 1 1.05 1.06 1.12 1.17 1.18 2.10 2.53 1.10
time (sec) N/A 1.156 1.337 0.311 0336 0.254 4.109 1.431 8.509
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 191 204 199 209 215 225 391 528 204
N.S. 1 1.07 1.04 1.09 1.13 1.18 2.05 2.76 1.07
time (sec) N/A 1.438 0.807 0.314 0.320 0.259 5461 1.477 8472

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 233 242 237 243 250 266 462 670 238
N.S. 1 1.04 1.02 1.04 1.07 1.14 1.98 2.88 1.02
time (sec) N/A 1.716 1.245 0.357  0.376  0.258 12.364 1.573 8.427

Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 127 144 138 127 130 190 1306 135 144
N.S. 1 1.13 1.09 1.00 1.02 1.50 10.28  1.06 1.13
time (sec) N/A 1.076 1.577 0.122  0.297 0.271 0928 0.655 8.201

Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A C A B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 101 108 118 101 109 149 1020 110 117
N.S. 1 1.07 117 1.00 1.08 1.48 10.10 1.09 1.16

time (sec) N/A 0.715 0.664 0132 0293 0281 0.666 0.487 8.249

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 85 95 98 87 94 110 711 95 100
N.S. 1 1.12  1.15 1.02 1.11 1.29 8.36 1.12 1.18
time (sec) N/A 0.383 0.205 0.078 0309 0.264 0.563 0.499 8.910

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 67 66 88 76 541 94 93
N.S. 1 1.00 1.16 1.14 1.52 1.31 9.33 1.62 1.60
time (sec) N/A 0.456 0.157 0.255 0.438 0.258 1.203 0.668 9.091
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 82 113 95 107 118 966 113 115
N.S. 1 1.02 141 1.19 1.34 1.48 12.08 141 1.44
time (sec) N/A 0.592 0.369 0.282 0.381  0.271 2.169 0.802 9.197
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 111 138 122 131 177 2067 157 140
N.S. 1 1.08 1.34 1.18 1.27 1.72  20.07 1.52 1.36
time (sec) N/A 0.812 0.981 0.316 0.424  0.267 3.717 1.075 9.882
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 153 163 152 158 234 2596 214 175
N.S. 1 1.12 1.19 1.11 1.15 1.71 18.95 1.56 1.28
time (sec) N/A 1.202 1.517 0.350 0.314 0.280 10.291 1.355 10.245

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 208 225 193 172 220 434 4541 290 210
N.S. 1 1.08 0.93 0.83 1.06 2.09 21.83 1.39 1.01
time (sec) N/A 1.292 6.086 0.191 0319 0310 1.408 0.688 9.236
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 171 146 155 197 311 3497 244 165
N.S. 1 1.09 0.93 0.99 1.25 1.98 22.27  1.55 1.056
time (sec) N/A 0.881 2.900 0.128 0.325 0.289 1.084 0.561 8.649
Problem 34 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 115 126 140 145 185 221 2995 241 163
N.S. 1 1.10 1.22 1.26 1.61 1.92 26.04 210 1.42
time (sec) N/A 0.545 2.304 0.091 0316 0.256 0.869 0.535 8.715
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 111 122 190 141 177 222 2895 234 153
N.S. 1 1.10 1.71 1.27 1.59 2.00 26.08 2.11 1.38
time (sec) N/A 0.659 2.448 0.292 0372 0281 2.073 0.869 8.615

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 161 159 163 208 323 4502 279 180
N.S. 1 1.18 1.16 1.19 1.52 2.36 32.86 2.04 1.31
time (sec) N/A 0.978 2.607 0.405 0.350 0314 3.788 1.175 10.179
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 192 222 193 196 262 465 8143 362 230
N.S. 1 1.16 1.01 1.02 1.36 2.42 4241 1.89 1.20
time (sec) N/A 1.391 3.807 0.536 0.348  0.317 6.028 1.233 11.128
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 331 363 275 263 389 890 0 505 335
N.S. 1 1.10 0.83 0.79 1.18 2.69 0.00 1.53 1.01
time (sec) N/A 2.006 5.214 0.216 0336 0344 0.000 1.018 9.470
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 250 285 235 242 366 666 0 458 307
N.S. 1 1.14 0.94 0.97 1.46 2.66 0.00 1.83 1.23
time (sec) N/A 1.421 6.388 0.152 0373 0308 0.000 0.834 8.518

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 189 216 288 223 333 478 0 410 280
N.S. 1 1.14 1.52 1.18 1.76 2.53 0.00 2.17 1.48
time (sec) N/A 1.063 6.238 0.112 0372 0.268 0.000 0.682 8.768
Problem 41 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 179 201 188 213 330 488 0 410 282
N.S. 1 1.12 1.05 1.19 1.84 2.73 0.00 2.29 1.58
time (sec) N/A 0.816 4.350 0.140 0.394 0.285 0.000 0.689 8.648
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 175 197 243 208 321 482 0 409 279
N.S. 1 1.13  1.39 1.19 1.83 2.75 0.00 2.34 1.59
time (sec) N/A 0.940 4.743 0.496 0320 0.282 0.000 1.250 8.562
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 215 257 223 243 372 683 0 479 315
N.S. 1 1.20 1.04 1.13 1.73 3.18 0.00 2.23 1.47
time (sec) N/A 1474 3.311 0.665 0.341 0.329 0.000 1.241 10.872

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 287 333 288 289 454 917 0 560 380
N.S. 1 1.16 1.00 1.01 1.58 3.20 0.00 1.95 1.32
time (sec) N/A 1.912 6.448 1.033 0.344 0368 0.000 1.578 13.886
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 132 136 110 0 0 0 0 0 0
N.S. 1 1.03 0.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.543 0.628 0.000 0.000  0.000 0.000 0.000 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 154 148 115 0 0 0 0 0 0
N.S. 1 096  0.75 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.543 0.423  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F(-1) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 170 163 133 0 0 0 0 0 0
N.S. 1 096 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.551 0.547  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A F F(-1) F F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 170 163 133 0 0 0 0 0 0

N.S. 1 0.96 0.78 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.543 0.532 0.000 0.000 0.000 0.000 0.000 0.000

Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A C F F F F F F(-1) F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 328 258 0 0 0 0 0 0 0

N.S. 1 0.79  0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.625 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B

verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 353 369 300 347 416 415 1001 10353 477
N.S. 1 1.05 0.85 0.98 1.18 1.18 284 2933 135

time (sec) N/A 1.634 6420 0.302 0.397 0270 0294 9.657 8.875

Problem 51 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 261 243 246 274 273 617 5631 300
N.S. 1 1.05 098  0.99 1.10 1.10 249 2271 121
time (sec) N/A 1.110 3.673 0.151 0.381 0.253 0.209 4.129 8.987

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 161 174 161 147 151 150 326 2475 153
N.S. 1 1.08  1.00 0.91 0.94 0.93 2.02 1537 095
time (sec) N/A 0.736 1.691 0.085 0.403 0.260 0.145 1.789 8.420
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 73 73 76 75 74 74 131 761 75
N.S. 1 1.00 1.04 1.03 1.01 1.01 1.79 1042 1.03
time (sec) N/A 0.381 0.521 0.053 0.387 0.239 0.116 0.778 8.703
Problem 54 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 162 148 173 183 226 2387 182 186
N.S. 1 1.04 0.95 1.11 1.17 145 1530 1.17 1.19
time (sec) N/A 0.806 1.195 0.148 0420 0366 0964 0.550 9.559
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 265 281 216 321 338 556 9721 518 1875
N.S. 1 1.06 0.82 1.21 1.28 210 36.68 195 7.08
time (sec) N/A 1.088 2.788  0.140 0374 0394 1410 0.655 21.300

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 320 347 379 494 574 987 0 1006 502
N.S. 1 1.08 1.18 1.54 1.79 3.08 0.00 3.14 1.57
time (sec) N/A 1.405 6.337 0.195 0.419 0.299 0.000 0.807 15.528

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 661 696 573 546 691 690 1819 21368 891
N.S. 1 1.05 087  0.83 1.05 1.04 2.75 3233 1.35
time (sec) N/A 3.407 6.735 0447 0351 0276 0.393 23.581 8.861

Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 443 470 383 392 463 462 1134 11957 561
N.S. 1 1.06 0.86  0.88 1.05 1.04 2.56 26.99 1.27

time (sec) N/A 2.161 6.552 0.256  0.388  0.263 0.296 10.518  8.359

Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 266 276 241 246 260 259 617 5631 300
N.S. 1 1.04 091 0.92 0.98 0.97 232 2117 113

time (sec) N/A 1.102 3.015 0.146 0.318 0.261 0.201 4.094 8.421

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 131 131 176 141 135 134 241 1825 141
N.S. 1 1.00 1.34 1.08 1.03 1.02 1.84 13.93 1.08
time (sec) N/A 0.586 1.133 0.077  0.292 0.268 0.132 1.363 8.379
Problem 61 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 254 268 190 317 290 397 4444 331 325
N.S. 1 1.06 0.75 1.25 1.14 1.56 17.50 1.30 1.28
time (sec) N/A 1.460 3.211 0.184 0.308 0.493 2.172 0.697 10.714
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 415 429 277 552 496 964 16225 893 3958
N.S. 1 1.03  0.67 1.33 1.20 232 3910 215 9.54
time (sec) N/A 1.929 6.407 0.309 0309 0.589 2972 0.837 32.728
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 597 631 1041 865 839 1699 0 1668 807
N.S. 1 1.06 1.74 1.45 141 2.85 0.00 2.79 1.35
time (sec) N/A 2.404 7.045 0.439 0331 0.742 0.000 1.015 27.621

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 64 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 603 633 419 546 680 679 1819 21368 891
N.S. 1 1.05 069 091 1.13 1.13 3.02 35.44 1.48
time (sec) N/A 2.850 6.655 0.435 0315 0.285 0.391 23.088 8.632

Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 389 403 297 347 387 386 1001 10353 478
N.S. 1 1.04 076  0.89 0.99 0.99 2,57 2661 1.23
time (sec) N/A 1.545 6.368 0.237  0.323  0.279 0.275 9.706  8.378

Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 191 191 212 210 202 201 410 3720 221
N.S. 1 1.00 1.11 1.10 1.06 1.05 215 1948 1.16

time (sec) N/A 0.834 2.612 0.106 0.320 0.259 0.170 3.192 8.170

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 363 387 255 501 436 623 7096 559 508
N.S. 1 1.07  0.70 1.38 1.20 1.72 19.55 1.54 1.40
time (sec) N/A 2327 4894 0253 0345 0.794 20.196 0.968 12.193

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 574 589 1024 829 685 1512 24300 1329 701
N.S. 1 1.03 1.78 1.44 1.19 2.63 42.33  2.32 1.22
time (sec) N/A 3.329 7.593 0.364 0.324 1.156 26.693 1.133 15.062
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 798 830 1409 1271 1119 2549 0 2441 1172
N.S. 1 1.04 1.77 1.59 1.40 3.19 0.00 3.06 1.47
time (sec) N/A 4.153 7.565 0.496 0.390 1.444 0.000 1.358 17.390
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 337 359 258 500 445 627 7096 559 508
N.S. 1 1.07  0.77 1.48 1.32 1.86 21.06 1.66 1.51
time (sec) N/A 2.420 4.863 0.245 0473  0.773 20.489 0.964 12.131
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 236 253 190 317 294 390 4444 331 325
N.S. 1 1.07  0.81 1.34 1.25 1.65 18.83 1.40 1.38
time (sec) N/A 1.425 3.228 0.208 0.438 0.468 2.234 0.672 10.243

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 156 163 148 173 178 212 2387 182 186
N.S. 1 1.04 0.95 1.11 1.14 1.36 15.30 1.17 1.19
time (sec) N/A 0.793 1.176 0.147 0.394 0325 0924 0.528 9.169
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 99 117 100 106 118 966 106 109
N.S. 1 1.00 1.18 1.01 1.07 1.19 9.76 1.07 1.10
time (sec) N/A 0.453 0.238 0.099 0.399 0.272 0.582 0475 8.809
Problem 74 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 164 313 197 243 301 24052 268 196
N.S. 1 099 1.90 1.19 1.47 1.82 145.77 1.62 1.19
time (sec) N/A 0.622 1.617 0.275 0.562  0.455 34.895 0.602 20.811
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 281 317 572 364 520 1345 0 832 393
N.S. 1 1.13 2.04 1.30 1.85 4.79 0.00 2.96 1.40
time (sec) N/A 1.322 7287 0.521 0329 1.075 0.000 0.769 60.064

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 477 538 898 647 1096 3643 0 2080 65819
N.S. 1 1.13  1.88 1.36 2.30 7.64 0.00 4.36 137.99
time (sec) N/A 2.722 8915 1.580 0.381  3.390 0.000 1.095 22.517
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 579 594 1022 829 684 1477 24300 1327 701
N.S. 1 1.03 1.77 1.43 1.18 2.55 4197  2.29 1.21
time (sec) N/A 3.188 7.599 0.336 0.337 1.103 27.015 1.138 15.618
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 417 433 277 552 493 939 16225 893 3958
N.S. 1 1.04 0.66 1.32 1.18 225 3891 214 9.49
time (sec) N/A 1.938 5.568 0.270 0.340 0.561 3.011 0.781 33.596
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 292 304 221 321 319 505 9721 515 1875
N.S. 1 1.04 0.76 1.10 1.09 1.73 33.29 1.76 6.42
time (sec) N/A 1.153 2.479 0.245 0.320 0.338 1.619 0.622 21.226

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 140 151 207 173 205 256 4396 291 184
N.S. 1 1.08 1.48 1.24 1.46 1.83 3140 2.08 1.31
time (sec) N/A 0.609 2.714 0.085 0339 0.265 0918 0.545 10.549

Problem 81 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 293 329 592 365 513 1275 0 832 430
N.S. 1 1.12 2.02 1.25 1.75 4.35 0.00 2.84 1.47
time (sec) N/A 1.374 7593 0398 0.354 1.110 0.000 0.767 65.171

Problem 82 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A B B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 509 566 984 577 1185 4174 0 2823 73684
N.S. 1 .11 1.93 1.13 2.33 8.20 0.00 5.55  144.76

time (sec) N/A 2.839 9.124 1.811 0.414 3.540 0.000 1.074 25.217

Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 841 919 1758 951 2519 9594 0 3115 128667
N.S. 1 1.09  2.09 1.13 3.00 11.41 0.00 3.70 152.99
time (sec) N/A 5324 8.883 6.321 0.483 10.632 0.000 1.102 44.526

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 804 837 454 1271 1110 2490 0 2441 1172
N.S. 1 1.04 0.56 1.58 1.38 3.10 0.00 3.04 1.46
time (sec) N/A 3.999 7.366 0.581 0369 1326 0.000 1.388 18.168
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 597 631 1044 865 827 1618 0 1663 807
N.S. 1 1.06 1.75 1.45 1.39 2.71 0.00 2.79 1.35
time (sec) N/A 2.400 6.980 0.400 0.341 0.649 0.000 1.047 27.059
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 352 379 378 493 543 897 0 1006 502
N.S. 1 1.08 1.07 1.40 1.54 2.55 0.00 2.86 1.43
time (sec) N/A 1.485 6.404 0.171 0.338 0.291 0.000 0.809 15.424
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 209 234 261 262 367 566 0 531 327
N.S. 1 1.12  1.25 1.25 1.76 2.711 0.00 2.54 1.56
time (sec) N/A 0.940 5.515 0.142 0.330 0.297 0.000 0.689 10.858

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A B B F(-2) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 487 549 912 649 1078 3496 0 2078 65817
N.S. 1 1.13  1.87 1.33 2.21 7.18 0.00 4.27 135.15
time (sec) N/A 2.586 9.018 1.771 0.381  4.009 0.000 1.036 23.069
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A B B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 861 932 1732 949 2537 9567 0 3115 128666
N.S. 1 1.08 2.01 1.10 2.95 11.11 0.00 3.62 149.44
time (sec) N/A 5.329 8.626 5.789 0.550  12.033 0.000 1.100 43.729
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 464 476 1232 4473 0 35153 0 0 0
N.S. 1 1.03  2.66 9.64 0.00 75.76 0.00 0.00 0.00
time (sec) N/A 3.444 6.545 0.531 0.000 10.873 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 325 332 314 3353 0 23984 0 0 0
N.S. 1 1.02 097 10.32 0.00 73.80  0.00 0.00 0.00
time (sec) N/A 2314 5243 0.158 0.000  4.685 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 92 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F(-1) B

verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 224 218 220 2218 0 12410 0 0 22955
N.S. 1 097 098 9.90 0.00 55.40  0.00 0.00 102.48
time (sec) N/A 1.228 2.159 0.182 0.000 1.664 0.000 0.000 57.645

Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 155 134 150 1312 0 2588 0 0 1199
N.S. 1 0.8 097 846 0.00 16.70  0.00 0.00 7.74
time (sec) N/A 0.754 0.592 0.129  0.000 0.353 0.000 0.000 16.041

Problem 94 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(2) F) F F() B

verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 234 225 233 3576 0 0 0 0 62245
N.S. 1 096 1.00 1528  0.00  0.00 000 0.00 266.00

time (sec) N/A 1.763 0.761 0.153 0.000  0.000 0.000 0.000 33.934

Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A B B F(-2) F(-1) F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 317 327 764 5778 0 0 0 0 138318
N.S. 1 1.03 241 18.23 0.00 0.00 0.00 0.00 436.33
time (sec) N/A 2295 6.461 0.133  0.000 0.000 0.000 0.000 42.933

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 543 588 2819 9797 0 0 0 0 0
N.S. 1 1.08 519 18.04 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.276 6.721  0.150 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 550 566 1290 10952 0 84950 0 0 0
N.S. 1 1.03 235 1991 0.00 154.45 0.00 0.00 0.00
time (sec) N/A 4.502 6.574 0.335 0.000  194.267 0.000 0.000 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 396 402 510 7939 0 58971 0 0 0
N.S. 1 1.02 129  20.05 0.00 148.92  0.00 0.00 0.00
time (sec) N/A 2919 6.434 0.212 0.000 69.930 0.000 0.000 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 273 268 260 5107 0 31081 0 0 0
N.S. 1 098 0.95 18.71 0.00 113.85  0.00 0.00 0.00
time (sec) N/A 1.666 4.837 0.194 0.000  16.158 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 187 166 202 2500 0 6846 0 0 4260
N.S. 1 0.89 1.08 13.37 0.00 36.61  0.00 0.00 22.78
time (sec) N/A 0991 1.319 0.138 0.000 0950 0.000 0.000 42.332
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F(-1) F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 271 275 266 6055 0 0 0 0 106783
N.S. 1 1.01 098 2234 0.00 0.00 0.00 0.00 394.03
time (sec) N/A 2.624 2.661 0.151 0.000  0.000 0.000 0.000 55.548
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 372 387 2738 9865 0 0 0 0 0
N.S. 1 1.04 736 @ 26.52 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.694 6.611 0.167  0.000  0.000 0.000 0.000 0.000
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 532 563 7678 14441 0 0 0 0 0
N.S. 1 1.06 1443 27.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4401 7.176 0.158 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 503 511 564 11280 0 91140 0 0 0
N.S. 1 1.02 112 2243 0.00 181.19 0.00 0.00 0.00
time (sec) N/A 3.783 6.575 0.436 0.000 169.464 0.000 0.000 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) B F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 353 345 324 7294 0 48734 0 0 0
N.S. 1 098 0.92 20.66 0.00 138.06  0.00 0.00 0.00
time (sec) N/A 2.230 5.511 0.209 0.000  37.570 0.000 0.000 0.000
Problem 106| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 229 208 262 3562 0 10840 0 0 5863
N.S. 1 091 1.14 15.55 0.00 47.34  0.00 0.00  25.60
time (sec) N/A 1.374 2.204 0.150 0.000 1984 0.000 0.000 114.330
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F(-1) F(-1) F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 336 341 322 8698 0 0 0 0 0
N.S. 1 1.01 096  25.89 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.710 5.756  0.185 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B F(-2) F(-1) F(-1) F(-1) F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 473 0 6112 14119 0 0 0 0 0
N.S. 1 0.00 12.92 29.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 7.015 0.196 0.000  0.000 0.000 0.000 0.000
Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B B F(-2) TF(-1) F(-1) F(-1) F(1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD
size 643 0 17248 20663 0 0 0 0 0
N.S. 1 0.00 26.82 32.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 7.951 0.298 0.000  0.000 0.000 0.000 0.000
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 407 418 1200 5978 0 37247 0 0 28858
N.S. 1 1.03 295 14.69 0.00 91.52 0.00 0.00  70.90
time (sec) N/A 2.869 6.508 0.308 0.000  11.353 0.000 0.000 112.142
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 287 287 414 5513 0 25627 0 0 21254
N.S. 1 1.00 144 19.21 0.00 89.29  0.00 0.00  74.06
time (sec) N/A 1.820 6.361 0.155 0.000  4.807 0.000 0.000 43.418

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 112| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 194 185 192 3853 0 13473 0 0 16400
N.S. 1 095 0.99 19.86 0.00 69.45  0.00 0.00 84.54
time (sec) N/A 0.961 1.630 0.142 0.000 1.749 0.000 0.000 21.650

Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 133 112 129 3463 0 3194 0 0 4326
N.S. 1 0.84 097  26.04 0.00 24.02  0.00 0.00 32.53
time (sec) N/A 0.590 0.238 0.115 0.000 0.385 0.000 0.000 12.950

Problem 114 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(2) F) F F() B

verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 210 195 194 13474 0 0 0 0 25341
N.S. 1 093 092 6416 000 000 000 000 120.67

time (sec) N/A 1.231 0.454 0.136 0.000  0.000 0.000 0.000 65.482

Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A B F(-2) F(-1) F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 327 358 521 20870 0 0 0 0 225004
N.S. 1 1.09 159 63.82 0.00 0.00 0.00 0.00 688.09
time (sec) N/A 2.252 6.259 0.165 0.000 0.000 0.000 0.000 57.472

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 116/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 511 512 920 11255 0 0 0 0 0
N.S. 1 1.00 1.80 22.03 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.840 6.880 0.441 0.000  0.000 0.000 0.000 0.000
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) F(-1) F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 343 346 476 9399 0 0 0 0 54886
N.S. 1 1.01 139 2740 0.00 0.00 0.00 0.00 160.02
time (sec) N/A 2.327 6.568 0.216 0.000  0.000 0.000 0.000 63.779
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 201 219 290 7396 0 31879 0 0 40542
N.S. 1 1.09 144 36.80 0.00 158.60  0.00 0.00 201.70
time (sec) N/A 1.163 2.782 0.160 0.000 61.209 0.000 0.000 38.597
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 157 161 218 5613 0 7982 0 0 8588
N.S. 1 1.03 139 35.75 0.00 50.84  0.00 0.00  54.70
time (sec) N/A 0.675 1.107 0.127  0.000 1.834 0.000 0.000 18.185

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 262 309 296 26343 0 0 0 0 0
N.S. 1 1.18 1.13 100.55 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.101 5.350 0.153 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 447 515 2078 40619 0 0 0 0 0
N.S. 1 1.15  4.65 90.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.078 6.428 0.240 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 585 605 670 13586 0 0 0 0 0
N.S. 1 1.03 115 23.22 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4582 6.930 0.481 0.000  0.000 0.000 0.000 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) F(-1) F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 358 388 502 11360 0 0 0 0 88684
N.S. 1 1.08 140 31.73 0.00 0.00 0.00 0.00 247.72
time (sec) N/A 2.562 6.634 0.215 0.000  0.000 0.000 0.000 109.692

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 273 300 300 8963 0 50755 0 0 64641
N.S. 1 1.10 110 32.83 0.00 185.92 0.00 0.00 236.78
time (sec) N/A 1.551 3.162 0.248 0.000 297.231 0.000 0.000 85.534
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C B F(-1) B F F(-1) B
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 209 231 223 6788 0 13143 0 0 14163
N.S. 1 1.11  1.07 3248 0.00 62.89  0.00 0.00 67.77
time (sec) N/A 1.118 0.984 0.180 0.000 7.154 0.000 0.000 35.921
Problem 126/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 365 444 1948 45119 0 0 0 0 0
N.S. 1 1.22 534 123.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.435 6.395 0.231 0.000  0.000 0.000 0.000 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F(-2) F(-1) F F(-1) F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 679 767 6052 67570 0 0 0 0 0
N.S. 1 1.13 891  99.51 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 7.028 6.841 0.346 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 57
Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 679 707 1202 0 0 0 0 0 0
N.S. 1 1.04 177 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.733 10.255 0.000 0.000  0.000 0.000 0.000 0.000
Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 505 523 835 0 0 0 0 0 0
N.S. 1 1.04 1.65 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.675 9.103 0.000 0.000  0.000 0.000 0.000 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 381 389 619 0 0 68078 0 0 0
N.S. 1 1.02 1.62 0.00 0.00 178.68 0.00 0.00 0.00
time (sec) N/A 2.188 7.944 0.000 0.000 161.870 0.000 0.000  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 287 292 441 0 0 78051 0 0 0
N.S. 1 1.02 154 0.00 0.00 271.95 0.00 0.00 0.00
time (sec) N/A 1.262 4.705 0.000 0.000  105.636 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 300 329 412 0 0 139535 0 0 0
N.S. 1 1.10 1.37  0.00 0.00 465.12 0.00 0.00 0.00
time (sec) N/A 1.504 5.862 0.000 0.000  198.892 0.000 0.000 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(l) F(2) F(-1) F F(1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 370 441 600 0 0 0 0 0 0
N.S. 1 1.19 1.62 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.587 7.097 0.000 0.000  0.000 0.000 0.000 0.000
Problem 134 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 597 693 1109 0 0 0 0 0 0
N.S. 1 1.16 1.86 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4499 7.514 0.000 0.000  0.000 0.000 0.000 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 682 711 1304 0 0 0 0 0 0
N.S. 1 1.04 191 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.861 9.563 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 136| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 508 524 867 0 0 0 0 0 0
N.S. 1 1.03 1.7 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.662 9.231 0.000 0.000  0.000 0.000 0.000 0.000
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 384 393 613 0 0 115434 0 0 0
N.S. 1 1.02  1.60 0.00 0.00 300.61 0.00 0.00 0.00
time (sec) N/A 2.370 7.860 0.000 0.000  196.391 0.000 0.000 0.000
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-1) B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 382 420 1664 0 0 206814 0 0 0
N.S. 1 1.10 4.36 0.00 0.00 541.40 0.00 0.00 0.00
time (sec) N/A 2.659 7.328 0.000 0.000  289.269 0.000 0.000 0.000
Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 402 457 519 0 0 0 0 0 0
N.S. 1 1.14 1.29 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.896 6.761 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-2) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 586 678 3134 0 0 0 0 0 0
N.S. 1 1.16  5.35 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.669 9.499 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 697 717 1261 0 0 0 0 0 0
N.S. 1 1.03 181 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.849 9.878 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 505 524 780 0 0 0 0 0 0
N.S. 1 1.04 154 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.630 9.038 180.000 0.000  0.000 0.000 0.000 0.000
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 535 562 1774 0 0 0 0 0 0
N.S. 1 1.05  3.32 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4478 8.664 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 545 603 802 0 0 0 0 0 0
N.S. 1 1.11 147  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.179 7.632  0.000 0.000  0.000 0.000 0.000 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F(1) F(1) F(-1) F  F(1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 590 658 641 0 0 0 0 0 0
N.S. 1 1.12  1.09 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 5.256 7.142  0.000 0.000  0.000 0.000 0.000 0.000
Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F(-1) F(-2) F(-1) F(-1) F(-1) F(-1)
verified N/A N/A No N/A TBD TBD TBD TBD TBD
size 946 0 10121 0 0 0 0 0 0
N.S. 1 0.00 10.70  0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 56.131 0.000 0.000  0.000 0.000 0.000 0.000
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 505 524 785 0 0 0 0 0 0
N.S. 1 1.04 1.55 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.680 8.844 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 383 392 607 0 0 115594 0 0 0
N.S. 1 1.02  1.58 0.00 0.00 301.81 0.00 0.00 0.00
time (sec) N/A 2.151 7.764 0.000 0.000  271.990 0.000 0.000 0.000
Problem 149 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 290 294 456 0 0 77916 0 0 0
N.S. 1 1.01 157  0.00 0.00 268.68 0.00 0.00 0.00
time (sec) N/A 1.245 7.042 0.000 0.000  129.202 0.000 0.000 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 239 232 362 0 0 96324 0 0 0
N.S. 1 097 1.51 0.00 0.00 403.03 0.00 0.00 0.00
time (sec) N/A 0.686 2.418 0.000 0.000  141.315 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 251 303 264 0 0 83974 0 0 0
N.S. 1 1.21  1.05 0.00 0.00 334.56 0.00 0.00 0.00
time (sec) N/A 1.409 2.868 0.000 0.000  274.810 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 375 458 388 0 0 0 0 0 0
N.S. 1 1.22  1.03 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.300 6.664 0.000 0.000  0.000 0.000 0.000 0.000
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(1) F(1) F(-1) F  F(1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 528 555 2245 0 0 0 0 0 0
N.S. 1 1.05 4.25 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.415 9.615 0.000 0.000  0.000 0.000 0.000 0.000
Problem 154 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 380 417 2141 0 0 0 0 0 0
N.S. 1 1.10 5.63 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.569 7.679 0.000 0.000  0.000 0.000 0.000 0.000
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) B F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 299 328 403 0 0 139175 0 0 0
N.S. 1 1.10 1.35 0.00 0.00 465.47  0.00 0.00 0.00
time (sec) N/A 1.502 6.112  0.000 0.000  246.045 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 156/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 251 302 275 0 0 0 0 0 0
N.S. 1 1.20 1.10 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.381 3.529  0.000 0.000  0.000 0.000 0.000 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(1) F(1) F(-1) F  F(1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 383 466 484 0 0 0 0 0 0
N.S. 1 1.22  1.26 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.442 6.874 0.000 0.000  0.000 0.000 0.000 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 598 704 902 0 0 0 0 0 0
N.S. 1 1.18 1.51 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.385 7.167  0.000 0.000  0.000 0.000 0.000 0.000
Problem 159 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 549 605 2650 0 0 0 0 0 0
N.S. 1 1.10 4.83 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.993 9.792  0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 160/ | Optimal | Rubi MMA  Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 407 462 1135 0 0 0 0 0 0
N.S. 1 1.14 279 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.852 7.165 180.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(l) F(2) F(-1) F F(1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 373 444 609 0 0 0 0 0 0
N.S. 1 1.19 1.63 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.500 7.111  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 379 461 403 0 0 0 0 0 0
N.S. 1 1.22  1.06 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.341 5.999 0.000 0.000  0.000 0.000 0.000 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F(-1) F(-1) F(-1) F F(-1) F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 651 751 903 0 0 0 0 0 0
N.S. 1 1.15  1.39 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 4.405 7.207 180.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A F F F F F(-2) F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD
size 376 371 0 0 0 0 0 0 0
N.S. 1 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.723 0.000 0.000 0.000  0.000 0.000 0.000 0.000
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B F F(-1) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 560 580 1390 0 0 0 0 0 0
N.S. 1 1.04 248 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.412 6.544 0.000 0.000  0.000 0.000 0.000 0.000
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 363 385 505 0 0 0 0 0 0
N.S. 1 1.06 1.39 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.930 6.374 0.000 0.000  0.000 0.000 0.000 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 247 262 202 0 0 0 0 0 0
N.S. 1 1.06 0.82 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.043 3.274 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 178 178 135 0 0 0 0 0 0
N.S. 1 1.00 0.76 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.554 0.285 0.000 0.000  0.000 0.000 0.000 0.000
Problem 169 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 258 265 204 0 0 0 0 0 0
N.S. 1 1.03 0.79 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.106 1.272  0.000 0.000  0.000 0.000 0.000 0.000
Problem 170/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A F F F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 403 451 563 0 0 0 0 0 0
N.S. 1 1.12 1.40 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.170 6.245 0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A F B F F(-1) F F F F(-1)
verified N/A N/A  Yes N/A TBD TBD TBD TBD TBD
size 702 0 2238 0 0 0 0 0 0
N.S. 1 0.00 3.19 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.000 6.325 0.000 0.000  0.000 0.000 0.000 0.000

2.2. Detailed conclusion table per each integral for all CAS systems
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf

size of the integrand. Finally the ratio Iﬁ%{é@?gﬁfl g?zlgs is also given. The larger this ratio

is, the harder the integral is to solve. In this test file, problem number [24] had the largest
ratio of [.500000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand ummber of rules
# grade s;:;s uziize antll:aefns‘i,:zwe leaf size integrand leaf size
il A 10 10 1.00 36 0.278
2 A 6 6 1.00 30 0.200
3 A 6 6 1.00 36 0.167
4 A 10 10 1.05 38 0.263
¥ A 9 9 1.05 38 0.237
6 A 12 12 1.03 38 0.316
7 A 14 14 1.02 38 0.368
3 A 17 17 1.02 38 0.447
9 A 13 13 1.08 38 0.342
10j A 8 8 1.00 32 0.250
] | A 8 8 1.00 38 0.211
12] A 9 9 1.03 40 0.225
13] A 9 9 1.03 40 0.225
14] A 12 12 1.03 40 0.300
15) A 14 14 1.03 40 0.350
16} A 17 17 1.01 40 0.425
17} A 10 10 1.00 32 0.312
18] A 10 10 1.00 38 0.263
19 A 13 13 1.02 40 0.325
20] A 12 12 1.02 40 0.300
21 A 13 13 1.02 40 0.325
22] A 15 15 1.05 40 0.375
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
23] A 19 19 1.07 40 0.475
24] A 20 20 1.04 40 0.500
25) A 14 13 1.13 40 0.325
26 A 12 11 1.07 38 0.289
2_7 A ) 4 1.12 32 0.125
28] A 6 6 1.00 38 0.158
29 | A 8 8 1.02 40 0.200
30) A 10 10 1.08 40 0.250
31 A 14 14 1.12 40 0.350
32] A 15 14 1.08 40 0.350
33] A 12 11 1.09 38 0.289
34 A 6 6 1.10 32 0.188
35) A 8 8 1.10 38 0.211
36} A 10 10 1.18 40 0.250
3_7 A 12 12 1.16 40 0.300
38] A 18 17 1.10 40 0.425
39 A 14 13 1.14 40 0.325
4_0 A 11 11 1.14 38 0.289
4_1 A 8 8 1.12 32 0.250
42] A 10 10 1.13 38 0.263
43] A 13 13 1.20 40 0.325
ﬁ A 15 15 1.16 40 0.375
45) A 9 8 1.03 39 0.205
46} A 9 8 0.96 39 0.205
47 A 9 8 0.96 41 0.195
48 A 9 8 0.96 41 0.195
49) C ) 4 0.79 43 0.093
50) A 13 13 1.05 43 0.302
51 A 11 11 1.05 43 0.256
59 [ A 8 8 1.08 41 0.195
53 | A 6 6 1.00 31 0.194
54 A 10 9 1.04 43 0.209
55) A 9 8 1.06 43 0.186
56} A 8 8 1.08 43 0.186
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade Slfse:;s ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
57 A 17 17 1.05 45 0.378
58] A 14 14 1.06 45 0.311
59) A 10 10 1.04 43 0.233
60j A 8 8 1.00 33 0.242
61] A 13 12 1.06 45 0.267
62] A 11 10 1.03 45 0.222
63] A 12 11 1.06 45 0.244
64 A 16 16 1.05 45 0.356
65) A 12 12 1.04 43 0.279
66} A 10 10 1.00 33 0.303
67 A 16 15 1.07 45 0.333
68} A 14 13 1.03 45 0.289
69) A 14 13 1.04 45 0.289
70j A 16 15 1.07 45 0.333
7] [ A 13 12 1.07 45 0.267
72 A 9 8 1.04 43 0.186
73 | A 7 6 1.00 33 0.182
74 A 4 4 0.99 45 0.089
75 A 7 7 1.13 45 0.156
76} A 10 10 1.13 45 0.222
77} A 14 13 1.03 45 0.289
7_8 A 11 10 1.04 45 0.222
9 [ A 9 8 1.04 43 0.186
80 | A 6 6 1.08 33 0.182
8 | A 7 7 1.12 45 0.156
32] A 9 9 1.11 45 0.200
33] A 11 11 1.09 45 0.244
34 A 14 13 1.04 45 0.289
35) A 12 11 1.06 45 0.244
36} A 9 9 1.08 43 0.209
87 | A 9 9 1.12 33 0.273
38] A 9 9 1.13 45 0.200
39) A 11 11 1.08 45 0.244
90j A 21 20 1.03 47 0.426
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rme?lize‘d integrand umber of rules
7 grade 51:::)(15 ujﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
91 A 18 17 1.02 47 0.362
92] A 15 14 0.97 45 0.311
93] A 12 11 0.86 35 0.314
94 A 16 15 0.96 47 0.319
95) A 17 16 1.03 47 0.340
96 A 20 19 1.08 47 0.404
97] A 23 22 1.03 47 0.468
98] A 20 19 1.02 47 0.404
99 A 17 16 0.98 45 0.356
100 A 14 13 0.89 35 0.371
101 A 20 19 1.01 47 0.404
102 A 20 19 1.04 47 0.404
103 A 20 19 1.06 47 0.404
104 A 22 21 1.02 47 0.447
105 A 19 18 0.98 45 0.400
106 A 16 15 0.91 35 0.429
1107| A 24 23 1.01 47 0.489
108 | F 0 0 N/A 0.000 N/A
109 | F 0 0 N/A 0.000 N/A
110 A 19 18 1.03 47 0.383
111 A 16 15 1.00 47 0.319
112 A 13 12 0.95 45 0.267
113 A 10 9 0.84 35 0.257
114 A 13 12 0.93 47 0.255
115 A 17 16 1.09 47 0.340
116 A 19 18 1.00 47 0.383
117 A 16 15 1.01 47 0.319
118 A 12 11 1.09 45 0.244
119 A 10 9 1.03 35 0.257
120 A 17 16 1.18 47 0.340
121 A 20 19 1.15 47 0.404
122 A 19 18 1.03 47 0.383
123 A 15 14 1.08 47 0.298
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no'rme?lize‘d integrand umber of rules
7 grade Slfse:’; ujﬁ?el;e antlfa?r;::(:lve leaf size integrand leaf size
124 A 13 12 1.10 45 0.267
125 A 13 12 1.11 35 0.343
126 A 19 18 1.22 47 0.383
127 A 23 22 1.13 47 0.468
128 A 17 16 1.04 49 0.327
129 A 14 13 1.04 49 0.265
130 A 11 10 1.02 49 0.204
131 A 8 7 1.02 49 0.143
132 A 8 7 1.10 49 0.143
133 A 13 12 1.19 49 0.245
134 A 16 15 1.16 49 0.306
135 A 17 16 1.04 49 0.327
136 A 14 13 1.03 49 0.265
137 A 12 11 1.02 49 0.224
138 A 11 10 1.10 49 0.204
139 A 11 10 1.14 49 0.204
140 A 16 15 1.16 49 0.306
141 A 17 16 1.03 49 0.327
142 A 14 13 1.04 49 0.265
143 A 14 13 1.05 49 0.265
144 A 14 13 1.11 49 0.265
1145 A 14 13 1.12 49 0.265
146 F 0 0 N/A 0.000 N/A
147 A 14 13 1.04 49 0.265
148 A 11 10 1.02 49 0.204
149 A 8 7 1.01 49 0.143
150 A 5 4 0.97 49 0.082
151 A 10 9 1.21 49 0.184
152 A 13 12 1.22 49 0.245
153 A 14 13 1.05 49 0.265
154 A 11 10 1.10 49 0.204
155 A 8 7 1.10 49 0.143
156 A 10 9 1.20 49 0.184
Continued on next page
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Table 2.1 — continued from previous page

number of num?ber of no‘rma?lize‘d integrand umber of rules
7 grade 51:::)(15 uﬁ?el;e antlfaefns‘i’:::we leaf size integrand leaf size
157 A 13 12 1.22 49 0.245
158 A 16 15 1.18 49 0.306
159 A 14 13 1.10 49 0.265
160 A 11 10 1.14 49 0.204
161 A 13 12 1.19 49 0.245
162 A 13 12 1.22 49 0.245
163 A 16 15 1.15 49 0.306
164 A ) 4 0.99 45 0.089
165 A 17 16 1.04 45 0.356
166 A 13 12 1.06 45 0.267
167 A 11 10 1.06 43 0.233
168 A 9 8 1.00 33 0.242
169 A 11 10 1.03 45 0.222
7| A 14 13 1.12 45 0.289
171 F 0 0 N/A 0.000 N/A

2.3. Detailed conclusion table specific for Rubi results
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[ tan(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan?(c + dz)) dz
[(a+btan(c+ dz)) (Btan(c +dz) + Ctan*(c+dz))dz . . . . ... .. ...
[ cot(c+ dz)(a + btan(c + dz)) (B tan(c + dz) + C tan?(c + dz))
[ cot?*(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan®(c + dz)
[ cot*(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan*(c + dz)) d
[ cot*(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan*(c + dz)) d
[ cot’(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan?(c + dz)) d
[ cot®(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan*(c + dx)) d
[ tan(c + dz)(a + btan(c + dz))* (B tan(c + dz) + Ctan*(c + dz)) dz . . . .
J(a+btan(c+ dz))? (Btan(c+ dz) + Ctan®*(c+dz)) dz . . . .. ... ..
[ cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan*(c + dz)) dz . . . .
[ cot?(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C'tan®(c+ dz)) dz . . . .
[ cot*(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C'tan®(c+ dz)) dz . . . .

)

)

de . . ..

~ — — — —

(
[ cot*(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan?(c+ dz)) dz . . . .
[ cot®(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C'tan®*(c+ dz)) dz . . . .
[ cot®(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C'tan®(c+ dz)) dz . . . .
[(a+btan(c+ dz))® (Btan(c+ dz) + Ctan?*(c+dz)) dz . . ... ... ..
[ cot(c+ dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®*(c+ dz)) dz . . . .
J cot?(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®*(c+ dz)) dz . . . .
[ cot*(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan®(c+dz)) dz . . . . .
[ cot*(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c+ dz)) dz . . . .
[ cot’(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c+ dz)) dz . . . .
)( (
(

~ o~~~
— — N

| cot®(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan*(c + dz)) dz . . . .

[ cot”(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan?(c+ dz)) dz . . . .
f tan?(c+dz) (B tan(c+dz)+C tan?(c+dx)) d
( atbtan(ctdz) ] ) T o o o v e e e e e e e e e e e e e e e e e e e
tan(c+dz) (B tan(c+dz)+C tan?(c+dx)
Ik atbian(etd) dr . .. ...
B tan(c+dz)+C tan?(c+dz)
Ik b tan(ods) dT . .

— N N N

74
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3.28
3.29
3.30
3.31
3.32
3.33
3.34
3.35
3.36
3.37
3.38
3.39
3.40
3.41
3.42
3.43

3.44
3.45
3.46
3.47

3.48

3.49

3.50
3.51
3.52
3.53

3.54
3.55

3.56
3.57
3.58
3.59
3.60

3.61

cot(c+dz) (B tan(c+dz)+C tan?(c+dz)) v
/ : : Thian(erd) )dx ........................ 294
cot?(c+dz) (B tan(c+dz)+C tan? (c+dz)
/ e Thtan(cids) dz . 30Tl
f cot3(c+dx) (B ta,n(c—}-(dz)+§’ tan?(c+dx)) dr TR
atbtan(ords) 0T - o ..o
f cot?(c+dx) (B ta,n(c—i—(dz)+§’ tan?(c+dwx)) dr T
atbtan(ords) 0T - .o
tan?(c+dz) (B tan(c+dz)+C tan?(c+dx))
i i AT ..
f tan(c+dz) ((B tan(c—i—(dx)—i—?;;an? (c+dz)) dr T
atbtan(erda))z AT .o .
Btan(c+dx)+C tan?(c+dzx)
f a; (a_q_bta,n(c-i-zm))z dCL' ............................. [3@
cot(c+dz) (B tan(c+dx)+C tan?(c+dx))
i Dlanleh ol de .. 351
cot?(c+dax) (B tan(c+dz)+C tan?(c+dz)) 5
Ik (a5 tan(c 1 d))? de . . ..
f cot3(c+dzx) ((B tan(c—lgdx)+)c)’2tan2 (c+dz)) dr 6T
atbtan(erda))Z QT - . oo
Il3 I n2
[ttt (Blanietdn s Crani(erde)) g 377
tan?(c+dz) (B tan(c+dz)+C tan?(c+dz)) 5
/ (atbtan(ctdz))® de . ... ... 389
2
S tOmee gy
Btan(c+dz)+C tan?(c+dz) TR
S T banerde)T 0T 408
cot(c+dz) (B tan(c+dz)+C tan?(c+dz))
/ (atbtan(cids))® dz . ... 76!
cot?(c+dz) (B tan(c+dz)+C tan?(c+dz))
/ (atbtan(cidz))® dT . .o 424
cot®(c+dz) (B tan(c+dz)+C tan?(c+dz))
Ik (atbtan(cidz))® dr . ... 434
[ tan?(c + dz)(btan(c + dz))" (A + Btan(c + dz) + Ctan®*(c+ dz)) dz . . . H4H
[ tan™(c + dz)(btan(c + dz))" (A + Btan(c + dz) + C'tan®*(c+dz)) dz . . . . E5]]
[ tan™(c + dz)+/btan(c + dz)(A + Btan(c + dz) + Ctan*(c + dz)) dz . . . HE58
[ e P O ) 164
[ et etdn) (At Blanetdn)t Ctant(etds) g, 270
Va+btan(c+dz)

(a+btan(e+ fx))3(c+dtan(e+ fz)) (A + Btan(e + fzr) + Ctan®(e + fz)) d2T6
(a+btan(e+ fz))*(c+dtan(e+ fz)) (A + Btan(e + fz) + Ctan®(e + fz)) d2i8T
(a+btan(e+ fz))(c+dtan(e+ fz)) (A+ Btan(e + fz) + Ctan®(e + fz)) dzf97
(

J
J
J

[(c+dtan(e + fz)) (A+ Btan(e + fz) + Ctan®*(e+ fz))dz . . ... ...
J Crdrnlet i Bianc Ot et gy BIT
[ (cxtimtes ) (e e oy cwierts) gy L o
[ (exdnerpe B s Cuwess) g L

[(a+btan(e+ fz))*(c+dtan(e+ fz))? (A + Btan(e + fz) + Ctan®(e + fz)) dzib38
[(a+btan(e+ fz))*(c+dtan(e+ fz))* (A + Btan(e + fz) + Ctan®(e + fz)) dzfb52
[(a+btan(e+ fz))(c+dtan(e+ fz))? (A+ Btan(e + fz) + Ctan®*(e + fz)) dzib64
(

[(c+dtan(e + fz))? (A + Btan(e + fz) + Ctan®*(e + fz)) dz . . ... ..
f (ct+dtan(e+fxz))? (A+B tan(e+fz)+C tan?(e+fx)) dr
a+btan(e+fz)
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3.62

3.63
3.64
3.65
3.66

3.67
3.68
3.69
3.70
3.71
3.72
3.73
3.74
3.75
3.76
3.77
3.78
3.79
3.80
3.81
3.82
3.83
3.84
3.85
3.86
3.87
3.88

3.89

3.90
3.91
3.92
3.93

3.94

(ct+dtan(e+fx))? (A+B tan(e+ fz)+C tan?(e+fz))

/ 2(? S tan(et 7o) : | de. .. ... L Tl
(ct+dtan(e+fz))? (A+Btan(e+fz)+C tan®(e+fx)

/ erbtan(et Ta)) de. .. ... L 603!

[(a+btan(e+ fz))*(c+dtan(e+ fz))® (A + Btan(e + fz) + Ctan®(e + fz)) daf615
[(a+btan(e+ fz))(c+dtan(e+ fz))? (A + Btan(e + fz) + Ctan®(e + fz)) dzi629

[(c+dtan(e + fz))® (A + Btan(e + fr) + Ctan’*(e + fz))dz .. ... .. 640)
[ Crdrnlet IS et f Ottt i) gy 649
[ erdrenlet iy UGB anerfgrCantietfo) gy oL 660
[ erdtancr )y ArBlan(CH Rt ID) gy !
(a+btan(e+fz))3 (A+B tan(e+fz)+C tan?(e+fx)) g
}ﬂ (a+btan(e+ fx))2(Xf}?&ﬁéi?wﬁman%ﬁ fz)) Zz ................... :: ,:
f (a+bta,n(e+f.'z:))(X-t%t:;n(za:‘rffmw))-i-ctan2(e+fz)) o m};
(S e g)dz ................... m;
/ i dx. .......................... o
oo e e e
[ A B G e gy 730
[ B Gt I g 740
[ etvrenlet iy (B ane S Cantleti) gy 7511
[ (etbton(et) (AeBun(et s Oumienta) gy 767
J etprenlet D) A tanc OOt et ) gy vk
AR RO (e IE) g 786
[ B O (OIS g 793
| Bl QO (e g 803
[ B g e b le) 813
[ etttencrfa) (ArBiane S Can et iD) gy 875
[ etttan(crfa) (aBtanE et D) gy 837
[ ettt BBt Ot et ) g 849
AR ROt I) 859
[ B G (D gy 86T

A+Btan(e+fx)+C tan?(e+fx)
i (atbian(et Fo) eidtan(et fa]F OF « + + o o [

[(a+btan(e+fz))3\/c+ dtan(e + fz)(A + Btan(e + fz) + Ctan’(e + fz)) dziB8Y
[(a+btan(e+fz))?\/c+ dtan(e + fz)(A + Btan(e + fz) + Ctan’(e + fz)) dzl001]
[(a+btan(e+fz))\/c + dtan(e + fz)(A+ Btan(e + fz) + Ctan®(e + fz)) dzO11]

[\/c+dtan(e + fr)(A+ Btan(e + fz) + Ctan®(e+ fz))dz . . . . . . .. 920)

\/c+dtan(e+fz) (A+Btan(e+fz)+C tan?(e+fz)) d
f a+b tan(e—i—f:c) L v i e e e e e e e e e e e e e e e e
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3.95

3.96

3.97
3.98
3.99
3.100

3.101
3.102

3.103
3.104
3.105
3.106

3.107
3.108
3.109
3.110
3.111
3.112
3.113
3.114
3.115
3.116
3.117
3.118
3.119
3.120
3.121
3.122
3.123
3.124
3.125
3.126

\/ct+dtan(e+fz)(A+Btan(e+fz)+C tan?(e+fz)) d
f (a+btan(e+fx))2 S

f \/(MT(&I-]"J:)(A+B tan(e+fx)+C tan? (e+fz)) d
(a+btan(e+fx))3 L o v v e e e e e e e e e e e e e e e

[(a+btan(e+fz))3(ct+dtan(e+fz))*? (A + Btan(e + fz) + Ctan’(e + fz)) dz062
[(a+btan(e+fz))?(ct+dtan(e+fz))*? (A + Btan(e + fz) + Ctan’(e + fz)) d2073
[(a+btan(e+fz))(c+dtan(e+fz))*? (A + Btan(e + fz) + Ctan?(e + fz)) dz083
(

[(c+ dtan(e —L—/szx))3/2 (A+ Btange + fiz) + Ctan?(e + fz))dz . . . .. .. 992
(ct+dtan(e+fx)) A+ B tan(e+fz)+C tan®(e+fx)
/ ( - e ; fx)f ot de ... ... 1000
ct+dtan(e+fx +Btan(e+fz)+C tan®(e+fx
/ @+btane/a)? de . ... 10101
n 3/2 n n2
[ et R B s Ot gy T2

[(a+btan(e+fz))?(c+dtan(e+fz))*? (A + Btan(e + fz) + Ctan®(e + fz)) dEO31
[(a+btan(e+fz))(c+dtan(e+fz))*? (A + Btan(e + fz) + Ctan?(e + fz)) dE042

[(c+ dtan(e + fz))*? (A+ Btan(e + fz) + Ctan’(e + fz)) dz . . . . . . . 1051
[ (rdene P P A B e Catletta)) gy T060)
[ (et A ane O wRert) gy 7T
[ Crdmet S A Bl bttt a)) gy 082
[ lotbtan(etf “’));(/ﬁf = ;))*Ctan:(e” Ddp 092
J Lt el O ) g
J b b Ottt gy IIT5
J E jg:(fj;‘;):e* T e . 1124
i (%ggi}é?ifﬁ%;;% dT . . 1132
il tbtan(ed fa))?erdian(er fa) O © 1 e 11401
[ et B O et ) gy TT50
[ bt (b Bl eyttt gy 6T
[ et ) (e ple s Otett) gy !
[ O ) o 1179
[ B LG S . TI86!
[ AR I O e )y 1195
[ lebtenes el (Blan(etfe Ot enfe) g
[ ettt (Bt g Ctmnetta) gy T
[ et D B O et gy 7
J[ARBEOIC e e) g 236
[ Bl T ) g w2y
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A+Btan(e+fx)+C tan?(e+fx)
3127 [ ABmefaiCatl ety

3.128 [(a+btan(e+fz))*2\/c+ dtan(e + fz)(A + Btan(e + fz) + Ctan®(e + fz)) dE265
3.129 [(a+btan(e+fz))*?\/c+ dtan(e + fz)(A + Btan(e + fz) + Ctan®(e + fz)) dE274
3.130 [ +/a+btan(e+ fz)\/c+ dtan(e + fz)(A + Btan(e + fz) + Ctan®(e + fz)) dE283

3.131 [ verdian(ed/ ””’ﬁﬁ::j((:iﬁ)”manz(e” Dde T290
3132 [ YHlmlcHDUB e O et iD) gy
3133 [ YHtmlcHDUB e O et iD) gy
3.134 [ Yerdienled/ ””()a(jr“;fnt(‘z’jf;:;f}j Ctan*(etfD) go 1313

3.135 [(a+btan(e+fx))*?(c+dtan(e+fz))*? (A + Btan(e + fz) + Ctan®(e + fz)) dE323
3.136 [ \/a+btan(e + fz)(ct+dtan(e+fz))*? (A + Btan(e + fz) + Ctan®(e + fz)) dE333

(ct+dtan(e+fx))3/2 (A+Btan(e+fz)+Ctan?(e+fz)) v
3137 [ y ;/(Hb et 7o) ) )da: .................. 1342
(ct+dtan(e+fz)) A+Btan(e+fz)+C tan?(e+fx)
3138 [ ( oo @ j(f’;a“(e - {w))g /2) . de . .. 13501
ct+dtan(e+fx +Btan(e+fx)+C tan”(e+fx 5
3139 [ e bantes /)77 ) de . ... 1358
3.140 [ lctdtan(etiz) . f;“;ﬁiﬁfﬁ;iﬁ*ot“ CHD) G 1366

3.141 [ \/a+btan(e + fz)(c+dtan(e+fz))*”? (A + Btan(e + fz) + Ctan*(e + fz)) dE376

3.142 [ (ctdtan(ets x))wj/(fﬁf;j(‘ﬁgf”c“"‘2(6” Ddg 386
R R e T395
R B e
B R T4T5
3146 [ CHlenCHOI R Bl Oieta) gy \EWZ!
3.147 [ latbian(eds “))s/j/(if;zﬁg”ct*’mQ‘e” Ddg 236!
3148 [ (etbenlefa) P Baner Ol etfa) gy
349 [ VEECHDA e s Ctat et ) gy 1253
3150 [ ANt dp L 460
3151 [ GO Dy 1466
3152 [ GrotemetfpCi e de L 473
3153 [ (Ol Rl Bl s Ownteta)) gy 28T
3154 [ by BBl et fsOunietta)) gy 497
3.155 [ Yoetbten(et/ ””()C(Jr"‘;fnt(?jf;:)’;ﬁ)j Ctan®(etfo)) g T499
3156 [ Bttt ) e 506
BAST [ atbuam(etftOnlet/l gy 1513
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3.158
3.159
3.160
3.161
3.162

3.163
3.164
3.165
3.166
3.167
3.168

3.169
3.170
3.171

| GrmtBeetfa Ottt gy 521
[ (s ) B Ot gy T
[ (erbtonlet AV P Blanle b fpp Gt te)) g T54T]
[ erbtanter] ﬁlﬁ*jﬂi‘;ﬁ;’;?): Gt G 5500
S Vfﬁfifé(i?fﬁlﬁfiféiﬁ SEdr 1559
[ B O I adT 567

[(a+btan(e+fz))™(c+dtan(e+fz))" (A + Btan(e + fz) + Ctan*(e + fz)) dESTT
[(a+btan(e+fz))™(c+dtan(e+fz))® (A + Btan(e + fz) + Ctan®(e + fz)) dE583
[ (a+btan(e+fz))™(c+dtan(e+fz))* (A + Btan(e + fz) + Ctan®(e + fz)) dE594
[ (a+btan(e+ fz))™(c+dtan(e+ fz)) (A + Btan(e + fz) + Ctan®(e + fz)) dE602
(

J(a+btan(e + fz))™ (A + Btan(e + fz) + Ctan®(e + fz)) dz . . . .. .. 1609

[ lebtanet oy (A Blanlet o Ot (et fa) o

. e S
(ctdtan(et+fz)® QL oo e e e e
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3.1 [ tan(c+dz)(a+btan(c+dz)) (B tan(c + dz) + C tan?(

3.1.1 Optimalresult . . . ... .. .. .. .. 801
3.1.2 Mathematica [A] (verified) . . . . . ... ... ... Lo oL R0
3.1.3 Rubi [A] (verified) . . . . . ... .. &1
3.1.4 Maple [A] (verified) . . . ... ... ... B3l
3.1.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... .. R
3.1.6 Sympy [A] (verification not implemented) . . . .. ... ... ... .. ... . !
3.1.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 851
3.1.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... R5)
3.1.9 Mupad [B] (verification not implemented) . . . ... ... ... ... . ... 36

3.1.1 Optimal result

Integrand size = 36, antiderivative size = 87

/tan(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C'tan®*(c + dz)) dz

— _((aB - bC)) + (bB + aC) loi(cos(c + dz))

(aB —bC)tan(c+dz) (bB+ aC)tan?(c+dz) bCtan3(c+ dz)
* d * 2d Y

)
output ‘ - (B*a—-C#b) *x+ (B*b+C*a) *1n (cos (d*x+c)) /d+(B*xa-Cxb) xtan (d*x+c) /d+1/2* (B*b+C* ‘
‘a)*tan(d*x+c)‘2/d+1/3*b*C*tan(d*x+c)“3/d \

3.1.2 Mathematica [A] (verified)

Time = 0.65 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.99

/tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

(—6aB + 6bC) arctan(tan(c + dzx)) + 6(bB + aC) log(cos(c + dz)) + 6(aB — bC) tan(c + dz) + 3(bB +
B 6d

e B

Integrate[Tan[c + d*x]*(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + C*Tan[c + d*

x172) ,x] |

input

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz
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output‘ ((-6*a*B + 6%b*C)*ArcTan[Tan[c + d*x]] + 6x(b*B + a*C)*Logl[Cos[c + d*xx]] + ‘
\ 6% (a*B - bxC)*Tan[c + d*x] + 3*(b*B + axC)*Tan[c + d*x] "2 + 2*b*xCxTan[c +
‘ d*x]~3)/ (6%d) ‘

3.1.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number

of steps used = 10, number of rules used = 10, Bumber of rules _ 978 Ryles used =
integrand size

{3042, 4115, 3042, 4075, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dzx
| 3042
/ tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan(c + dz)?) dz
| 4115
/ tan2(c + dz)(a + btan(c + dz))(B + C tan(c + dx))de
| 3042
/ tan(c + dz)2(a + btan(c + dz))(B + Ctan(c + dz))do

l 4075

+ bC tan3(c + dz)
3d

/tanz(c + dz)(aB — bC + (bB + aC) tan(c + dz))dz

l 3042

+ bC tan?(c + d)

/tan(c + dz)?(aB — bC + (bB + aC) tan(c + dz))dz 34
| 4011

aC + bB) tan?(c + dx) 4 bC tan3(c + dz)
2d 3d

/tan(c—l— dz)(—bB —aC + (aB — bC) tan(c+dz))dx + (

l 3042

(aC + bB) tan?(c + dx) 4 bC tan3(c + d)

/tan(c+dm)(—bB —aC + (aB —bC) tan(c+dz))dx + ¥ 3d

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz
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l 4008

(aC + bB)tan?(c+dz) = (aB — bC)tan(c + dz)
+
2d d
bC tan?(c + dx)
3d

l 3042

—(aC +bB) /tan(c + dx)dz + —z(aB — bC) +

(aC + bB) tan?(c +dz) = (aB — bC)tan(c + dz)
+
2d d
bC tan3(c + dz)
3d

l'3956

—(aC +bB) /tan(c +dz)dx + —z(aB —bC) +

(aC + bB) tan?(c + dz) + (aB — bC) tan(c + dx) + (aC + bB) log(cos(c + dz))

5 —z(aB —bC) +

bC tan®(c + dx)
3d

input | Int [Tan[c + d*x]*(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + d*x]"2),
x]

output -((a*B - b*C)*x) + ((b*B + axC)*Log[Cos[c + d*x]])/d + ((a*B - b*C)*Tanl[c
+ d*x])/d + ((b*B + a*C)*xTan[c + d*x]~2)/(2*d) + (b*CxTan[c + d*x]~3)/(3*d
)

3.1.3.1 Defintions of rubi rules used

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

rule 4008 | Int[((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (f_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz



rule 4011

rule 4075

rule 4115
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Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + bxTan[e + f*x])"m/(f*m)), x] + Int
[(a + b*Tan[e + f*x])"(m - 1)*Simp[a*c - bxd + (b*c + axd)*Tan[e + fx*x], x]
, xJ] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

Int[(Ca_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.)
+ (£_)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[B
*d*((a + bxTan[e + f*x])"(m + 1)/(bxfx(m + 1))), x] + Int[(a + bxTan[e + f*
x]) “m*Simp [A*xc - B*d + (Bxc + A*d)*Tan[e + f*x], x], x] /; FreeQ[{a, b, c,
d, e, f, A, B, m}, x] && NeQ[b*c - a*d, 0] && !'LeQ[m, -1]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1) " (m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_D)*xx)1)"(@_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x])~(m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, f, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -
a*bxB + a~2*C, 0]

3.1.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.01

method result

(Bb+Ca)ln (1+tan(dw-

2d 3d

ln(1+tan(dz+c)2)
2

an T C2
(Bb+Ca)<t (d2+) —

parts > + Ba(tan(daf:+c)—a(rictan(tan(dw+c))) +

norman (—Ba + Cb) z+ (Ba—Cb);an(dz+c) + (Bb+Ca) tan(dz+c)? + bC tan(dz+c)® _

3
Cb(% —tan(dz+-c)

d

(—Bb—Ca) ln(l+tan(dm+c)2)

Cbtan(dw+c)3 Bbtan(dm+c)2 Ca,tan(d:v+c)2
. . .. + + +Batan(dz+c)—Cbtan(dz+c)+
derivativedivides 3 2 2 (dwte) (dwte)

d

(—Bb—Ca) ln(1+tan(dz+c)2)

3 2 2
Cbta,n(;iz+c) +Bbtan(2da:+c) +Catan(2d:v+c) +Batan(dw+c)—Cbtan(dx+c)+

default

d

parallelrisch —

—2Cbtan(dz+c)®+6Badz—3Bbtan(dz+c)? —6Cbds—3Ca tan(dz+c)?+3BIn <1+tan(dz+c)2> b—6Batan(dz+c)+

6d

2i(—3iBbe*i(dz+e) _3iCqeti(do+¢) 4 3Bg eti(date).

risch —iBbz — iCaz — Baz + Cbg — 2iBbe _ 2iCac |

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz




input

output

input

output
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int (tan (d*x+c) * (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method=_RE
TURNVERBOSE)

(-B*a+Cxb) *x+ (B*a-Cx*b) *tan (d*x+c) /d+1/2* (Bxb+Cx*a) *tan (d*x+c) ~2/d+1/3*b*C*t
an (d*x+c) ~3/d-1/2* (Bxb+C*a) /d*1n(1+tan (d*x+c) ~2)

3.1.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.98

/tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

2 Cbtan (dz + ¢)® — 6 (Ba — Cb)dz + 3 (Ca + Bb) tan (dz + ¢)* + 3 (Ca + Bb) log (

1
tan(dz+c)?+1

)+6(B

- 6d

integrate (tan(d*x+c) * (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+C*xtan(d*x+c) "2) ,x, alg

orithm="fricas")

p

1/6*% (2%Cxb*tan(d*x + c)~3 - 6%(B*a - Ckb)*d*x + 3*%(C*a + Bxb)*tan(d*x + c)
"2 + 3%(C*a + Bxb)*log(1l/(tan(d*x + c)~2 + 1)) + 6x(B*a - C*b)*tan(d*x + c
)/d

3.1.6 Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.60

-

/tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

—Baz + 2d 2d 2d

z(a + btan(c)) (Btan (c) + C tan? (c)) tan (c)

inputLintegrate(tan(d*x+c)*(a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),x)

-/

output‘Piecewise((-B*a*x + Bxaxtan(c + d*x)/d - Bxb*xlog(tan(c + d*x)**2 + 1)/(2+d

) + Bxb*tan(c + d*x)**x2/(2xd) - Cxaxlog(tan(c + d*x)**2 + 1)/(2xd) + C*a*t
an(c + d*x)**2/(2*d) + Ckb*x + C¥bxtan(c + d*x)**3/(3*d) - Cxbk*tan(c + d*x
)/d, Ne(d, 0)), (xx(a + bxtan(c))*(B*tan(c) + Cxtan(c)**2)*tan(c), True))

ERI———.——.,

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz

Bata,nd(c-kdm) __ Bblog (tan? (c+dz)+1) + Bbtan? (c+dz)  Calog (tan? (c+dz)+1) + Cata,n;d(c+dac) + Cbx + %
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3.1.7 Maxima [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.99

/tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

_ 2Cbtan (dz + ¢)’ +3(Ca+ Bb) tan (dz + c)* — 6 (Ba — Cb)(dz + ¢) — 3 (Ca + Bb)log (tan (dz + c)* -
B 6d

input  integrate(tan(d*x+c)*(at+bxtan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, alg

orithm="maxima")

output | 1/6*(2*%Cxbxtan(d*x + c)~3 + 3*(Cxa + B*b)*tan(d*x + c)~2 - 6%(B*a — Cxb)x*(
d*x + c) - 3x(Cka + B#b)*log(tan(d*x + c)”"2 + 1) + 6%(B*a - Cxb)*tan(d*x +
c))/d

3.1.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 937 vs. 2(83) = 166.

Time = 0.91 (sec) , antiderivative size = 937, normalized size of antiderivative = 10.77

/ tan(c+ dz)(a+ btan(c+dz)) (Btan(c+dz) + Ctan’(c+dz)) dz = Too large to display

input ‘ integrate(tan(d*x+c) * (a+b*tan(d*x+c) ) * (Bxtan (d*x+c)+C*xtan(d*x+c) "2) ,x, alg ‘

1orithm="giac") 1

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz



output

input

output
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-1/6% (6*Bxaxd*x*tan(d*x) “3*tan(c) "3 - 6*Ckbkd*x*tan(d*x) " 3*tan(c)~3 - 3*Cx
axlog(4*(tan(d*x) “2*tan(c)~2 - 2*xtan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)~2
+ tan(d*x)~2 + tan(c)”2 + 1))*tan(d*x) “3*tan(c)”3 - 3*B*bxlog(4*(tan(d*x)
~2%tan(c) "2 - 2*xtan(d*x)*tan(c) + 1)/(tan(d#*x) "2*tan(c)~2 + tan(d*x)"2 + t
an(c)"2 + 1))*tan(d*x) " 3*tan(c) "3 - 18*B*axd*x*tan(d*x) "2*tan(c)”2 + 18*Cx
b*d*x*tan(d*x) “2*tan(c) "2 - 3*Cxakxtan(d*x) “3*tan(c)”~3 - 3*Bkb*tan(d+*x) 3*t
an(c)~3 + 9*Cxa*xlog(4*(tan(d*x) 2*tan(c)~2 - 2xtan(d*x)*tan(c) + 1)/(tan(d
*x) "2*tan(c) "2 + tan(d*x) "2 + tan(c)”2 + 1))*tan(d*x) " 2*tan(c)”2 + 9*B¥bx1l
og(4*(tan(d*x) 2*tan(c)”2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)~2 +
tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x) "2*tan(c) "2 + 6xBxaxtan(d*x) 3*tan(c)”
2 - 6*Cxbxtan(d*x) “3*tan(c)~2 + 6*Bxaxtan(d*x) 2*tan(c)” 3 - 6*Cxbxtan(d*x)
~2xtan(c) "3 + 18*Bkaxd*x*tan(d*x)*tan(c) - 18*Cxb*d*x*tan(d*x)*tan(c) - 3%
Cxaxtan(d#*x) "3*tan(c) - 3*Bxb*tan(d*x) “3*tan(c) + 3*Cxaxtan(d*x) " 2*tan(c)”
2 + 3*Bxbxtan(d*x) “2*tan(c) "2 - 3*C*axtan(d*x)*tan(c)”~3 - 3*B¥b*tan(d*x)*t
an(c)~3 + 2xCxb*tan(d*x) 3 - 9*Cxaxlog(4*(tan(d*x) 2*tan(c)”~2 - 2xtan(d*x)
*tan(c) + 1)/(tan(d*x) 2*tan(c)~2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d*x)*t
an(c) - 9*Bxb*log(4*(tan(d*x) "2*tan(c)”2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x
)~2%tan(c) "2 + tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x)*tan(c) - 12*Bkaxtan(d*
x)"2+tan(c) + 18*Cxb*tan(d*x) “2xtan(c) - 12+Bxaxtan(d*x)*tan(c)”2 + 18*Cxb
*tan(d*x)*tan(c) "2 + 2*xCxbxtan(c) 3 - 6*Bxa*d*x + 6%Ckbxd*x + 3*Ckaxtan...

3.1.9 Mupad [B] (verification not implemented)

Time = 8.20 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.97

/tan(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

_tan(c+dx) (Ba—Cb)—ln(tan(c+dx)2+l) (Bb 4+ Ca) + tan(c + dz)’ (Bb+ <) —dz(Ba—C|
B d

int(tan(c + d*x)*(Bxtan(c + d*x) + Ckxtan(c + d*x)~2)*(a + b*tan(c + d*x)),

x)

(tan(c + d*x)*(Bxa — C*b) - log(tan(c + d*x)~2 + 1)*((Bxb)/2 + (Cxa)/2) +
tan(c + d*x)~2%((Bxb)/2 + (C*a)/2) - d*x*(Bxa - Cxb) + (Cxb*tan(c + d*x)~3

)/3)/d

3.1.  [tan(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan?®(c + dz)) dz
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3.2 [(a+btan(c+dz)) (Btan(c + dz) + Ctan?(c + dzx)) d:

3.2.1 Optimalresult . . . ... .. . .. . BT
3.2.2 Mathematica [A] (verified) . . . . . ... ... ..o 87
3.2.3 Rubi [A] (verified) . . . .. ... . 88
3.24 Maple [A] (verified) . ... ... . ... .. 89
3.2.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 90
3.2.6 Sympy [A] (verification not implemented) . . . .. ... ... ... ... .. )
3.2.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... OT]
3.2.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... OTl
3.2.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 92

3.2.1 Optimal result

Integrand size = 30, antiderivative size = 66

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

(aB — bC) log(cos(c + dz)) = bBtan(c+dz) C(a+ btan(c+ dx))?
B d A R 2bd

=—((bB+aC)x)

output \ - (Bxb+C*a) *x- (Bxa—C*b) *1n (cos (d*x+c) ) /d+b*Bxtan (d*x+c) /d+1/2*C* (a+b*tan (d* \
'x+c))"2/b/d |

3.2.2 Mathematica [A] (verified)

Time = 0.33 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.02

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

_ —2(bB + aC) arctan(tan(c + dz)) + 2(—aB + bC) log(cos(c + dx)) + 2(bB + aC) tan(c + dz) + bC tan’
B 2d

-

input LIntegrate[(a + b*Tan[c + d*x])*(BxTan[c + d*x] + CxTan[c + d*x]~2),x]

~—

output‘ (-2%(b*B + a*C)*ArcTan[Tan[c + d*x]] + 2x(-(a*B) + b*C)*Log[Cos[c + d*x]]
+ 2% (b*B + axC)*Tan[c + d*x] + bxCxTan[c + d*x]~2)/(2*d)

N\ J

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz
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3.2.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 954 Ryles used = {3042,

integrand size
4113, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
| 3042
/(a + btan(c + dz)) (Btan(c + dz) + Ctan(c + dz)?) dz

l 4113

C(a+ btan(c + dz))?
2bd

/(a + btan(c + dz))(Btan(c + dz) — C)dz +

l 3042

C(a + btan(c + dz))?
2bd

/(a + btan(c + dzx))(Btan(c + dz) — C)dz +

l'4008

C(a+ btan(c + dz))? + bB tan(c + dz)
2bd d

(aB —bC) /tan(c + dz)dz — z(aC + bB) +

J’3042

C(a+ btan(c + dz))? + bB tan(c + dz)
2bd d

(aB —bC) /tan(c + dz)dz — z(aC + bB) +

l 3956

_ (aB — bC)log(cos(c + dz))

C(a + btan(c + dz))? + bB tan(c + dz)
d

2bd d

—z(aC +bB) +

input‘ Int[(a + bxTan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + d*x]~2),x]

output‘ -((b*B + a*C)*x) - ((a*B - b*C)*Logl[Cos[c + d*x]])/d + (b*B+Tan[c + d*x])/
\d + (Cx(a + bxTan[c + d*x])~2)/(2%b*d)

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz



rule 3042

rule 3956

rule 4008

rule 4113
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3.2.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.)
+ (£_.)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[C*((a +
bxTan[e + f*x])~(m + 1)/(b*f*(m + 1))), x] + Int[(a + b*Tan[e + f*x]) m*Si
mp[A - C + BxTan[e + f*x], x], x] /; FreeQ[{a, b, e, f, A, B, C, m}, x] &&
NeQ[A*b~2 - axb*B + a~2xC, 0] && !'LeQ[m, -1]

3.2.4 Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.05

2 Ba—Cb) In(1+tan(dxz+c 2
w-l—Btan(dm—l—c)b—l—Ctan(d:c—i—c)a—i—( ) ( an( ) )

method result
2
Bb+-Ca) tan(d Chbtan(d 2 (Ba—0Cb) In( 14+tan(dz+-c)
norman (—Bb _ Ca) z+ (Bb+ a)da,n( z+-c) + anZ(dm-i-c) + <2d )
n(dz4c)2 (Ba—Cb) In( 1+t n(dz+c)2
derivativedivides W"_B tan(dz+c)b+C tan(dz+c)a+ ( 5 : ) +(—Bb—Cla) arctan(tan(dz+c))
d

+(—Bb—Cla) arctan(tan(dz+c))

default 5 2

In (1+tan(dm+c)2)

tan(dz+c)?
Cb(an;c _

(Bb+Ca)(tan(dz+c)—arctan(tan(dz+c))) + Baln(l—i—tan(dw—}—c)z) +
d 2d

parts
lelrisch —2Bbdz—2Cadz+C tan(dz+c)?b+Bln (1+tan(dw+c)2) a+2Btan(dz+c)b—C'In <1+ta,n(d:c+c)2) b+2C tan(dz+-c)a
parallelrisc %d
. . . . o 2iBac __ 2iCbc 2i(—iCbe?H(dz+0) 4 Bpe2i(dzte)  Og e2i(d+e) | Bp-
risch Bbz — Cax + iBax — iCbr + = T (T 11)?

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz
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input | int ((a+b*tan(d*x+c) ) * (B*xtan (d*x+c)+Cxtan(d*x+c) ~2) ,x,method=_RETURNVERBOSE
)

output  (-Bxb-Cx*a)*x+(B*b+C*a) /d*tan (d*x+c)+1/2*Cxb/d*tan(d*x+c) ~2+1/2* (B*a-C*b) /d
*1n(1+tan(d*x+c) ~2)

3.2.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

Cbtan (dz + ¢)* — 2 (Ca + Bb)dz — (Ba — Cb) log ( +2(Ca + Bb) tan (dz + ¢)

1
tan(dz+c)?+1 )

N 2d

input  integrate((a+b*tan(d*x+c))*(Bxtan(d*x+c)+C*tan(d*x+c)~2),x, algorithm="fri

cas")

output | 1/2%(C*b*tan(d*x + c)~2 - 2*(C*a + B*b)*d*x - (Bxa - C*b)*log(1l/(tan(d*x +
c)"2 + 1)) + 2*(C*a + Bxb)*tan(d*x + c))/d

3.2.6 Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.59

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

Balog (tan? (c+dz)+1) — Bbz + Bbtan (ct+dz) Cazx + Catan(ct+dz)  Cblog (tan? (c+dz)+1) + Cbtan? (c+dz)
d d

- z(a + btan (c)) (Btan (c) + C tan? (c))

2d 2d

p
inputLintegrate((a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),x)

-/

output‘Piecewise((B*a*log(tan(c + d*x)**2 + 1)/(2%d) - Bxb*x + Bxb*tan(c + d*x)/d
| - Cxaxx + Cxa¥tan(c + dxx)/d - Cxblog(tan(c + d¥x)**2 + 1)/(2xd) + Cxbxt
‘an(c + dxx)*%x2/(2%d), Ne(d, 0)), (xx(a + bxtan(c))*(Bxtan(c) + Cxtan(c)*x*2
‘), True))

ERI———.——.,

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz

for d
other
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3.2.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.00

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

_ Cbtan (dz + c)’ —2(Ca+ Bb)(dz + c) + (Ba — Cb) log (tan (dz + ¢)* + 1) + 2 (Ca + Bb) tan (dz + c)
B 2d

input  integrate((a+b*tan(d*x+c))*(Bxtan(d*x+c)+C*xtan(d*x+c)~2),x, algorithm="max
ima")

output | 1/2*(C*bxtan(d*x + c)~2 - 2x(Cxa + B*b)*(d*x + c) + (B*a - Cxb)*log(tan(d*
X + c)”2 + 1) + 2x(C*a + Bxb)*tan(d*x + c))/d

3.2.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 556 vs. 2(64) = 128.

Time = 0.65 (sec) , antiderivative size = 556, normalized size of antiderivative = 8.42

/(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dr =

4 (tan(dz)? tan(c)?—2 tan(dz) tan(c)+1
2C’admtan(dx)2tan(c)2+2Bbdmtan(dx)2tan(c)2+Balog( (ton(do)?tan(cy’ 2 tan(de): ()+>)t (

tan(dx)? tan(c)2+tan(dz)?+tan(c)2+1

p
input ‘ integrate((a+b*tan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c) ~2) ,x, algorithm="gia ‘
C") ‘

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz
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output | -1/2* (2+%Cxa*d*x*tan (d*x) “2*tan(c) "2 + 2*Bxb*d*x*tan(d*x) "2*tan(c) 2 + B*ax*
log(4*(tan(d*x) “2*tan(c) "2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)~2 +
tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x) "2xtan(c)~2 - Cxbxlog(4+*(tan(d*x) "2t
an(c)"2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) "2*tan(c)”2 + tan(d*x)~2 + tan(c
)72 + 1))*tan(d*x) “2*tan(c) "2 - 4*Craxd*x*tan(d*x)*tan(c) - 4*Bxb*d*x*tan(
d*x)*tan(c) - Cxbxtan(d*x) 2*tan(c)~2 - 2*B*a*log(4*(tan(d*x) 2*tan(c)~2 -
2*tan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)~2 + tan(d*x)~2 + tan(c)"2 + 1))
*tan (d*x)*tan(c) + 2*Cxbxlog(4*(tan(d*x) 2*tan(c)~2 - 2*tan(d+*x)*tan(c) +

1)/ (tan(d*x) ~2*tan(c) "2 + tan(d*x)"2 + tan(c)~2 + 1))*tan(d*x)*tan(c) + 2%
Cxaxtan(d*x) "2+tan(c) + 2*Bxb*tan(d*x) 2xtan(c) + 2*Cxaxtan(d*x)*tan(c) "2
+ 2#Bsbktan(d*x)*tan(c) "2 + 2#Ckaxd*x + 2*Bxbxd*x - Cxbxtan(d*x)~2 - Cxb*t
an(c) "2 + Bxaxlog(4*(tan(d+*x) "2+tan(c)”2 - 2+tan(d*x)*tan(c) + 1)/(tan(d+*x
)"2xtan(c)"2 + tan(d*x)"2 + tan(c)”2 + 1)) - Cxb*log(4*(tan(d*x) "2*tan(c)”
2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)”2 + tan(d*x)~2 + tan(c)~2 +

1)) - 2*C*axtan(d*x) - 2*Bxb*tan(d*x) - 2*C*axtan(c) - 2*Bxb*tan(c) - Cxb)
/(d*tan(d*x) “2%tan(c) "2 - 2xd*tan(d*x)*tan(c) + d)

3.2.9 Mupad [B] (verification not implemented)

Time = 7.97 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.95

/(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

__mMc+d@(Bb+Ca%+h(mMc+d@2+1)G%—iyy—mMBb+Ca%+gwg?ﬂﬁ

d

input‘int((B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + b*tan(c + d*x)),x)

output((tan(c + d*x)*(Bxb + C*a) + log(tan(c + d*x)~2 + 1)*((B*a)/2 - (C*b)/2) -
’d*x*(B*b + C*a) + (Cxbxtan(c + d*x)~2)/2)/d \

32.  [(a+btan(c+ dz)) (Btan(c+ dz) + Ctan®(c + dz)) dz



CHAPTER 3. LISTING OF INTEGRALS 93

3.3 [ cot(c+dz)(a+btan(c+dz)) (B tan(c + dz) + C tan?(

3.3.1 Optimalresult . .. ... ... ... ... 93]
3.3.2 Mathematica [A] (verified) . . . . . .. ... .. .. Lo o 93
3.3.3 Rubi [A] (verified) . . . . . .. ... 94
3.3.4 Maple [A] (verified) . ... ... . ... .. 95
3.3.5  Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 961
3.3.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... .... 96
3.3.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 97l
3.3.8 Giac [A] (verification not implemented) . . . ... .. ... ... ....... 9T
3.3.9 Mupad [B] (verification not implemented) . . ... ... ... ... . ..... 9T

3.3.1 Optimal result

Integrand size = 36, antiderivative size = 42

/cot(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan’*(c + dz)) dz

— (aB —bC)z — (bB + aC') log(cos(c + dz)) 4 bC tan(c + dz)
= ; :
output L (B*a—-C#*b) *x—- (B*b+C*a) *1n (cos (d*x+c)) /d+b*Cxtan (d*x+c) /d J

3.3.2 Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.40

/cot(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

bC arctan(tan(c + dz))  bBlog(cos(c + dz))
=aBx — 7 — 7

aC'log(cos(c + dz))  bC tan(c + dx)
B d * d

input | Integrate[Cot[c + d*x]*(a + b*Tan[c + d*x])*(BxTan[c + d*x] + C*Tan[c + d*
x]72),x]

output | a*B*x - (b*CxArcTan[Tan[c + d*x]])/d - (b*B*Log[Cos[c + d*x]])/d - (a*C*Lo
glCos[c + d*x]]1)/d + (b*CxTan[c + d*x])/d

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz



CHAPTER 3. LISTING OF INTEGRALS 94

3.3.3 Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 167 Ryjes used = {3042,

integrand size
4115, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz

J,3042

/ (a + btan(c+ dz)) (Btan(c + dz) + C tan(c + dz)?) i

tan(c + dx)
l 4115

/ (a+ btan(c + dz))(B + C tan(c + dz))dz
| 3042

/ (a+ btan(c + dz))(B + C tan(c + dz))dz
| 4008

(aC +bB) /tan(c + dz)dz + z(aB — bC) + bC’tanEic-l-dw)

| 3042

(aC +bB) /tan(c + dz)dz + x(aB — bC) + W
| 3956

_(aC +0B) loi(cos(c + dz)) + o(aB — bC) + bC tanfjc + dz)

input‘ Int[Cot[c + d*x]*(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + d*x]~2),

x]

N

output\ (a*B - b*C)*x - ((b*B + a*C)*Logl[Cos[c + d*x]])/d + (b*CxTan[c + d*x])/d

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz




rule 3042

rule 3956

rule 4008

rule 4115

input

CHAPTER 3. LISTING OF INTEGRALS 95

3.3.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx_)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
) o+ (£_.)%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC+Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

3.3.4 Maple [A] (verified)

Time = 1.46 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.10

method result
. (Bb+Ca)ln (sec(dw+c)2) +2Cbtan(dz+c)+2dz(Ba—Cb)
parallelrisch 5
Bb+Ca)In( 1+tan(dz+c)?
norman (Ba _ Cb)l’ + than(gdm+c) + ( ) (2d an( ) )
derivativedivides —Bbln(cos(dz—i—c))+Cb(tan(dz+c)—;iw—c)—i—Ba(d:c—i—c)—Ca In(cos(dz+c))
—BbIn(cos(dz+c))+Cb(tan(dz+c)—dz—c)+Ba(dz+c)—Caln(cos(dz+-c))
default 7
- : - 2iBbc | 2iC 2iC In(e?4o)+1)Bb _ In(e?(dr+
risch iBbz + iCax + Bax — Cbx + =37 4+ 7% + d(ezi(,fzﬂ)ﬂ) — 3 — 3

‘ int (cot (d*x+c) * (a+b*tan (d*x+c) ) * (Bxtan (d*x+c) +Cxtan (d*x+c) ~2) ,x,method=_RE ‘
 TURNVERBOSE) |

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz
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output \ 1/2% ((B*b+C*a)*1n(sec (d*x+c) ~2) +2xCxbxtan (d*x+c) +2*d*x* (Bxa-C*b) ) /d

3.3.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.19

/cot(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz

2 (Ba — Cb)dz + 2 Cbtan (dz + ¢) — (Ca + Bb) log (
- 2d

1
tan(dz+c)?+1 >

input  integrate(cot (d*x+c)*(at+bxtan(d*x+c))* (Bxtan(d*x+c)+Cxtan(d*x+c)~2),x, alg
orithm="fricas")

output | 1/2%(2%(B*a - C*b)*d*x + 2xCxbxtan(d*x + c) - (C*a + Bxb)*log(l/(tan(d*x +
c)"2 + 1)))/4d

3.3.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 82 vs. 2(36) = 72.

Time = 0.29 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.95

/cot(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C'tan’(c + dz)) dz

Bblog (tan? (c+dz)+1)

_ ) Baz + 53 4 Calos (ta'n; d(c+dm)+1) — Cbr + —Cbtanéchdx) ford # 0
z(a + btan (c)) (Btan(c) + Ctan? (c)) cot (c) otherwise

p
inputLintegrate(cot(d*x+c)*(a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),x)

| —

output‘Piecewise((B*a*x + B*bxlog(tan(c + d*x)*x2 + 1)/(2+%d) + C*axlog(tan(c + d*
\x)**2 + 1)/(2%d) - Cxb*x + Cxbxtan(c + d*x)/d, Ne(d, 0)), (x*x(a + b*tan(c)
‘)*(B*tan(c) + Cxtan(c)**2)*cot(c), True))

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz



input

output

input

output
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3.3.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.19

/ cot(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz

_ 2Cbtan (dz + ¢) + 2 (Ba — Cb)(dz + ¢) + (Ca + Bb) log (tan (dz + c)* + 1)
B 2d

integrate(cot (d*x+c) * (atb*tan(d*x+c) ) * (Bxtan (d*x+c)+Cxtan(d*x+c) "2) ,x, alg

orithm="maxima")

1/2%(2xCxb*tan(d*x + c) + 2%(B*a - Cxb)*(d*x + c) + (C*a + B*b)*log(tan(d*
X +c)72+ 1))/d

3.3.8 Giac [A] (verification not implemented)

Time = 0.73 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.19

/ cot(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan’(c + dz)) dz

_ 2Cbtan (dz + ¢) + 2 (Ba — Cb)(dz + ¢) + (Ca + Bb) log (tan (dz + c)* + 1)
B 2d

integrate(cot (d*x+c)* (a+bxtan(d*x+c))*(Bxtan(d*x+c)+C*xtan(d*x+c)~2),x, alg

orithm="giac")

1/2*%(2*%C*bxtan(d*x + c) + 2*(Bxa - Cxb)*(d*x + c) + (Cxa + B*b)*log(tan(dx*
X+c)72+ 1))/d

3.3.9 Mupad [B] (verification not implemented)

Time = 7.99 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.38

/cot(c + dz)(a + btan(c + dz)) (B tan(c + dz) + Ctan’(c + dz)) dz

Cbtan(c+ dx) +Bb In (tan(c + dz)* + 1) +C’a In (tan(c +dz)* + 1)

=Baz—-Cbzx+ i 54 9d

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz



input

output
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int(cot(c + d*x)*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)),

x)

B*a*x — Cxb*x + (C*bxtan(c + d#x))/d + (B#b*xlog(tan(c + d*x)~2 + 1))/(2xd)
+ (Cxa*log(tan(c + d*x)~2 + 1))/(2%d)

3.3.  [cot(c+ dz)(a+ btan(c+ dz)) (Btan(c + dz) + Ctan®(c + dz)) dz
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3.4 [ cot*(c+dzx)(a+btan(ct+dz)) (B tan(c + dz) + C tan®

34.1 Optimalresult . .. ... ... . .. ... 99]
3.4.2 Mathematica [A] (verified) . . . . . .. ... ... L Lo oL 99
3.4.3 Rubi [A] (verified) . . . .. ... 100
3.44 Maple [A] (verified) . . . ... ... ... 102
3.4.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 102
3.4.6 Sympy [B] (verification not implemented) . . .. .. ... ... ....... 1031
3.4.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 1031
3.4.8 Giac [A] (verification not implemented) . . . . ... ... .. ... ...... 104
3.4.9 Mupad [B] (verification not implemented) . . . ... ... ... ... ..... 104

3.4.1 Optimal result

Integrand size = 38, antiderivative size = 37

/cotz(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

bC'log(cos(c + dz))  aBlog(sin(c + dz))
B d * d

= (bB+aC)x

e hY

(Bxb+C*a) *x-b*C*1n (cos (d*x+c)) /d+a*B*1ln(sin(d*x+c))/d

N\ J

output

3.4.2 Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 49, normalized size of antiderivative = 1.32

/cotz(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

aBlog(cos(c+dz))  bClog(cos(c + dz)) n aBlog(tan(c + dzx))

=bBz +aCzx + 7 7 7

input | Integrate[Cot[c + d*x]~2*(a + bxTan[c + d*x])*(B*Tan[c + d*x] + C*Tan[c +
d*x]~2) ,x]

output b*B*x + a*C*x + (a*BxLog[Cos[c + d*x]])/d - (b*CxLog[Cos[c + d*x]])/d + (a
*BxLog[Tan[c + d*x]])/d

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.4.3 Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.05, number

of steps used = 10, number of rules used = 10, Bumber of rules _ 963 Ryjes used =
integrand size

{3042, 4115, 3042, 4072, 3042, 3956, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cotz(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz

l 3042

/ (a + btan(c+ dz)) (Btan(c + dz) + C tan(c + dz)?) i

tan(c + dr)?
l 4115

/ cot(c + dz)(a + btan(c + dz))(B + C tan(c + do))dz

l 3042

/ (a+ btan(c + dz))(B + Ctan(c + dx)) di

tan(c + dr)
| 4072

/cot(c + dz)(aB + (bB + aC) tan(c + dz))dz + bC / tan(c + dz)dz

l 3042
aB + (bB + aC) tan(c + dx) /

/ tan(c + dx) dz 4+ bC [ tan(c+ dz)dz
l 3056

/ aB + (bB + aC) tan(c + dx) dr — bC log(cos(c + dx))

tan(c + dx) d

l 4014

aB / cot(c + dz)dz + z(aC + bB) — bC 10g(COCSl(c + dr))
l 3042

aB / —tan (¢ +dz + g) dz + z(aC + bB) — °C log(coz(c + dz))

| 25

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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_aB/tan <;(2c +7) + dx) dz + z(aC + bB) — bClog(co;(c + dz))
l 3956
o(aC + bB) + S LEC sin(ec+ dz) _ bOlog(cos(c + da)

p
input‘ Int[Cot[c + d*x]~2%x(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + d*x]~2

), x]

OutPUtL(b*B + axC)*x - (bxC*Logl[Cos[c + d*x]])/d + (a*BxLog[-Sinl[c + d*x]])/d

~— ~

3.4.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 3956

rule 4014

rule 4072

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

-

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl[{c, d}, x]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (£f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - a*Tan[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

Int[((CA_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (f_
D*x(x))D)/((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[B*(d/
b) Int[Tan[e + f*x], x], x] + Simp[1/b  Int[Simp[A*b*c + (Axbxd + B*(b*c
- a*d))*Tan[e + f*x], x]/(a + b*Tan[e + f*x]), x], x] /; FreeQ[{a, b, c, d
, e, £, A, B}, x] && NeQ[b*c - axd, 0]

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz



CHAPTER 3. LISTING OF INTEGRALS

102

rule 4115 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (F_)*x)DD"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -

a*bxB + a~2*C, 0]

3.4.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.16

method result size
derivativedivides | B2da+a=Cb ln(cos(dx+c))-({1-Baln(sin(da:+c))+Ca(dx+c) 43
default Bb(dz+c)—Cb ln(cos(dx+c))-5Baln(sin(dx+c))+Ca(d:t-l—c) 43
parallelrisch (—Ba+Cb)In (sec(dx+c)2)+2sz In(tan(dz-+c))+2x(Bb+Ca)d 47
norman (Bb + Ca) ¢ + Belnlten(dzta) _ (Ba= ) ln(;tan(dﬁc)z) 48
risch Bbz + Cax — iBax + iCbx + 2"?” — 2“;“ — ln(e%(dZ;)Jrl)Cb Baln(e%;dHC)_l) 7

input \ int (cot (d*x+c) ~2* (a+b*tan (d*x+c) ) * (Bxtan (d*x+c) +Cxtan (d*x+c) ~2) ,x,method=_ \

‘RETURNVERBUSE)

outputLl/d*(B*b*(d*x+c)—C*b*ln(cos(d*x+c))+B*a*ln(sin(d*x+c))+C*a*(d*x+c))

3.4.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.59

/cotQ(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

2 (Ca+ Bb)dz + Balog (124 ) — Chlog (1)

tan(dz+c)?+1

2d

p
input ‘ integrate(cot (d*x+c) "2* (atb*tan(d*x+c)) * (Bxtan (d*x+c)+Cxtan(d*x+c) ~2) ,x, a

‘ lgorithm="fricas")

~

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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output} 1/2%(2%(C*a + Bxb)*d*x + Bkaxlog(tan(d*x + c)~2/(tan(d*x + c)~2 + 1)) - Cx
Lb*log(l/(tan(d*x + )72 + 1)))/d

3.4.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 85 vs. 2(34) = 68.

Time = 0.41 (sec) , antiderivative size = 85, normalized size of antiderivative = 2.30

/ cot’(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan*(c + dz)) dz

2d 2d
z(a + btan (c)) (Btan (c) + C tan? (c)) cot? (c) otherwise

{_Balog (tan? (c+dz)+1) + Balog (tzz,in (ctdz)) + Bbz + Caz + Cblog (tan? (c+dz)+1) for d 7& 0

p
input Lintegrate (cot (d*x+c) **2* (a+bxtan (d*x+c) ) * (Bxtan (d*x+c) +Cxtan (d*x+c) **2) ,x)

~—

output‘Piecewise((-B*a*log(tan(c + d*x)**2 + 1)/(2xd) + Bxaxlog(tan(c + d*x))/d +
\ Bxb*x + C¥a*x + Ckb*log(tan(c + d*x)**2 + 1)/(2%d), Ne(d, 0)), (x*(a + b*
'tan(c))*(Bxtan(c) + Cktan(c)**2)*cot(c)**2, True))

3.4.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.41

/ cot’(c+ dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz

_ 2Balog (tan (dz + ¢)) + 2 (Ca + Bb)(dz + ¢) — (Ba — Cb) log (tan (dz + ¢)* + 1)
B 2d

input | integrate (cot (d*x+c) 2% (a+b*tan (d*x+c) ) * (B¥tan (d*x+c) +Cxtan(d*x+c) ~2) ,x, a
lgorithm="maxima")

output 1/2%(2*B¥axlog(tan(d*x + c)) + 2%(Cxa + Bxb)*(d*x + c) - (B*a - Cxb)*log(t
an(d*x + c)~2 + 1))/d

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.4.8 Giac [A] (verification not implemented)

Time = 0.90 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.43

/ cot’(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan’(c + dz)) dz

_ 2 Balog(|tan (dz + c)|) + 2 (Ca + Bb)(dz + ¢) — (Ba — Cb) log (tan (dz + c)* + 1)
- 2d

input  integrate(cot (d*x+c) 2% (atb*tan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a
lgorithm="giac")

output | 1/2%(2+B*a*log(abs(tan(d*x + c))) + 2*(C*a + Bxb)*(d*x + c) - (B*a - Cxb)*
log(tan(d*x + c)~2 + 1))/d

3.4.9 Mupad [B] (verification not implemented)

Time = 8.31 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.86

/cotQ(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

_ Baln(tan(c+dz)) In(tan(c+dz)—1i) (B+C1li) (a+bli)

d 2d
+ In (tan(c+dz) + 1i) (B—C1i) (b+ali) 1i

2d

input | int (cot(c + d*x) 2% (Bxtan(c + d*x) + Cxtan(c + d*x) 2)*(a + bxtan(c + d*x)

),x)

output | (log(tan(c + d*x) + 1i)*(B - Cx1i)*(a*1i + b)*1i)/(2*%d) - (log(tan(c + d*x
) - 1i)*(B + Cx1i)*(a + b*1i))/(2%d) + (B*a*log(tan(c + d*x)))/d

34.  [cot®(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.5 [ cot3(c+dzx)(a+btan(ct+dz)) (B tan(c + dz) + C tan®

3.5.1 Optimalresult . .. ... ... . .. ... 105
3.5.2 Mathematica [C] (verified) . . . . . .. . ... L Lo 105
3.5.3 Rubi [A] (verified) . . ... ... ...
3.5.4 Maple [A] (verified) . ... ... . ... ... 108
3.5.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... . .... 109
3.5.6 Sympy [B] (verification not implemented) . . ... ... ... ........ 1091
3.5.7 Maxima [A] (verification not implemented) . .. .. ... ... ....... 110
3.5.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 110
3.5.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 11

3.5.1 Optimal result

Integrand size = 38, antiderivative size = 43

/cot3(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

_ aBcot(c+ dr) n (bB + aC') log(sin(c + dz))
d d

= —((aB — bC)x)

e A
- (B*a—-C#*b) *x-a*Bxcot (d*x+c) /d+ (B*b+C*a) *1n(sin(d*x+c))/d

N\ J

output

3.5.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.03 (sec) , antiderivative size = 88, normalized size of antiderivative = 2.05

/ cot®(c+ dz)(a + btan(c + dz)) (Btan(c+ dz) + C tan®*(c + dz)) dz

aB cot(c + dz) Hypergeometric2F1 (—1,1, 1, — tan?(c + dz))
=bCx — 7
4 bBlog(cos(c + dx)) 4 aC'log(cos(c + dx))

d d
n bBlog(tan(c + dz)) 4 aC'log(tan(c + dx))

d d

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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input Integrate[Cot[c + d*x]~3*(a + bxTan[c + d*x])*(B*Tan[c + d*x] + CxTan[c +
d*x]~2),x]

output | bxC*x - (a*BxCot[c + d#x]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[c + d*x]~2]
)/d + (b*BxLog[Cos[c + d*x]])/d + (a*CxLogl[Cos[c + d*x]])/d + (b*B*Log[Tan
[c + d*x]]1)/d + (a*C*Log[Tan[c + d*x]])/d

3.5.3 Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.05, number

_ _ o humber of rules _ _
of steps used = 9, number of rules used = 9, integrand size 0.237, Rules used = {3042,

4115, 3042, 4074, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot3(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz
| 3042

dz

(a+btan(c+ dz)) (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dz)3

l 4115

/ cot?(c + dx)(a + btan(c + dz))(B + C'tan(c + dz))dz

| 3042
/ (a + btan(c+ dz))(B + Ctan(c + dx))

dz
tan(c + dr)?
| 4074

/ cot(c + dz)(bB + aC — (aB — bC) tan(c + dz))dz — “Bcc’tg:*d"”)
| 3042
/ bB + aC — (aB — bC) tan(c + dx) aB cot(c + dx)
dr —

tan(c + dz) d

| 4014
(aC + bB) /cot(c + dz)dx — (z(aB — bC)) — W

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz




input

output
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l 3042

aB cot(c + dz)

(a0+bB)/—tan <c+dm+ g) dz — (z(aB — bC)) — y

| 25

—(aC +bB) /tan <;(2C+ ™) + dw) dz — (w(aB — bC)) — 2B+ d)

d
l 3956

(aC + bB)log(—sin(c +dz))
d

aB cot(c + dz)

(z(aB —bC)) — y

Int[Cot[c + d*x]~3%(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + d*x]~2
) ,x]

-((a*B - b*C)*x) - (axB*Cot[c + d*x])/d + ((b*B + a*C)*Log[-Sin[c + d*x]])
/d

3.5.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 3956

rule 4014

N\

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a"2 + b"2) Int[(b - a*Tan[e + f*x])/(a + bxTan[e + f*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b2, 0] && N
eQ[axc + b*d, 0]

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz

~—




rule 4074

rule 4115

input

output

CHAPTER 3. LISTING OF INTEGRALS

108

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Simp[(b
*c - a*d)*(A*b - a*B)*((a + b*Tan[e + f*x])"(m + 1)/(b*f*(m + 1)*(a"2 + b~2
))), x] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[a*A*c
+ b*Bxc + A*b*d - a*Bkd - (A*bkc - axBkc - a*xA*d - b*Bxd)*Tan[e + f*xx], x],
x], x] /; FreeQ[{a, b, c, d, e, £, A, B}, x] && NeQ[b*c - a*d, 0] && LtQ[m
, —1]1 && NeQ[a"2 + b~2, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx_)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)*%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

3.5.4 Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.23

method result

. . P BbIn(sin(dz+c))+Cb(dz+c)+Ba(— cot(dz+c)—dz—c)+Ca ln(sin(dz+c))
derivativedivides 4

BbIn(sin(dz+-c))+Cb(dz+c)+Ba(— cot(dz+c)—dz—c)+Caln(sin(dz+c))
default i
. (—=Bb—Ca)ln (sec(dz+c)2> +(2Bb+2Ca) In(tan(dz+c))—2B cot(dz+c)a—2dx(Ba—Cb)
parallelrisch 5
norman (—Ba—}-Cb)ztan(dz—kc)Q—ma%@zm + (Bb—|—Ca) ln(tan(dx—‘,-c)) _ (Bb-l—C’a) ln(1+tan(da:+c)2>
tan(dz+c)? d 2d
. : : 2iBbc __ 2iCac 2iBa In(e?(4=+<) 1) Bb | In(e*(*

risch —iBbr — iCax — Baz + Cbr — =77 — =7 — (@ +eT ) + = +

/

int (cot (d*x+c) “3* (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x ,method=_
RETURNVERBOSE)

1/d* (Bxb*1n(sin (d*x+c) ) +C*b* (d*x+c) +B*a* (-cot (d*x+c)-d*x-c)+C*xa*x1n(sin (d*x

+c)))

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.5.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.70

/ cot®(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan’(c + dz)) dz

2(Ba — Cb)dz tan (dz + ¢) — (Ca + Bb) log (%) tan (dz +c) + 2 Ba

2dtan (dz + ¢)

input  integrate(cot (d*x+c) 3% (atbxtan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a

lgorithm="fricas")

output | -1/2x(2x(B*a - C*b)*d*x*tan(d*x + c) - (Cxa + B*b)*log(tan(d*x + c)~2/(tan
(d*x + ¢c)~2 + 1))*tan(d*x + c) + 2xB*a)/(d*tan(d*x + c))

3.5.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(36) = 72.

Time = 0.72 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.70

/cot3(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

(

NaN
z(a + btan (c)) (Btan (c) + C tan? (c)) cot® (c)
~ ) NaN
n? n2
\ _Baz — dtang;;_dx) __ Bblog (ta 2d(c+d:v)+1) + Bblog (ta; (ct+dx))  Calog (ta 2d(c+d:13)+1) + Calog (ta:in (c+dzx)) + Cbz
inputLintegrate(cot(d*x+c)**3*(a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),x) J

‘c)**2)*cot(c)**3, Eq(d, 0)), (nan, Eq(c, -d*x)), (-B*axx - B*a/(d*tan(c +
|d¥x)) - Bxbxlog(tan(c + d*x)**2 + 1)/(2%d) + Bxbxlog(tan(c + d*x))/d - Cxa

( N
output‘Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + bxtan(c))*(B*tan(c) + Cxtan( ‘
‘*log(tan(c + dxx)**2 + 1)/(2%d) + C*axlog(tan(c + d*x))/d + Cxbxx, True)) ‘

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.5.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.58

/COt3(C + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz =

2 (Ba — Cb)(dz + ¢) + (Ca + Bb)log (tan (dz + c)* + 1) — 2 (Ca + Bb) log (tan (dz + c)) + P
2d

input  integrate(cot (d*x+c) 3% (atb*tan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a

lgorithm="maxima")

output | -1/2x(2x(B*a - C*b)*(d*x + c) + (C*a + Bxb)*log(tan(d*x + c)~2 + 1) - 2x(C
*a + B*b)*log(tan(d*x + c)) + 2xB*a/tan(d*x + c))/d

3.5.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(43) = 86.

Time = 1.07 (sec) , antiderivative size = 119, normalized size of antiderivative = 2.77

/cot3(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

Batan (Ldz + 1c) — 2(Ba— Cb)(dz +c) —2(Ca+ Bb)log (tan (L dz + 1 ¢)* + 1) +2(Ca + Bb) log
2 2 2 2
- 2d

input  integrate(cot (d*x+c) ~3*(at+bxtan(d*x+c))* (B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a

lgorithm="giac")

output | 1/2* (Bxaxtan(1/2*d*x + 1/2%c) - 2*x(B*xa — Cxb)*(d*x + c) - 2*(Cxa + Bxb)x*lo
g(tan(1/2xd*x + 1/2xc)"2 + 1) + 2x(C*a + B*b)*log(abs(tan(1/2*d*x + 1/2%c)
)) - (2xCkxaxtan(1/2*d*x + 1/2*c) + 2*Bxb*tan(1/2*d*x + 1/2*c) + B*a)/tan(1
/2xd*x + 1/2xc))/d

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.5.9 Mupad [B] (verification not implemented)

Time = 8.49 (sec) , antiderivative size = 87, normalized size of antiderivative = 2.02

/ cot®(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan’(c + dz)) dz

_ In(tan(c+dz)) (Bb+Ca) In(tan(c+dz)+1i) (B — C1i) (b+ali)
B d - 2d
Bacot(c+dz) In(tan(c+dz)—1i) (B+C1li) (a+bli) 1i
B d - 2d

input | int (cot(c + d*x) ~3%(B*tan(c + d*x) + Cktan(c + d*x)~2)*(a + bxtan(c + d*x)

),x)

output | (log(tan(c + d*x))*(B¥b + Cxa))/d + (log(tan(c + d*x) - 1i)*(B + Cx1li)*(a

+ bx1i)*1i)/(2*%d) - (log(tan(c + d*x) + 1i)*(B - C*x1li)*(a*1li + b))/(2%d) -
(B*axcot(c + dx*x))/d

35.  [cot}(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.6 [ cot*(c+dz)(a+btan(ct+dz)) (Btan(c + dz) + C tan®

3.6.1 Optimalresult . .. ... ... . .. ... 1121
3.6.2 Mathematica [C] (verified) . . . . . . . . ... L oo 112
3.6.3 Rubi [A] (verified) . . . .. ... .. 113
3.6.4 Maple [A] (verified) . ... ... . ... ... 176!
3.6.5 Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... 116
3.6.6 Sympy [B] (verification not implemented) . . . .. ... ... ... .. ... 117
3.6.7 Maxima [A] (verification not implemented) . . .. ... ... ... ...... 117
3.6.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... INE
3.6.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 118

3.6.1 Optimal result

Integrand size = 38, antiderivative size = 66

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

_ (bB+aC)cot(c+dx) aBcot*(c+dzx) (aB—bC)log(sin(c+ dz))
d 2d d

= —((bB+aC)z)

p
output‘-(B*b+C*a)*x-(B*b+C*a)*cot(d*x+c)/d-1/2*a*B*cot(d*x+c)“2/d-(B*a-C*b)*1n(si
‘n(d*x+c))/d \

3.6.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 0.51 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.17

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dr =

aB cot?(c + dz) + 2(bB + aC) cot(c + dz) Hypergeometric2F1 (—3, 1, 3, — tan(c + dz)) + 2(aB — b

2d

input‘ Integrate[Cot[c + d*x]~4*(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + ‘
d*x]"2) ,x]

N\ J

3.6.  [cot*(c+dz)(a+ btan(c+ dz)) (Btan(c+ dz) + Ctan?(c + dz)) dz
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output‘ -1/2*(a*B*Cot [c + d*x]~2 + 2% (b*B + axC)*Cot[c + d*x]*Hypergeometric2F1[-1 ‘
‘/2, 1, 1/2, -Tan[c + d*x]~2] + 2x(a*B - b*C)*(Log[Cos[c + d*x]] + Log[Tan[
‘c + d*x]]1))/d ‘

3.6.3 Rubi [A] (verified)

Time = 0.62 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.03, number

of steps used = 12, number of rules used = 12, Bumber of rules _ (316 Ryles used =
integrand size

{3042, 4115, 3042, 4074, 3042, 4012, 25, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz
| 3042

dz

(a+btan(c+ dz)) (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dz)*

l 4115

/ cot3(c + dz)(a + btan(c + dz))(B + C tan(c + do))dz

| 3042
/ (a + btan(c + dz))(B + Ctan(c + dx))
dz
tan(c + dz)3
| 4074
2
/cotQ(c + dz)(bB + aC — (aB — bC) tan(c + dz))dx — aB COt2(; +do)

l 3042

/ bB + aC — (aB — bC) tan(c + dx) aB cot?(c + dx)
dz —
tan(c + dr)? 2d

l 4012

_ (aC +bB)cot(c+dz) aB cot?(c + dz)
d 2d

/ —cot(c+dz)(aB —bC + (bB + aC) tan(c + dz))dx

| 25

2
— / cot(c+dz)(aB — bC + (bB + aC) tan(c+ dzx))dz — (aC +bB) cot(c + dz) _ aBcot’(c +d)

d 2d
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| 302
B / aB —bC + (bB + aC) tan(c + da:)d _ (aC +bB)cot(c+dzx) aB cot?(c + dx)
tan(c + dx) v d 2d
| 4014
2
—(aB —bC) /cot(c + dz)dx — (aC + bB);Ot(c +do) _ z(aC +bB) — ab COt2(dc + dz)
| 3042
2
—(aB - C) / —tan (c+do+ ) dz - (aC +bB)cot(c+de) _ ooy py — 2Bt (+ d2)
2 d 2d
| 25
2
(aB — bC) /tan <;(2c +) 4+ d:c) dr — (aC + bB);Ot(C +dz) 2(aC + bB) — aB cot2(dc + dz)
| 3956
_ s 2
(a0 0B)cot(e+d) _ (aB—00)log(—sinle i) _, 55y - B+ )

input | Int [Cot [c + d*x]~4*(a + b*Tan[c + d*x])*(B*xTan[c + d*x] + C*Tan[c + d*x]"2
), x]

output | -((b*B + a*C)*x) - ((b*B + a*C)*Cot[c + d*x])/d - (a*BxCot[c + d*x]~2)/(2*
d) - ((a*B - b*C)*Log[-Sin[c + d*x]])/d

3.6.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]
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rule 4012 Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(£_.)*(x_)]1), x_Symbol] :> Simp[(b*c - a*xd)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + 1)*(@”2 + b72))), x] + Simp[1/(a”2 + b™2) Int[(a + bxTan[e + f*x]
)"(m + 1)*Simp[a*c + bxd - (b*c - a*d)*Tanl[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b"2) Int[(b - a*Tan[e + f*x])/(a + bxTanl[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

rule 4074 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)D*((c_.) + (d_.)*tan[(e_.) + (£f_.)*(x_)]1), x_Symbol] :> Simp[(b
*c - a*d)*(A*b - a*B)*((a + b*Tan[e + f*x])"(m + 1)/(b*f*(m + 1)*(a"2 + b~2
))), x] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[a*A*c
+ b*Bxc + A*b*d - a*Bxd - (Axbkc - axBxc - a*A*d - b*Bxd)*Tan[e + f*xx], x],
x], x] /; FreeQ[{a, b, c, d, e, f, A, B}, x] && NeQ[b*c - axd, 0] &% LtQ[m
, —1]1 && NeQ[a"2 + b~2, 0]

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
) o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2xC, 0]

3.6.  [cot*(c+dz)(a+ btan(c+ dz)) (Btan(c+ dz) + Ctan?(c + dz)) dz
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3.6.4 Maple [A] (verified)

Time = 0.34 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.17

method result
2
Bb(— cot(dz+c)—dx—c)+CbIn(sin(dz+-c))+Ba (— % —ln(sin(dz—i-c))) +Ca(— cot(dz+c)—dz—c)
derivativedivides 7
2
Bb(— cot(dz+c)—dz—c)+CblIn(sin(dz+-c))+Ba (— M —ln(sin(dz—i-c))) +Ca(— cot(dz+c)—dz—c)
default y
. —Ba cot(dz+c)? —2Bbdz—2Cadz—2Bb cot(dz+c)—2Ba In(tan(dz+c))+BIn (sec(dz+c)2> a—2Ca cot(dz+c)+2C In(t
parallelrisch Cn
2
norman (—Bb—Ca)z tan(dz+c)3— (Bb+Ca) tdan(dHC) — Batag&dm+c) __ (Ba—Cb)In(tan(dz+c)) + (Ba—Cb) 1n<1+tan(da:-
tan(dz+c)3 d 2d
. _ _ . s 2iBac __ 2iCbc 2 (iBa e2i(dz+e) 4 Bp2ildrte) L 0g e2Hdo+e) — Bp—
risch Bbz — Cax + iBax — iCbr + =7 g a1’

int (cot (d*x+c) ~4* (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method=_
RETURNVERBOSE)

1/d* (B*b* (-cot (d*x+c) —-d*x-c)+Cxb*1n(sin(d*x+c) ) +B*a*x(-1/2*cot (d*x+c) ~2-1n(
sin(d*x+c)))+C*ax (—cot (d*x+c)-d*x-c))

3.6.5 Fricas [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.44

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz =

(Ba — Cb) log (M) tan (dz + ¢)* 4 (2 (Ca + Bb)dz + Ba) tan (dz + ¢)* + Ba + 2 (Ca + Bb)

tan(dz+c)?+1

2dtan (dz + c)?

integrate(cot (d*x+c) "4* (a+b*tan(d*x+c)) * (Bxtan(d*x+c)+Cxtan(d*x+c)~2) ,x, a
lgorithm="fricas")

-1/2%((B*a - C*b)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*tan(d*x + c)~2
+ (2x(C*a + B*b)*d*x + B*a)*tan(d*x + c)~2 + B*a + 2*%(Cxa + Bxb)*tan(d*x +
c))/(d*tan(d*x + c)~2)
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3.6.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(56) = 112.

Time = 1.07 (sec) , antiderivative size = 143, normalized size of antiderivative = 2.17

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

(

Cblog (tan? (

NaN
z(a + btan (c)) (B tan (c) + C tan? (c)) cot* (c)
~ ) NaN
Balog (tan? (c+dz)+1) Balog (tan (c+dx)) Ba Bb Ca
2d B . d " 2dtan2 (c+dx) Bbz — dtan (c+dx) Cax

\

* dtan(ct+dx) 2d

p

inputtintegrate(cot(d*x+c)**4*(a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),x)

~—

output | Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + bxtan(c))*(B*tan(c) + Cxtan(
c)*x2)*xcot(c)**4, Eq(d, 0)), (nan, Eq(c, -d*x)), (B*axlog(tan(c + d*x)**2

+ 1)/(2*d) - Bxaxlog(tan(c + d*x))/d - Bxa/(2xd*tan(c + d*x)*%*2) - B*b*x -
Bxb/(d*tan(c + d*x)) - Cxaxx - C*a/(d*tan(c + d*x)) - Cxbxlog(tan(c + d*x
)*x*2 + 1)/(2%d) + Cxbxlog(tan(c + d*x))/d, True))

3.6.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.30

/cot4(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz =

2 (Ca+ Bb)(dz + ¢) — (Ba — Cb) log (tan (dz + o)+ 1) + 2 (Ba — Cb)log (tan (dz + c)) + Ba+2 (Ca

tan(

2d

input  integrate(cot (d*x+c) 4% (atbxtan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a
lgorithm="maxima")

N\

output | -1/2% (2% (Cxa + B*b)*(d*x + c) - (B*a - Cxb)*log(tan(d*x + c)~2 + 1) + 2*(B
*a - C*b)*log(tan(d*x + c)) + (B*a + 2+(Cxa + Bxb)*tan(d*x + c))/tan(d*x +
c)~2)/d
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3.6.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 179 vs. 2(64) = 128.

Time = 1.31 (sec) , antiderivative size = 179, normalized size of antiderivative = 2.71

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dr =

Batan (L dz + 1¢)* —4Catan (L dz + L ¢) — 4 Bbtan (L dz + 1 c) +8(Ca+ Bb)(dz + ¢) — 8 (Ba -

input  integrate(cot (d*x+c) ~4* (at+bxtan(d*x+c))* (B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a
lgorithm="giac")

output | -1/8* (Bxaxtan(1/2*d*x + 1/2%c)~2 - 4xCxaxtan(1/2*d*x + 1/2*c) - 4*xBxb*xtan(
1/2%d*x + 1/2%c) + 8x(Cxa + B*b)*(d*x + c) - 8x(Bxa - C*b)*log(tan(1l/2xd*x
+ 1/2%c)"2 + 1) + 8x(Bxa - C*b)*log(abs(tan(1/2*d*x + 1/2%c))) - (12xBx*ax
tan(1/2*d*x + 1/2%c)"2 - 12*Cxb*tan(1/2*d*x + 1/2*c)”~2 - 4*Ckaxtan(1/2*d*x
+ 1/2%c) - 4*Bxbxtan(1/2*xd*x + 1/2%c) - B#*a)/tan(1/2xd*xx + 1/2%c)"2)/d

3.6.9 Mupad [B] (verification not implemented)

Time = 7.98 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.64

/cot4(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz
In(tan(c+dz)) (Ba—Cb) cot(c+dz)* (5 +tan(c+dz) (Bb+Ca))

d d
In (tan(c+dz) — i) (B+ C1i) (a + bli)
" 2d
_In(tan(c+dz)+1i) (B-CLi) (b+ali) i
2d

e N

input| int (cot (c + d*x)~4*(B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)

),x)

output (log(tan(c + d*x) - 1i)*(B + Cx1li)*(a + bx1i))/(2*d) - (cot(c + d*x)~2x((B
*a)/2 + tan(c + d*x)*(Bxb + C*a)))/d - (log(tan(c + d*x))*(Bxa - C*b))/d -
(log(tan(c + d*x) + 1i)*(B - Cx1i)*(a*x1li + b)*1i)/(2*d)

N\ J
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3.7 [ cot®(c+dzx)(a+btan(ct+dz)) (B tan(c + dz) + C tan®

3.71 Optimalresult . . . ... ... . .. . 119
3.7.2 Mathematica [C] (verified) . . . . . . . . ... L Lo oL 119
3.7.3 Rubi [A] (verified) . . . .. ... . 120
3.74 Maple [A] (verified) . ... ... . ... .. 123
3.7.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. 124
3.7.6  Sympy [B] (verification not implemented) . . . ... .. ... ... .. ... . 1241
3.7.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 125
3.7.8 Giac [B] (verification not implemented) . . ... ... ... ... ...... 125
3.7.9 Mupad [B] (verification not implemented) . . . ... ... ... ... .... 126

3.7.1 Optimal result

Integrand size = 38, antiderivative size = 87

/cot5(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz
(aB —bC)cot(c+dzx) (bB + aC)cot?(c+ dx)

= (aB —bC)zx + y — ¥
_aBcot’(c+dz)  (bB+aC)log(sin(c + dz))
3d d

output‘ (B*a—-Cx*b) *x+ (B*a-Cx*b) *cot (d*x+c) /d-1/2* (Bxb+C*a) xcot (d*x+c) ~2/d-1/3*a*B*co \
Lt(d*x+c)‘3/d—(B*b+C*a)*1n(sin(d*x+c))/d J

3.7.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 1.08 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.16

/cots(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz =

2aB cot®(c + dz) Hypergeometric2F1 (—2,1, —1, — tan?(c + dz)) + 6bC cot(c + dz) Hypergeometric:
6¢

.
input‘ Integrate[Cot[c + d*x]~5%(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + ‘
| a*x172) ,x] |
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output‘ -1/6*%(2*a*BxCot [c + d*x] ~3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[c + d*x]~ ‘
2] + 6xb*CxCot[c + d*x]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[c + d*x]~2] + |
‘ 3x(b*B + a*C)*(Cot[c + d*x]~2 + 2*(Logl[Cos[c + d*x]] + Log[Tan[c + d*x]]) ‘
))/d |

3.7.3 Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.02, number

_ _ number of rules _ —
of steps used = 14, number of rules used = 14, integrand size 0.368, Rules used =

{3042, 4115, 3042, 4074, 3042, 4012, 25, 3042, 4012, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot5(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz
| 3042

dz

(a+ btan(c+ dz)) (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dzx)®

l 4115

/ cot?(c + dz)(a + btan(c + dz))(B + C tan(c + dz))dz

| 3042
/ (a + btan(c+ dz))(B + Ctan(c + dx))

dz
tan(c + dz)*
| 4074

3
/cot3(c + dz)(bB + aC — (aB — bC) tan(c + dz))dx — aB cot3(dc +de)
| 3042
/ bB + aC — (aB — bC) tan(c + dx) d — aB cot3(c + dx)
tan(c + dz)3 3d

l 4012

_ (aC +0bB) cot?(c + dz) _aB cot®(c + dz)
2d 3d

/ — cot?(c+dz)(aB —bC + (bB+aC) tan(c+dz))dz

| 25
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_ (aC +0bB) cot?(c + dr) _aB cot3(c + dz)
2d 3d

— / cot?(c+dz)(aB —bC + (bB +aC) tan(c+dz))dz

l 3042

/ aB — bC + (bB + aC) tan(c + dx) (aC + bB) cot?(c+dz) aBcot3(c+ dz)
— dx — —
tan(c + dz)? 2d 3d

l 4012

aC + bB) cot?(c + dr) 4

—/cot(c +dz)(bB + aC — (aB — bC) tan(c + dz))dx — ( 54

(aB —bC)cot(c+dz) aB cot3(c + dz)

d 3d
| 3042
_/ bB + aC — (aB — bC) tan(c + d:v)d _ (aC +bB) cot?(c + dx) + (aB — bC) cot(c+dz)
tan(c + dx) v 2d d
aB cot3(c + dx)
3d
| 4014
2 -
_(aC + bB) /cot(c+ dz)de — (aC + bB)QC:i)t (c+dx) + (aB bC)C(l:ot(c-l— dx) + 2(aB — bC) —
aB cot®(c + dx)
3d
| 3042
—_(aC +bB) / ~tam (e do+ 7 ) do — (aC +bB) cot?(c +dz) | (aB —bC)cotl(c+dz) |
2 2d d
3
2(aB — bC) — chot3Eic—|— dx)

| 25

aC +bB) cot?(c+dx) = (aB —bC)cot(c+ dx)
+
2d d
aB cot3(c + dx)
3d

l 3956

(aC +bB) /tan <;(2c+ ) + dm) dx — (

z(aB —bC) —

) B o
_ (aC +bB) cot*(c + dz) + (aB — bC)cot(c+dz)  (aC + bB)log(—sin(c + dz)) + z(aB —
2d d d

_aB cot3(c + dz)

b0) 3d
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input| Int [Cot [c + d*x]~5%(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + C*Tanl[c + d*xx]"2
) ,x]

output | (a*B - bxC)*x + ((a*B - b*C)*Cot[c + d*x])/d - ((b*B + a*C)*Cot[c + d*xx]~2
)/(2%d) - (a*B*Cot[c + d*x]~3)/(3*%d) - ((b*B + axC)*Log[-Sin[c + d*x]])/d

3.7.3.1 Defintions of rubi rules used

.
rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

rule 4012 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[(b*c - a*d)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + 1)*(a"2 + b72))), x] + Simp[1/(a”2 + b~2) Int[(a + b*Tan[e + fx*x]
)" (m + 1)#Simp[a*c + bxd - (bxc - a*d)*Tanl[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b"2)), x] + Simp[(b*c - a
*d)/(a”2 + b°2) Int[(b - a*Tan[e + f*x])/(a + bxTan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

3.7.  [cot’(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]1), x_Symbol] :> Simp[(b
*c - a*d)*(A*b - a*B)*((a + b*Tan[e + f*x])"(m + 1)/(b*f*(m + 1)*(a"2 + b~2
))), x] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[a*A*c
+ b*Bxc + A*b*d - a*Bkd - (A*bkc - axBkc - a*xA*d - b*Bxd)*Tan[e + f*xx], x],
x], x] /; FreeQ[{a, b, c, d, e, £, A, B}, x] && NeQ[b*c - a*d, 0] && LtQ[m
, —1]1 && NeQ[a"2 + b~2, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx_)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)*%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

3.7.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.09

method result
2 3
Bb (— % —ln(sin(dx—i-c))) +Cb(— cot(dz+c)—dz—c)+Ba (— %+cot(d¢+c)+dx+c) +Ca (— %;M
derivativedivides
2 3 |
Bb (— M —ln(sin(d:c+c))) +Cb(— cot(dz+c)—dz—c)+Ba (— %—i—cot(dx—i—c)-i—dx—i—c) +Ca (— %?C'
default
. —2Ba cot(dz+c)®—3Bb cot(dz+c) 2 +6 Badz—3Ca cot(dz+c)? —6Cbdz+6 B cot(dz+c)a—6B In(tan(dz+c))b+3B In (se
parallelrisch o
3 2
(Ba—C?) tan(dztc)” t;"(derc) +(Ba—Cb)z tan(dz+c)*— (Bb+Ca) ;Zn(dgHC) —Bea ta;fidz+c) (Bb+Ca) In(tan(dz+c)) (Bb
norman tan(dx+c)4 — 4 4+ —
. . . ; ; 2i(3iBbe*i(do+¢) 1 3Cq e*i(do+¢) _g Ba ei(d+¢) 1-3C
risch iBbz + iCaz + Bax — Cbx + 25 4 2iCac _ (

int (cot (d*x+c) 5% (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+C*tan (d*x+c) ~2) ,x,method=_

RETURNVERBOSE)

1/d* (Bxb*x(-1/2*cot (d*x+c) “2-1n(sin(d*x+c)))+C*b* (-cot (d*x+c) -d*x-c) +B*a* (-
1/3%cot (d*x+c) ~3+cot (d*x+c) +d*x+c)+C*a*x (-1/2*cot (d*x+c) "2-1n(sin(d*x+c))))

3.7.  [cot’(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.7.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.39

/COtS(C + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz =

3(Ca + Bb) log (%) tan (dz + ¢)* — 3 (2 (Ba — Cb)dz — Ca — Bb) tan (dz + ¢)® — 6 (Ba —
6 dtan (dz + ¢)°

input  integrate(cot (d*x+c) "5*(atbxtan(d*x+c))*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, a

lgorithm="fricas")

output | -1/6%(3*(C*a + B*b)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*tan(d*x + c)~
3 - 3%(2%(B*a - Cxb)*d*x - C*a - Bxb)*tan(d*x + c)~3 - 6%x(Bxa - Cxb)*tan(d
*x + ¢c)~2 + 2%B*a + 3*%(C*a + Bxb)*tan(d*x + c))/(d*tan(d*x + c)~3)

3.7.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 173 vs. 2(75) = 150.

Time = 1.88 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.99

/cot5(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

(

NaN
z(a + btan (c)) (Btan (c) + C tan? (c)) cot® (c)
~ ) NaN
B B Bblog (tan? (c+dz)+1) Bblog (tan (c+dz)) Bb Calog (tan? (c+dz)+
\Baw + dtan (g-i—dx) " 3dtan® ((zc+dx) + 2d - = a; S — 2d tan? (c+dzx) + 2d

p
inputLintegrate(cot(d*x+c)**5*(a+b*tan(d*x+c))*(B*tan(d*x+c)+C*tan(d*x+c)**2),X)

~—

output  Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + bx*tan(c))*(Bxtan(c) + Cxtan(
c)*x2)*cot(c)**5, Eq(d, 0)), (nan, Eq(c, -d*x)), (B*a*x + Bxa/(d*tan(c + d
*x)) - Bxa/(3xd*tan(c + d*x)**3) + Bxb*log(tan(c + d*x)**2 + 1)/(2*d) - Bx

bxlog(tan(c + d*x))/d - Bxb/(2*d*tan(c + d*x)**2) + Ckaxlog(tan(c + d*x)*x*
2 + 1)/(2xd) - Cxaxlog(tan(c + d*x))/d - C*a/(2*%d*tan(c + d*x)**2) - Cxb*x
- Cxb/(d*tan(c + d*x)), True))

3.7.  [cot’(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.7.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 104, normalized size of antiderivative = 1.20

/COtS(C + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

6 (Ba — Cb)(dz + ¢) + 3 (Ca + Bb) log (tan (dz + )’ + 1) — 6 (Ca + Bb)log (tan (dz + c)) + 6(Ba—Cb)t
N 6d

input  integrate(cot (d*x+c) “5* (a+b*tan(d*x+c))* (B*tan(d*x+c)+C*tan(d*x+c)~2),x, a
lgorithm="maxima")

- J

output| 1/6%(6%(B*a - Cxb)*(d*x + c) + 3*(Cxa + B*b)*log(tan(d*x + c)”"2 + 1) - 6x(
C*a + B¥b)*log(tan(d*x + c)) + (6%(Bxa - Cxb)*tan(d*x + c)~2 - 2*Bxa - 3*(
Cxa + B*b)*tan(d*x + c))/tan(d*x + c)~3)/d

3.7.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 237 vs. 2(83) = 166.

Time = 1.61 (sec) , antiderivative size = 237, normalized size of antiderivative = 2.72

/cot5(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

Bamn@dx+%d3—3Camn@dx+%d2—3Ban@dx+%@2—15Bamn@dx+%@+J2CM

input | integrate(cot (d*x+c) "5 (at+b*tan(d*x+c))* (Bxtan(d*x+c)+Cxtan(d*x+c)~2),x, a

lgorithm="giac")

N J

output | 1/24* (Bxaxtan(1/2*d*x + 1/2%c)~3 - 3*Cxaxtan(1/2*d*x + 1/2%c) "2 - 3*Bxbx*ta
n(1/2*d*x + 1/2%c)~2 - 15xBka*tan(1/2*d*x + 1/2%c) + 12+%Cxbkxtan(1/2*d*x +

1/2xc) + 24x(Bxa - C#b)*(d*x + c) + 24%(C*a + Bxb)*log(tan(1/2xd*x + 1/2xc
)72 + 1) - 24x(C*xa + B*b)*log(abs(tan(1/2*d*x + 1/2%c))) + (44*Cxa*tan(1/2
*d*x + 1/2*%c)”3 + 44%Bsb*tan(1/2*d*x + 1/2*c)”3 + 15%B*a*tan(1/2*d*x + 1/2
*c) "2 - 12*Cxbxtan(1/2*d*x + 1/2xc)”2 - 3*C*axtan(1l/2*d*x + 1/2*c) - 3*B*b
*tan(1/2xd*x + 1/2%c) - B#*a)/tan(1/2*d*x + 1/2%c)~3)/d

3.7.  [cot’(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.7.9 Mupad [B] (verification not implemented)

Time = 7.86 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.46

/ cot’(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan’(c + dz)) dz

cot(c +dz)’ ((Cb— Ba) tan(c +dz)* + (B + S2) tan(c + d=z) + £2)

B d
_In(tan(c+dz)) (Bb+Ca) In(tan(c+dz)—1i) (B+CL) (a+b1i) li
d 2d
4 In (tan(c + dz) + 1i) (B — C1i) (b+ ali)

2d

input | int (cot(c + d*x) 5% (Bxtan(c + d*x) + Cxtan(c + d*x) 2)*(a + bxtan(c + d*x)

), %)

output/(log(tan(c + d*x) + 1i)*(B - Cx1i)*(a*1i + b))/(2*%d) - (log(tan(c + d*x))*
(B¥b + Cxa))/d - (log(tan(c + d*x) - 1i)*(B + Cx1li)*(a + b*1i)*1i)/(2*%d) -

(cot(c + d*x)~3%x((B*a)/3 + tan(c + d*x)*((B*b)/2 + (Cxa)/2) - tan(c + d*x
)~"2%(B*a - C*b)))/d

3.7.  [cot’(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.8 [ cotb(c+dzx)(a+btan(ct+dz)) (B tan(c + dz) + C tan®

3.8.1 Optimalresult . .. ... .. .. .. .. 127
3.8.2 Mathematica [C] (verified) . . . . . . . . ... Lo o 127
3.8.3 Rubi [A] (verified) . . . . .. ... .. 128
3.8.4 Maple [A] (verified) . .. ... .. ... .. 132
3.8.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 132
3.8.6 Sympy [B] (verification not implemented) . . . ... ... ... ....... 133l
3.8.7 Maxima [A] (verification not implemented) . .. ... ... ... ...... 133
3.8.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 134
3.8.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ...... 134

3.8.1 Optimal result

Integrand size = 38, antiderivative size = 108

/ cot’(c+ dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan’(c + dz)) dz
(bB + aC) cot(c + dzx) N (aB — bC) cot?(c + dx)

= (bB + aC)x + ¥ 5d
(bB + aC)cot*(c+dz) aBcot*(c+dz) (aB —bC)log(sin(c+ dz))
- 3d T T d

output‘ (Bxb+C*a) *x+ (Bxb+C*a) *cot (d*x+c) /d+1/2* (Bka-C*xb) *xcot (d*x+c) ~2/d-1/3% (Bxb+C
L*a)*cot(d*x+c)‘3/d—1/4*a*B*cot(d*x+c)‘4/d+(B*a—C*b)*1n(sin(d*x+c))/d

~

3.8.2 Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 3 in optimal.

Time = 1.25 (sec) , antiderivative size = 100, normalized size of antiderivative = 0.93

/cotﬁ(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz =

4(bB + aC) cot?(c + dz) Hypergeometric2F1 (—32,1, —1, — tan*(c + dz)) + 3((—2aB + 2bC) cot*(c +
B 12d

.
input‘ Integrate[Cot[c + d*x]~6*(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + CxTan[c + ‘
| a*x172) ,x] |

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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output‘ -1/12% (4% (b*B + a*C)*Cot[c + d*x] “3*Hypergeometric2F1[-3/2, 1, -1/2, -Tan[
\c + dxx] 2] + 3x((-2%a*B + 2*b*C)*Cot[c + d*x]~2 + a*B*Cot[c + d*x]~4 - 4x
‘ (a*B - b*C)*(Log[Cos[c + d*x]] + Log[Tan[c + d*x]1)))/d

3.8.3 Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.02,

number of steps used = 17, number of rules used — 17, Zumber of rules _ ( 447 Ryles
integrand size

used = {3042, 4115, 3042, 4074, 3042, 4012, 25, 3042, 4012, 3042, 4012, 25, 3042, 4014,
3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cotG(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan*(c + dz)) dz

l 3042

/ (a+btan(c+ dz)) (Btan(c + dz) + Ctan(c + dz)?)

tan(c + dx)b de

l 4115

/cot5 (c+dz)(a+ btan(c + dx))(B + Ctan(c + dz))dz

| 3042
/ (a + btan(c+ dz))(B + Ctan(c + dx))
dz
tan(c + dr)®
| 4074
_aB cot*(c + dz)

/c0t4(c + dz)(bB + aC — (aB — bC) tan(c + dz))dz 1d

l 3042

/ bB + aC — (aB — bC) tan(c + dx)d _aB cot(c + dx)
tan(c + dz)* v 4d

l 4012

_ (aC +0bB) cot?(c + dz) _aB cot?(c + dz)
3d 4d

/ — cot?(c+dz)(aB —bC + (bB +aC) tan(c+dz))dz

| 25

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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_ (aC +0bB) cot3(c + dr) _aB cot*(c + dz)

—/cot3(c+dw)(aB—bC+(bB+aC) tan(c+dx))dz 34 id

l 3042

/ aB — bC + (bB + aC) tan(c + dx) (aC + bB) cot3(c+dz) aBcoti(c+ dx)
— dx — —
tan(c + dz)3 3d 4d

l 4012

(aC + bB) cot?(c + dx)
3d *

- /cot2(c + dz)(bB + aC — (aB — bC) tan(c + dz))dx —
(aB — bC) cot?(c + dx) _aB cot*(c + dz)

2d 4d
| 3042
_/ bB + aC — (aB — bC) tan(c + d:v)d _ (aC +bB) cot3(c + dz) + (aB — bC) cot?(c + dzx) B
tan(c + dz)2 v 3d 2d
aB cot*(c + dx)
4d
| 4012

3
- / —cot(c+ dzx)(aB — bC + (bB + aC) tan(c + dz))dz — (aC + bB);C(l)t (c+dx) +

(aB —bC)cot?(c+dz) (aC +bB)cot(c+dzx) aBcott(c+ dz)
2d * d T

| 25
3
/cot(c + dz)(aB — bC + (bB + aC) tan(c + dz))dz — (aC + bB);;t (c+dx) N

(aB — bC) cot?(c + dx) + (aC +bB)cot(c+dz) aB cot(c + dr)

2d d 4d
| 3042
/ aB — bC + (bB + aC) tan(c + dzx) d — (aC + bB) cot?(c + dx) + (aB — bC) cot?(c + dx) 4
tan(c + dx) 3d 2d
(aC +bB) cot(c+dz) aB cot?(c + dz)
d 4d
| 4014
3 _ 2
(aB — bC) /cot(c—l— dz)dz — (aC + bB)?::;)t (c+dx) 4 (aB bC)QC;)t (c+dx) +
4
(aC + bB) cot(c + dx) + 2(aC + bB) — aB cot*(c + dx)
d 4d
| 3042

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3 _ 2
(aB—bC)/—tan(c—i—dm—I—g)dx— (aC + bB) cot (c+da:)+(aB bC) cot®(c + dx) +

3d 2d
(aC + bB) cot(c + dx) + 2(aC + bB) — aB cot?(c + dr)
d 4d
| 25
3 _ 2
—(aB - b0) / tan <;(2c )+ dm) iz — 9+ bB);:l)t (c+de) | (aB bo);:;t (ctda) |
(aC + bB) cot(c + dz) 4 2(aC + bB) — aB cot*(c + dx)
d 4d
| 3956
_(aC +bB) cot3(c + dx) + (aB — bC) cot?(c + dx) + (aC + bB) cot(c + dx) 4
3d 2d d
(aB — bC) log(—sin(c + dz)) + 2(aC + bB) aB cot?(c + dx)
d 4d

/

input | Int [Cot [c + d*x]~6%(a + b*Tan[c + d*x])*(B*Tan[c + d*x] + C*Tan[c + d*x]"2
) ,x]

output | (bxB + a*C)*x + ((b*B + a*C)*Cot[c + d*x])/d + ((a*B - b*C)*Cot[c + d*x]~2
)/ (2%d) - ((b*B + a*C)*Cot[c + d*x]~3)/(3*d) - (a*BxCot[c + d*x]~4)/(4x*d)
+ ((a*B - b*C)*Log[-Sin[c + d*x]])/d

N

3.8.3.1 Defintions of rubi rules used

rule 25LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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rule 4012 Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(£_.)*(x_)]1), x_Symbol] :> Simp[(b*c - a*xd)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + 1)*(@”2 + b72))), x] + Simp[1/(a”2 + b™2) Int[(a + bxTan[e + f*x]
)"(m + 1)*Simp[a*c + bxd - (b*c - a*d)*Tanl[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b"2) Int[(b - a*Tan[e + f*x])/(a + bxTanl[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

rule 4074 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)D*((c_.) + (d_.)*tan[(e_.) + (£f_.)*(x_)]1), x_Symbol] :> Simp[(b
*c - a*d)*(A*b - a*B)*((a + b*Tan[e + f*x])"(m + 1)/(b*f*(m + 1)*(a"2 + b~2
))), x] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[a*A*c
+ b*Bxc + A*b*d - a*Bxd - (Axbkc - axBxc - a*A*d - b*Bxd)*Tan[e + f*xx], x],
x], x] /; FreeQ[{a, b, c, d, e, f, A, B}, x] && NeQ[b*c - axd, 0] &% LtQ[m
, —1]1 && NeQ[a"2 + b~2, 0]

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
) o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2xC, 0]

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.8.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.00

method result

Bb (— 7“’“‘1;*6)3 +cot(dm+c)+dz+c) +Cb (— 7““"’;“)2 —ln(sin(d:c+c))) +Ba (— °°“dj§+c)4 + °°“d“2”+“>2 +In(sin(da-
derivativedivides

3 2 4 2

Bb (— 7C°t(d§+c) +cot(dm+c)+dm+c) +Cb (— 7@"@;"'0) —ln(sin(dz+c))) +Ba (— COt(dZ+C) + COt(d;+c) +1n(sin(dz-

default
d
4 2 _ I X C 3 a I T Cc

norman (BbtCa) tan(dete)” 4 (Bhy Ca) tan(dz+c)® — BorCa)tan(dede)” | (Ba—Cb) tan(drte)”  Batan(dote) 4 (Ba=Cb)1

tan(dz+c)®

. —3Ba cot(dz+c)* —4Bb cot(dz+c)® —4Ca cot(dz+c)3+6 Ba cot (dz+c)2+12Bbdz—6Cb cot(dz+c) 2 +12Cadz+12Bb co
parallelrisch 12d

2(—6iBb ei(d2+¢) _6;Cq e84(do+2) 4 § Bg ebi(do+e) _3(

risch Bbz + Caz — iBaz + iCbx — 2B 4 ngbc _

input | int (cot (d*x+c) ~6* (a+b*tan (d*x+c) ) * (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method=_
RETURNVERBOSE)

output | 1/d* (Bxb*x(-1/3*cot (d*x+c) ~3+cot (d*x+c)+d*x+c)+Cxb* (-1/2*cot (d*x+c) "2-1n(si
n(d*x+c)))+B*xa*x(-1/4*cot (d*xx+c) ~4+1/2*cot (d*x+c) “2+1n(sin(d*x+c))) +C*xax (-1
/3*cot (d*x+c) “3+cot (d*x+c) +d*x+c))

3.8.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.28

/cotG(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

6 (Ba — Cb) log (%) tan (dz 4 ¢)* + 3 (4 (Ca + Bb)dz + 3 Ba — 2Cb) tan (dz + ¢)* + 12 (Ca A
B 12 dtan (dz + ¢)*

e N

input | integrate (cot (d*x+c) 6% (a+b*tan (d*x+c) ) * (B¥tan (d*x+c)+Cxtan(d*x+c) ~2),x, a

lgorithm="fricas")

output| 1/12*(6*(Bxa - C*b)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*tan(d*x + c)~
4 + 3%(4%(C*a + Bxb)*d*x + 3*B*a - 2*Cxb)*tan(d*x + c)~4 + 12x(Cxa + B*Db)*
tan(d*x + c)~3 + 6%(Bxa - Cxb)*tan(d*x + c)~2 - 3%Bkxa — 4*(C*a + Bx*b)x*tan(
dxx + c))/(d*tan(d*x + c)~4)

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.8.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 204 vs. 2(95) = 190.

Time = 2.32 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.89

/cotG(c + dz)(a + btan(c + dz)) (Btan(c + dz) + Ctan’(c + dz)) dz

/

NaN
z(a + btan (c)) (Btan (c) + C tan? (c)) cot® (c)
~ ) NaN
Balog (tan? (c+dz)+1) Balog (tan (c+dzx)) B B Bb Bb
- 2d + 222F ad 4 2d tan? t(lc+d:1:) " 4dtan® ‘(lc+d:1:) + Bbz + dtan (c+dx)  3dtan3 (c+dx) +

input | integrate (cot (d*x+c)*x6% (a+bxtan(dxx+c))* (Bxtan (d*x+c) +Cxtan (d¥x+c) **2) ,x)

output | Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + b*tan(c))*(B*tan(c) + Cxtan(
c)*x2)*cot(c)**6, Eq(d, 0)), (nan, Eq(c, -d*x)), (-Bxaxlog(tan(c + d*x)**2

+ 1)/(2%d) + Bxaxlog(tan(c + d*x))/d + Bxa/(2xd*tan(c + d*x)**2) - Bxa/(4
*dxtan(c + d*xx)**4) + B¥b*x + Bxb/(d*tan(c + d*x)) - B*b/(3*d*tan(c + d*x)
*x3) + Cxaxx + C*a/(d*tan(c + d*x)) - C*a/(3xd*tan(c + d*x)**3) + Cxb*log(
tan(c + dxx)**2 + 1)/(2*%d) - Cxbxlog(tan(c + d*x))/d - Cxb/(2xd*tan(c + dx*
x)*x2), True))

3.8.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.13

/cotG(c + dz)(a + btan(c + dz)) (Btan(c + dz) + C'tan®*(c + dz)) dz

12 (Ca + Bb)(dz + c) — 6 (Ba — Cb) log (tan (dz + ¢)* + 1) + 12 (Ba — Cb) log (tan (dz + c)) + 22+
- 12d

e N

input | integrate (cot (d*x+c) 6% (a+b*tan (d*x+c) ) * (B¥tan (d*x+c)+Cxtan(d*x+c) ~2),x, a
lgorithm="maxima")

output | 1/12x(12*%(C*a + Bxb)*(d*x + c) - 6%(B*a - Cxb)*log(tan(d*x + c)”2 + 1) + 1
2% (B*a - Cxb)*log(tan(d*x + c)) + (12x(Cxa + B*b)*tan(d*x + c)~3 + 6%(B*a
- Cxb)*tan(d*x + c)~2 - 3%Bxa - 4*(C*a + Bxb)*tan(d*x + c))/tan(d*x + c)~4
)/d

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.8.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 299 vs. 2(102) = 204.

Time = 1.34 (sec) , antiderivative size = 299, normalized size of antiderivative = 2.77

/cotﬁ(c + dz)(a + btan(c + dz)) (Btan(c+ dz) + C'tan®*(c + dz)) dz =

3Batan (5 dz + %0)4 —8Catan (3 d:c—l—%c)B' — 8 Bbtan (3 dz + %c)s — 36 Batan (3 dz + %0)2 + 2

input | integrate(cot (d*x+c) “6* (at+tbxtan(d*x+c))*(Bxtan(d*x+c)+C*xtan(d*x+c)~2),x, a

lgorithm="giac")

output | -1/192#* (3*Bxa*tan(1/2*d*x + 1/2%c)~4 - 8xCka*tan(1/2*d*x + 1/2%c)~3 - 8*Bx*
bxtan(1/2*d*x + 1/2%c)"3 - 36*Bxaxtan(1/2*d*x + 1/2%c)~2 + 24*Cxb*tan(1/2*
dxx + 1/2%c)”2 + 120*Cxaxtan(1/2*d*x + 1/2%c) + 120*Bxbxtan(1/2*d*x + 1/2%
c) - 192x(C*a + B*b)*(d*x + c) + 192%(B*a - C*b)*log(tan(1/2*d*x + 1/2%c)”
2 + 1) - 192%(B*a - C*b)*log(abs(tan(1/2*d*x + 1/2%c))) + (400*B*a*tan(1/2
*d*xx + 1/2%c)”4 - 400*C*b*tan(1/2*d*x + 1/2%c)~4 - 120*C*axtan(1l/2*d*x + 1
/2*c)~3 - 120*Bxb*tan(1/2*d*x + 1/2*%c)~3 - 36*B*axtan(1/2*d*x + 1/2xc)”~2 +

24%Cxbxtan (1/2*d*x + 1/2%c)~2 + 8*Ckaxtan(1/2*d*x + 1/2%c) + 8*Bsbxtan(1/
2xdxx + 1/2xc) + 3%B*a)/tan(1/2*d*x + 1/2%c)"4)/d

3.8.9 Mupad [B] (verification not implemented)

Time = 8.64 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.34

cot’(c + dz)(a + btan(c + dz)) (B tan(c + dz) + C tan’(c + dz)) dz
_ In (tan(c+dz)) (Ba—Cb)

d
_ cot(c+ dz)* ((=Bb—Ca) tan(c+ dz)® + (2 — B2) tan(c+ dz)® + (Bt +€2) tan(c+dz) + B2
d
_In(tan(c+dz) —i) (B+C1) (a+bli)
2d
In (tan(c + dz) + 1i) (B—C1i) (b+ali) 1i
* 2d

;
input‘ int(cot(c + d*x) "6%(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x) ‘

‘),x) ‘

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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output‘(log(tan(c + d*x))*(B*a - C*b))/d - (cot(c + d*x)~4*((Bxa)/4 + tan(c + d*x
)*((B*b)/3 + (C*a)/3) - tan(c + d*x)"3%(Bxb + C*a) - tan(c + dxx) 2*((B¥a)
\/2 - (Cxb)/2)))/d - (log(tan(c + d*x) - 1i)*(B + Cxli)*(a + b*1i))/(2xd) +
‘ (log(tan(c + d*x) + 1i)*(B - C*1li)*(a*1li + b)*1i)/(2%d)

38.  [cots(c+dz)(a+ btan(c + dz)) (Btan(c + dz) + C'tan®(c + dz)) dz
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3.9 [ tan(c+dz)(a+btan(c+dz))? (B tan(c + dz) + C tan?

39.1 Optimalresult . .. ... ... .. ... ... 136
3.9.2 Mathematica [C] (verified) . . . . . . . . ... Lo 136
3.9.3 Rubi [A] (verified) . . . . . . ... 137
3.94 Maple [A] (verified) . . . ... ... ... 1401
3.9.5 Fricas [A] (verification not implemented) . . . . . ... ... ... ... ... 141
3.9.6 Sympy [A] (verification not implemented) . . ... ... ... ... ... .. 1421
3.9.7 Maxima [A] (verification not implemented) . ... ... ... . ... ... .. 142
3.9.8 Giac [B] (verification not implemented) . . . .. ... .. ... ... .... 143}
3.9.9 Mupad [B] (verification not implemented) . . . . .. .. ... ... ...... 144

3.9.1 Optimal result

Integrand size = 38, antiderivative size = 148

/tan(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C tan®(c + dz)) dz

= —((¢°B - v’B —2abC) z) + (2abB + a*C — b*C) log(cos(c + dz))
d

b(bB + aC)tan(c+dz) C(a+ btan(c+ dz))?

d 2d
(4bB — aC)(a + btan(c + dz))* N C'tan(c + dz)(a + btan(c + dz))?

12b%d 4bd

+

output‘—(B*a‘2—B*b“2—2*C*a*b)*x+(2*B*a*b+C*a‘2-C*b‘2)*1n(cos(d*x+c))/d-b*(B*b+C*a
)*tan(d*x+c) /d-1/2%C* (a+b¥tan (d¥x+c)) “2/d+1/12% (4xB¥b-C*a) * (a+bxtan (d*x+c)
L)‘3/b“2/d+1/4*C*tan(d*x+c)*(a+b*tan(d*x+c))“3/b/d J

3.9.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 6.26 (sec) , antiderivative size = 221, normalized size of antiderivative = 1.49

tan(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan’(c + dz)) dz

_ Ctan(c+ dz)(a+ btan(c+ dz))?

4bd
(4bB—aC)(a+btan(c+dz))3
3bd

+ 2((bB—aC) (i(a+ib)? log(i—tan(c+dz))—i(a—ib)? log(i+tan(c+dz))—2b? tan(c+dz)) —C ((ia—b)3 log(i—te
d

4b

+

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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Integrate[Tan[c + d*x]*(a + b*Tan[c + d*x]) 2*(B*Tan[c + d*x] + CxTan[c +
d*x]~2),x]

(CxTan[c + d*x]*(a + b*Tan[c + d*x])~3)/(4xbxd) + (((4%b*B - a*C)*(a + b*T
an[c + d*x])~3)/(3%bxd) + (2%((b*B - a*C)*(I*(a + I*b) 2*Log[I - Tan[c + d
*x]] - Ix(a - I*b)~2xLogl[I + Tan[c + d*x]] - 2*b~2*Tan[c + d*x]) - C*((I*a
- b)~"3*Log[I - Tan[c + d*x]] - (I*a + b)~3xLog[I + Tan[c + d*x]] + 6xa*b”
2+Tan[c + d*x] + b~3xTan[c + d*x]~2)))/d)/(4xb)

3.9.3 Rubi [A] (verified)

Time = 0.93 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.08,

_ _ number of rules _
number of steps used = 13, number of rules used = 13, integrand size 0.342, Rules

used = {3042, 4115, 3042, 4090, 25, 3042, 4113, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan*(c + dz)) dz
| 3042
/ tan(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan(c + dz)?) dz
| 4115
/ tan2(c + dz)(a + btan(c + dz))2(B + C'tan(c + dz))de
| 3042
/ tan(c + dz)2(a + btan(c + dz))2(B + C tan(c + dz))de

l'4090

[ —(a+btan(c+ dz))? (—((4bB — aC) tan?(c + dz)) + 4bC tan(c + dz) + aC) dz N

4b
Ctan(c + dz)(a + btan(c + dzx))3
4bd

| 25

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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Ctan(c + dz)(a + btan(c + dx))3 B

4bd
[(a+ btan(c+ dz))? (—((4bB — aC) tan®(c + dz)) + 4bC tan(c + dz) + aC) dz
4b
| 3042
C'tan(c + dz)(a + btan(c + dx))3 B
4bd
[(a+btan(c+ dz))? (—((4bB — aC) tan(c + dz)?) + 4bC tan(c + dz) + aC) dz
4b
| 4113
C'tan(c + dz)(a + btan(c + dx))3 B
4bd
J(a+ btan(c+ dz))2(4bB + 4bC tan(c + d))dz — UB=eC)atbtan(crds))”
4b
| 3042
Ctan(c + dz)(a + btan(c + dz))3 B
4bd
[(a+ btan(c + dz))?(4bB + 4bC tan(c + dz))dx — MbB_aC)(a;)Ztan(chdw))?'
4b
| 4011
C'tan(c + dz)(a + btan(c + dx))? B
4bd
J(a+ btan(c + dz))(4b(aB — bC) + 4b(bB + aC) tan(c + dz))dz — MbB_aC)(a?;Ztan(chd”)P + 2bC(“+bt3n(c+dz))2
4b
| 3042
C'tan(c + dz)(a + btan(c + dx))3 B
4bd
J(a+ btan(c+ dz))(4b(aB — bC) + 4b(bB + aC) tan(c + da))da — UB=eC)atbtan(ctdn))” | 2C(a+btan(erds))”
4b
| 4008
C'tan(c + dz)(a + btan(c + dz))3 B
4bd
4b(a®C + 2abB — b*C) [ tan(c + dz)dz + 4bz(a?B — 2abC — b*°B) + 4b2(aC+de) tan(ctdr) (4bB—aC)(a;Zlcnltan(c+dx,
4b
| 3042
C'tan(c + dz)(a + btan(c + dx))? B
4bd
4b(a2C + 2abB — b2C) [ tan(c + de)dz + 4be (a2 B — 2abC — b2B) + L (eCHbB) tan(etds) _ (1bB-aC)(atbtan(ctds
4b

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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l 3956
C'tan(c + dz)(a + btan(c + dzx))? B
4bd
_4b(a20+2abB—b2dC) log(cos(c+dz)) 1 4b ((IQB — 2abC — sz) + 4b2 (aC-l—de) tan(ct+dz) (4bB—aC)(a;l-)Ztan(c-l—dw))3 + 2bC

4b

input | Int [Tan[c + d*x]*(a + b*Tan[c + d*x]) ~2x(B*Tan[c + d*x] + C*Tan[c + d*xx]~2
) ,x]

s >N

output | (CxTan[c + d*x]*(a + b*Tan[c + d*x])~3)/(4*b*d) - (4%b*(a”2%B - b~2*xB - 2x*
axbxC)*x — (4xb*(2%a*b*B + a~2*C - b~2*C)*Log[Cos[c + d*x]]1)/d + (4*%b~2*(b
*B + a*C)*Tan[c + d*x])/d + (2xb*Cx(a + b*Tan[c + d*x])~2)/d - ((4*b*B - a
*C)*(a + bxTan[c + d*x])~3)/(3xbxd))/(4*Db)

3.9.3.1 Defintions of rubi rules used

ruk325LInt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

ruk33956/Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl[{c, d}, x]

rule 4008 | Int[((a_) + (b_.)*tan[(e_.) + (f_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (f_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)#*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

N J

rule 4011 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + b*Tan[e + f*x])"m/(f*m)), x] + Int
[(a + b*Tan[e + f*x])"(m - 1)*Simp[a*c - b*d + (b*c + axd)*Tan[e + fx*x], x]
, x] /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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rule 4090 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*x)DD*((c_.) + (d_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [b*B*(a + bxTan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x])"(n + 1)/(d*fx(m +
n))), x] + Simp[1/(d*(m + n)) Int[(a + b*Tan[e + f*x])~"(m - 2)*(c + dxTa
nle + f£*x]) n*Simp[a~2*A*d*(m + n) - b*Bx(b*xc*(m - 1) + axd*x(n + 1)) + d*x(m
+ n)*(2xaxAxb + Bx(a"2 - b~2))*Tan[e + f*x] - (b*B*(b*c - a*d)*(m - 1) - b
*(A*b + a*B)*d*(m + n))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, n}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c~2 + d~2
, 0] && GtQ[m, 1] &% (IntegerQ[m] || IntegersQ[2*m, 2*n]) && !(IGtQ[n, 1]
&% ( !'IntegerQ[m] || (EqQlc, 0] && NeQ[a, 01)))

rule 4113 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.)

+ (£_.)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[Cx((a +
b*xTan[e + f*x])"(m + 1)/(b*f*x(m + 1))), x] + Int[(a + b*Tan[e + f*x]) m*Si
mp[A - C + B#Tan[e + f*x], x], x] /; FreeQ[{a, b, e, £, A, B, C, m}, x] &&

NeQ[A*b~2 - axb*B + a~2xC, 0] && 'LeQ[m, -1]

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 1Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -

a*xbxB + a~2%C, 0]

N

3.9.4 Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.00

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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method result
n(dztec)2 In 1+tan(dz+c)2
(Bb2+2Cab) (M—tan(dz+c)+arcta,n(tan(dm+c))) (2Bab+C a?) (ta : 2+ - — ( 2 )>
parts y + +
9 9 (B a?2—Bb?—2Cab) tan(dz+c) (2Bab+C a?—C'b?) tan(dz+c)? Cb2ta
norman (—=Ba*+ Bb*+2Cab) x + ) + 2d +

Cb2 tan4(da:+c)4 + Bb2 tans(dm-kc)s + 2Cabtax:13(dm+c)3 +Babtan(dz+c)2+ C a? tanz(da:+c)2 _C b2 tan2(dac+c)2 +B a2 tan(dz+

derivativedivides

default cv? tan4(dm+c)4 4 BY? tans(dm+0)3 4 2Cabta1;(dm+c)3 +Babtan(dz+c)?+C a? tanz(da:+c)2 _cwv? tan2(dz+c)2 +B a? tan(da+
—3C b2 tan(dz+c)*—4B b2 tan(dz+c)® —8Cabtan(dz+c)3+12B a?de—12B b2dx—12Bab tan(dz+c) 2 —24Cabdz—6(

parallelrisch —

risch —Ba’c + Bz + 2Caba — iC az + iC b 4 ZECE I —6iBab T4 6i0 Yo

input | int (tan (d*x+c) * (a+b*tan (d*x+c) ) ~2* (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method=_
RETURNVERBOSE)

output | (Bxb~2+2*C*a*b) /d*(1/3*tan(d*x+c) “3-tan(d*x+c)+arctan(tan(d*x+c)))+(2*Bxaxk
b+C*xa~2) /d* (1/2*tan (d*x+c) ~2-1/2*1n(1+tan(d*x+c) ~2) ) +B*a~2/d* (tan(d*x+c) -a
rctan(tan(d*x+c)))+Cxb~2/d*(1/4*tan (d*x+c) ~4-1/2*tan (d*x+c) “2+1/2*%1n(1+tan
(d*x+c)~2))

3.9.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.99

/tan(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

3Cb? tan (dz + ¢)* + 4 (2 Cab + Bb?) tan (dz + ¢)* — 12 (Ba? — 2 Cab — Bb¥?)dz + 6 (Ca® + 2 Bab — Cb
B 12d

e N

input | integrate (tan(d*x+c)* (at+b*tan(d*x+c)) ~2* (Bxtan(d*x+c)+Cxtan(d*x+c)~2) ,x, a

lgorithm="fricas")

output | 1/12* (3*Cxb~2*tan(d*x + c)~4 + 4x(2*xCxaxb + Bxb~2)*tan(d*x + c)~3 - 12x(Bx*
a~2 - 2*Ckxaxb — B*b~2)*d*x + 6%(C*a~2 + 2*Bkaxb — C*b~2)*tan(d*x + c)~2 +
6% (C*a"2 + 2xB*a*b - Cxb~2)*log(l/(tan(d*x + c)~2 + 1)) + 12%(B*a™2 - 2*Cx
axb - B¥b~2)*tan(d*x + c))/d

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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3.9.6 Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.69

/tan(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

_Bazx + Ba? tar:l(c—f-d:c) . Bablog (tan; (c—i—dz)-i—l) + Babtanjl (c+dz) + BbZCL‘ + Bb2 tal;:ii(c+dz) _ Bb2 tarzl(c_’_dw) _ @

z(a + btan (¢))? (Btan (c) + Ctan? (c)) tan (c)

-

inputLintegrate(tan(d*x+c)*(a+b*tan(d*x+c))**2*(B*tan(d*x+c)+C*tan(d*x+c)**2),X) J

output | Piecewise ((-B*a*#*2*x + B*a*x2+tan(c + d*x)/d - Bxaxb*log(tan(c + d*x)**2 +
1)/d + B*axbxtan(c + d*x)**2/d + Bxb**2*xx + Bxb**2xtan(c + d*x)**3/(3*d)
- Bxb**2*tan(c + d*x)/d - Cxa**2xlog(tan(c + d*x)**2 + 1)/(2%d) + Cxax*2xt
an(c + d*x)**2/(2%d) + 2xCxaxbkx + 2%Ckaxbxtan(c + d*x)**3/(3*d) - 2xCxaxb
xtan(c + d*x)/d + C*b**2*log(tan(c + d*x)**2 + 1)/(2%d) + C*b**2*xtan(c + d
*x) **4/(4*%d) - Cxbx*x2xtan(c + d*x)**2/(2xd), Ne(d, 0)), (x*x(a + bxtan(c))*

*2*x (Bxtan(c) + Cxtan(c)**2)*tan(c), True))

3.9.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 147, normalized size of antiderivative = 0.99

/tan(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz
_ 30V tan (dx + ¢)* +4(2Cab + Bb?) tan (dz + ¢)® + 6 (Ca?® + 2 Bab — Cb?) tan (dz + ¢)* — 12 (Ba® — &

input  integrate(tan(d*x+c)*(a+b*tan(d*x+c)) "2 (B*tan(d*x+c)+C*xtan(d*x+c)~2) ,x, a
lgorithm="maxima")

output | 1/12* (3*%Cxb~2*tan(d*x + c)~4 + 4x(2xCxaxb + B*b~2)*tan(d*x + c)~3 + 6*(C*a
2 + 2xBxaxb - Cxb~2)*tan(d*x + c)~2 - 12x(B*a"2 - 2*C*a*b - B*b~2)*(d*xx +

c) - 6x(C*a~2 + 2*B*a*b - C*¥b~2)*log(tan(d*x + c)~2 + 1) + 12%(B¥a™2 - 2%
Ckxa*xb - B*b~2)*tan(d*x + c))/d

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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3.9.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2078 vs. 2(141) = 282.

Time = 1.79 (sec) , antiderivative size = 2078, normalized size of antiderivative = 14.04

/ tan(c+dz)(a+btan(c+dz))? (B tan(c+dz) 4+ Ctan®(c+dz)) dz = Too large to display

input  integrate(tan(d*x+c)*(a+b*tan(d*x+c)) "2 (B*tan(d*x+c)+C*xtan(d*x+c)~2),x, a

lgorithm="giac")

output | -1/12* (12*B*a~2*d*x*tan (d*x) “4*tan(c) "4 - 24*Cxaxb*d*x*tan(d*x) “4*tan(c) 4
- 12*Bxb~2*d*x*tan (d*x) “4*tan(c) "4 - 6*C*ka~2xlog(4*(tan(d*x) ~2*tan(c)~2 -
2*%tan(d*x)*tan(c) + 1)/(tan(d*x) "2*tan(c)~2 + tan(d*x)~2 + tan(c)”2 + 1))

*tan (d*x) “4xtan(c) "4 - 12*B*axb*log(4*(tan(d*x) “2*tan(c)”2 - 2xtan(d*x)*ta

n(c) + 1)/(tan(d*x) "2*xtan(c)”2 + tan(d*x)~2 + tan(c)”~2 + 1))x*tan(d*x) “4x*ta

n(c)~4 + 6*%C*b~2xlog(4*(tan(d*x) "2*tan(c) "2 - 2*tan(d*x)*tan(c) + 1)/(tan(

d*x) “2*xtan(c) "2 + tan(d*x)~2 + tan(c)”~2 + 1))*tan(d*x) “4*tan(c)~4 - 48*B*a

~2*d*x*tan(d*x) “3*tan(c) "3 + 96xCxaxbkd*x*tan(d*x) “3*tan(c) 3 + 48*Bxb~2x*d

*x*tan (d*x) “3*tan(c) "3 - 6*C*a”~2+tan(d*x) “4*tan(c) 4 - 12*Bxaxbxtan(d*x) 4

*tan(c) "4 + 9*Cxb~2*tan(d*x) “4*tan(c)~4 + 24xCka~2xlog(4*(tan(d*x) ~2*tan(c

)~2 - 2xtan(d*x)*tan(c) + 1)/(tan(d#*x) " 2*tan(c)~2 + tan(d*x)~2 + tan(c)~2

+ 1))*tan(d*x) “3*tan(c) "3 + 48*Bxa*b*log(4*(tan(d*x) 2*tan(c)”~2 - 2*tan(d*

x)*tan(c) + 1)/(tan(d*x) 2*tan(c)”~2 + tan(d*x)~2 + tan(c)~2 + 1))x*tan(d*x)

~3*tan(c) "3 - 24*Cxb~2xlog(4*(tan(d*x) 2*tan(c)”~2 - 2*xtan(d*x)*tan(c) + 1)

/(tan(d*x) "2*%tan(c) "2 + tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x) 3*tan(c)”3 +

12*B*a”~2*tan (d*x) “4*tan(c) "3 - 24*C*axbkxtan(d*x) “4*tan(c)”~3 - 12*B*b~2*tan

(d*x) ~4*tan(c) "3 + 12xB*a~2*tan(d*x) ~3*tan(c)~4 - 24*Cxa*bxtan(d*x) ~3*tan(

c)~4 - 12*B*b~2+tan(d*x) "3*tan(c) "4 + T2*B*xa~2*d*x*tan(d*x) “2*tan(c)”2 - 1

44xCxaxb*dxx*tan (d*x) “2+tan(c) "2 - 72*Bxb~2*kd*x*tan(d*x) “2*tan(c) "2 - 6*Cx

a~2xtan(d*x) “4xtan(c) "2 - 12#B*axbxtan(d*x) “4*tan(c)”2 + 6*Cxb~2*tan(dx*...

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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3.9.9 Mupad [B] (verification not implemented)

Time = 8.47 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.02

/tan(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan’(c + dz)) d

tan(c + dz)® ( BY 4 2Cab
=z (—Ba*+2Cab+ BV) + (3 3 )

d
2 a2 2
_tan(c+dz) (-Ba®*+2Cab+ Bb) In (tan(c + dz)” +1) (CT+Bab_ CTb>
d d
tan(c + dz)* (CTGQ"FB‘”’_ Csz) C b tan(c+ dz)*
* d * 1d

input | int (tan(c + d*x)*(B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x))~
2,%)

output | x*(Bxb~2 - B*xa~2 + 2xCxaxb) + (tan(c + d*xx) 3% ((Bxb~2)/3 + (2xCxaxb)/3))/d
- (tan(c + d*x)*(B*¥b~2 - B*a"2 + 2xC*a*b))/d - (log(tan(c + d*x)~2 + 1)x*(
(Cxa~2)/2 - (Cxb~2)/2 + B*axb))/d + (tan(c + d*x)~2*((C*a~2)/2 - (Cxb~2)/2
+ B*a*b))/d + (Cxb~2xtan(c + d*x)~4)/(4x*d)

3.9.  [tan(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
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3.10 [(a+btan(c+dz))? (Btan(c + dz) + C tan®(c + dz))

3.10.1 Optimalresult . . . . . . .. . ... 145]
3.10.2 Mathematica [C] (verified) . . . . . . . . .. ... L Lo oL 145
3.10.3 Rubi [A] (verified) . . . . . ... .. 146
3.10.4 Maple [A] (verified) . . . .. .. .. ... 148
3.10.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 149
3.10.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 149
3.10.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 1501
3.10.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 150
3.10.9 Mupad [B] (verification not implemented) . . ... ... ... . ... ..... 151

3.10.1 Optimal result

Integrand size = 32, antiderivative size = 112

/(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) dz

2R _ 12
— _((2abB+a*C - ¥C)q) - @B =B 2abd0) log(cos(c + dz))

b(aB — bC)tan(c +dz) B(a+btan(c+dz))? C(a+ btan(c+ dx))?
* d * 2d " 3bd

output ‘ - (2*B*a*b+C*a”~2-C*b~2) *x— (B*xa~2-B*b~2-2*C*a*b) *1n (cos (d*x+c) ) /d+b* (B*xa-C*b ‘
)Yxtan (d*x+c)/d+1/2*B*x (a+b*tan (d*x+c)) ~2/d+1/3*C* (a+b*tan (d*x+c)) ~3/b/d

N J

3.10.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.96 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.54

/(a + btan(c + dz))® (Btan(c + dz) + C tan’(c + dz)) dz
_2C(a+btan(c+ dz))® + 3(aB + bC) (i((a + ib)* log(i — tan(c + dz)) — (a — ib)* log(i + tan(c + dx))) -

-

input LIntegrate[(a + b*Tan[c + d*x]) 2*(B*Tan[c + d*x] + CxTan[c + d*x]~2),x]

-/

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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output‘ (2#C*(a + bxTan[c + d*x])"3 + 3x(axB + b*C)*(I*((a + I*b) 2+Logl[I - Tanl[c

'+ d¥x]] - (a - I*b)"2%LoglI + Tan[c + d*x]]) - 2%b™2%Tanlc + d¥x]) + 3Bx( |
| (I*a - b)"3%LoglI - Tan[c + d*x]] - (I*a + b)~3*Log[I + Tan[c + d*x]] + 6% |
'a*b~24Tan[c + d#x] + b~3Tan[c + d*x]~2))/(6%b*d) |

3.10.3 Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used — 8, Lumber of rules _ ( o5 Ryles used

integrand size
= {3042, 4113, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + btan(c + dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
| 3042

/(a + btan(c + dz))? (Btan(c + dz) + C'tan(c + dz)?) dz

l 4113
3
/ka+thKC+de%Btmﬂc+dw)—CDdr+(Xa+btzgc+dm»
| 3042
3
/(a + btan(c + dz))?(Btan(c + dz) — C)dz + Clat btgzc({c +dz))
l 4011
2
/ (a+ btan(c + dz))(=bB — aC + (aB — bC) tan(c + do))dz + 22+ bta;l;(c +dz))® |
C(a + btan(c + dx))3
3bd
| 3042
2
l/m+wa0+m%0%B—aC+(ua—Mvmmc+¢mmz+l%”+“2§0+®m N
C(a+ btan(c + dz))3
3bd
| 4008

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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+ b(aB — bC)dtan(c + dz) +

(a®B — 2abC — b*B) /tan(c + dz)dz — z(a’C + 2abB — b*C)

B(a + btan(c + dx))? + C(a+ btan(c + dz))3
2d 3bd

l 3042

4 b(aB — bC)dtan(c + dz) +

(JB—mwﬁw%n/mmmw@a—x@%uawB—wm

B(a + btan(c + dz))? + C(a + btan(c+ dzx))?
2d 3bd

l 3956

2B — 2abC — b2B) 1 d
- (a a4 ) og(COS(C + x)) - .’L'(CL2C + 2abB — b2C) +

d
B(a + btan(c + dz))? + C(a+ btan(c + dz))3
2d 3bd

b(aB — bC) tan(c + dz)
d +

N

Int[(a + b*Tan[c + d*x]) 2% (BxTan[c + d*x] + C*Tan[c + d*x]~2),x]

~—

input

——

output ‘/—((2*a*b*B + a”™2+%C - b™2*%C)*x) - ((a"2%B - b~2#B - 2*xa*b*C)*Log[Cos[c + d*
'x11)/d + (b*(a*B - b¥C)*Tan[c + d*x])/d + (Bx(a + b¥Tan[c + d¥x])~2)/(2*d)
L + (Cx(a + bxTan[c + d*x])"3)/(3%b*d)

~

3.10.3.1 Defintions of rubi rules used

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, xI]

rule 4008 Int[((a_) + (b_.)*tanl[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (f_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz



rule 4011

rule 4113

input

output
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Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + bxTan[e + f*x])"m/(f*m)), x] + Int
[(a + b*Tan[e + f*x])"(m - 1)*Simp[a*c - bxd + (b*c + axd)*Tan[e + fx*x], x]
, xJ] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

Int[(Ca_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.)
+ (£_.)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[C*((a +
b*Tan[e + f*x])~(m + 1)/(b*f*(m + 1))), x] + Int[(a + bxTan[e + f*x]) m*Si
mp[A - C + BxTan[e + f*x], x], x] /; FreeQ[{a, b, e, £, A, B, C, m}, x] &&
NeQ[Axb~2 - a*b*B + a~2%C, 0] && !LeQ[m, -1]

3.10.4 Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.07

method result

norman (—2Bab — C a? + Cb?) g 4 2202 CV) tonldete) | OFtan(de-e)”

3d

(Bb2+2Cab) <tan(d2m+c>2 _h (1“&“;““)2)

parts

+

b(Bb+2Ca) tan(dz+c)

> + (2Bab+C a?) (tan(dz+c)—arctan(tan(dz+c))) + Ba® ln(l—i-tar

d d

derivativedivides

default

parallelrisch

risch

2 3 2 2 Ba2-Bb2—:
ob tan?’(dz+c) +Bb tanz(dz+c) +Cabtan(dz+c)?+2Bab tan(dz+c)+C a2 tan(dz+c)—C b tan(dz—f-c)—i—(i

d

2 3 2 2 Ba2-Bb2—:
Cb tanldate)” | BbZtan(de+o)” | 0gptan(de+c)?+2Babtan(de+c)+C a? tan(dz+c)—C b2 tan(dz+c)+(7

d
20 b2 tan(dz+c)®—12Babdz+3B b2 tan(dz+c)?—6C a2dz+6C b2dr+6Cab tan(dz+c)2+3BIn (1+ta,n(da:+c)2) a?-31I
6d
2% (—3iB b2edi(dz+c) —6iCab edi(dz+c) +6Bab edi(dz+c) +3C a2edi(dz+c) —6C b2edi(dztc) _3
3

—iBb%z + 2ina20+

int ((atb*tan(d*x+c)) ~2* (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method=_RETURNVERBO

SE)

(-2xB*axb-C*xa~2+C*xb~2) *x+ (2*B*a*b+C*a~2-C*b~2) /d*tan (d*x+c)+1/3*Cxb~2/d*ta
n(d*x+c) ~3+1/2xb* (B¥b+2*C*a) /d*tan (d*x+c) ~2+1/2% (B*a~2-B*b~2-2*C*ax*xb) /d*1n

(1+tan(d*x+c)~2)

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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3.10.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.06

/(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

2 Cb? tan (dz + ¢)® — 6 (Ca? 4 2 Bab — Cb?)dx + 3 (2 Cab + Bb?) tan (dz + ¢)* — 3 (Ba® — 2 Cab — Bb?
N 6d

e N

input | integrate ((at+b*tan(d*x+c)) ~2* (Bxtan(d*x+c)+C*tan(d*x+c) ~2) ,x, algorithm="f
ricas")

output | 1/6* (2*xCxb~2xtan(d*x + c)~3 - 6*%(C*a~2 + 2*Bxaxb — Cxb~2)*d*x + 3*(2*xCxaxb
+ B¥b~2)*tan(d*x + c)"2 - 3x(B*a"2 - 2*C*axb - B*b~2)*log(1l/(tan(d*x + c)
2 + 1)) + 6x(C*a"2 + 2%Bkaxb - C*b~2)*tan(d*x + c))/d

N\ J

3.10.6 Sympy [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.73

/(a + btan(c + dz))* (Btan(c + dz) + C tan’(c + dz)) dz

B Ba? log (tar;jl(c-l—dz)-l—l) — 9Babz + 2Babta2 (c+dz) Bb? log (tar;fi(c-l—dx)-i-l) + Bb? tan;d(c—i-dx) — Ca’x + Ca? tar(li(c—i-da
z(a + btan (c))? (Btan (¢) + Ctan? (c))
inputLintegrate((a+b*tan(d*x+c))**2*(B*tan(d*x+c)+C*tan(d*X+C)**2),X) J

e N

output | Piecewise ((Bxa**2xlog(tan(c + d*x)*x2 + 1)/(2%d) - 2*B*axb*x + 2xBxa*b*tan
(c + d*x)/d - B*b*x2+log(tan(c + d*x)**2 + 1)/(2*%d) + Bxbx*2xtan(c + d*x)*
*x2/(2%d) - Cxax*2*x + Cka*x2xtan(c + d*x)/d - C*xaxbxlog(tan(c + d*x)**2 +

1)/d + Cxaxb*tan(c + d*x)*x2/d + Cxb**2*x + Cxb**2xtan(c + d*x)**3/(3%d) -

C*b**2xtan(c + d*x)/d, Ne(d, 0)), (xx(a + bxtan(c))**2*(B*tan(c) + Cxtan(
c)**2), True))

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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3.10.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.07

/(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

_ 2Cbtan (dz + )’ +3(2Cab+ Bb?) tan (dz + ¢)* — 6 (Ca® 4+ 2 Bab — Cb?)(dz + ¢) + 3 (Ba® — 2Cab -
B 6d

input  integrate((a+b*tan(d*x+c)) 2% (Bxtan(d*x+c)+C*tan(d*x+c) ~2),x, algorithm="m
axima")

output | 1/6*(2+%Cxb~2%tan(d*x + c)~3 + 3% (2xCkxa*b + B*b~2)*tan(d*x + c)~2 - 6%x(Cxa”
2 + 2#B*axb - C*¥b~2)*(d*x + c) + 3*(Bxa"2 - 2xCxa*b - Bxb~2)*log(tan(d*x +
c)"2 + 1) + 6x(Cxa~2 + 2*Bxa*xb - Cxb~2)*tan(d*x + c))/d

3.10.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1389 vs. 2(108) = 216.

Time = 1.19 (sec) , antiderivative size = 1389, normalized size of antiderivative = 12.40

/(a + btan(c + dz))® (B tan(c + dz) + C tan®*(c + dz)) dz = Too large to display

input ‘ integrate ((a+bxtan(d*x+c)) ~2*(B*tan(d*x+c)+Cxtan(d*x+c)~2) ,x, algorithm="g
‘ iac") ‘

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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output | -1/6*(6*Cxa~2*d*x*tan (d*x) “3*tan(c) 3 + 12#Bkaxbxd*x*tan(d+*x) 3*tan(c)~3 -
6*Cxb~2*d*x*tan (d*x) “3*tan(c) "3 + 3*Bxa~2+log(4*(tan(d*x) 2*tan(c)”~2 - 2%
tan(d#*x)*tan(c) + 1)/(tan(d#*x) "2*tan(c)”2 + tan(d*x)~2 + tan(c)”2 + 1))*ta
n(d*x) ~3*tan(c) "3 - 6*Cxaxb*log(4*(tan(d*x) "2*tan(c)~2 - 2*tan(d*x)*tan(c)
+ 1)/(tan(d*x) "2*tan(c) "2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d*x) “3*tan(c)
~3 - 3%Bxb~2*log(4*(tan(d*x) "2*tan(c)”~2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x)
~2xtan(c) "2 + tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x) "3*tan(c)~3 - 18*C*xa”~2x*d
*xxtan (d*x) "2*tan(c) "2 - 36*Bka*bxd*x*tan(d*x) “2*tan(c) "2 + 18*Cxb~2*d*x*t
an(d*x) "2*tan(c) "2 - 6*Cxaxb*tan(d*x) “3*tan(c)~3 - 3*B*b~2*tan(d*x) ~3*tan(
c)~3 - 9%Bxa~2xlog(4*(tan(d*x) 2*tan(c)~2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*
x)"2xtan(c) "2 + tan(d*x)"2 + tan(c)~2 + 1))*tan(d*x) 2*tan(c)~2 + 18*Cka*b
*log(4* (tan(d*x) "2*tan(c) "2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)"2
+ tan(d*x)~2 + tan(c)”2 + 1))*tan(d*x) “2*tan(c) 2 + 9*B*b~2*log(4*(tan(d*x
)"2xtan(c) "2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x) "2*tan(c)~2 + tan(d*x)~2 +
tan(c) "2 + 1))*tan(d*x) "2*tan(c) "2 + 6*C*a"2*tan(d*x) “3*tan(c) "2 + 12*B*a*
b*tan(d*x) “3*tan(c) "2 - 6*xC*b~2*tan(d*x) “3*tan(c) 2 + 6*Cka~2*tan(d*x) ~2*t
an(c) "3 + 12xBxaxbxtan(d*x) “2*tan(c) 3 - 6*Cxb~2xtan(d*x) “2*tan(c)~3 + 18
Cxa~2*d*x*tan(d*x)*tan(c) + 36xB*a*bk*d*x*tan(d*x)*tan(c) - 18*C*b~2xd*x*ta
n(d*x)*tan(c) - 6*Cxaxbxtan(d*x) 3*tan(c) - 3*B*b~2+tan(d*x) “3*tan(c) + 6%
Cxa*b*tan(d*x) “2+tan(c) "2 + 3*B*b~2xtan(d*x) 2*tan(c) "2 - 6*Cxaxb*tan(d...

3.10.9 Mupad [B] (verification not implemented)

Time = 8.43 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.08

/(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c + dz)) dz

mnc+dz (%—+Ca®

x(Ca2+2Bab—C’b2)
tan(c+dx) (Ca’+2Bab—CH)
+ d
ln(tan(c+dw)2+1) <—BTaz+Cab+BTb2> C b tan(c+ dz)°
y + 3d

inputtint((B*tan(c + d*x) + Cxtan(c + d*x)"2)*(a + b*xtan(c + d*x))~2,x)

~—

Output‘(tan(c + d*x)"2x((B*b~2) /2 + C*axb))/d - x*(C*a"2 - C*b~2 + 2xB*a*b) + (ta
\n(c + d*x)*(C*a"2 - Cxb~2 + 2+Bxaxb))/d - (log(tan(c + d*x)"2 + 1)*((B*b~2
1)/2 - (B*a™2)/2 + Cxaxb))/d + (Cxb~2*tan(c + d*x)"~3)/(3d)

S

3.10.  [(a+ btan(c+ dz))? (Btan(c+ dz) + Ctan®(c + dz)) dz
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3.11.1 Optimal result

Integrand size = 38, antiderivative size = 87

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

— (a®B VB — 2abC) o — 2B +@*C = V0) log(eos(c + dv))
d

b(bB + aC)tan(c+dz) C(a+ btan(c+ dz))?
* d - 2d

output‘(B*a“2-B*b“2-2*C*a*b)*x-(2*B*a*b+C*a”2-C*b”2)*1n(cos(d*x+c))/d+b*(B*b+C*a)
‘*tan(d*x+c)/d+1/2*C*(a+b*tan(d*x+c))“2/d ‘

3.11.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.52 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.10

cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) 4+ Ctan’(c + dz)) dz

(a + ib)*(—iB + C) log(i — tan(c + dx)) + (a — ib)?(iB + C) log(i + tan(c + dz)) + 2b(bB + 2aC) tan(c
2d

.
input‘ Integrate[Cot[c + d*x]*(a + b*Tan[c + d*x])~2*(B*Tan[c + d*x] + CxTan[c + ‘
| a*x172) ,x] |

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz
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output‘ ((a + I#b)"2*%((-I)*B + C)*Logl[I - Tan[c + d*x]] + (a - I*b)~2x(I*B + C)*Lo

‘g[I + Tan[c + d*x]] + 2xb*(b*B + 2*axC)*Tan[c + d*x] + b~2*CxTan[c + d*x]~
12)/(2%d)

3.11.3 Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 917 Ryjes used = {3042,

integrand size
4115, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

| 3042
/ (a+btan(c+ dz))? (Btan(c + dz) + Ctan(c + dz)?) i
tan(c + dx) v
l 4115
/ (a+ btan(c+ dz))2(B + C tan(c + do))dz
| 3042
/(a + btan(c + dx))%(B + C'tan(c + dz))dz
l 4011
2
/ (a + btan(c + dz))(aB — bC + (bB + aC) tan(c + dz))ds + SO btazz(c + dz))
| 3042
2
/(a + btan(c + dz))(aB — bC + (bB + aC) tan(c + dzx))dz + Clat btazr;(c + dz))
l 4008
(a2C + 2abB — b2C) / tan(e + da)da + 2(®B — 2abC — 12B) + 290 bB)dtan(c o)
C(a+ btan(c + dz))?
2d
| 3042

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz



input

output

rule 3042

rule 3956

rule 4008

rule 4011
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+ b(aC + bB) tan(c + dz) +

(a*C + 2abB — b*0) /tan(c + dz)dz + z(a®B — 2abC — b B)

C(a+ btan(c + dz))?
2d

l 3956

d

(a®C + 2abB — b?C) log(cos(c + dz))

b(aC + bB) tan(c + dz) +

— 1 + :c(a2B — 2abC — b2B) +
C(a+ btan(c + dz))?
2d

d

Int[Cot[c + d*x]*(a + b*Tan[c + d*x]) "2*(B*Tan[c + d*x] + CxTan[c + d*x]~2
), x]

(a”2*%B - b~2*B - 2xaxb*C)*x - ((2%axb*B + a~2xC - b~2xC)*Log[Cos[c + dxx]]
)/d + (bx(b*B + ax*xC)*Tan[c + d*x])/d + (Cx(a + bxTan[c + d*x])~2)/(2x*d)

N\

3.11.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, x]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[bxd*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[bxc - ax*d, 0] && NeQ[bxc + axd, O]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + b*Tan[e + f*x])“m/(f*m)), x] + Int
[(a + b*Tan[e + f*x])~"(m - 1)*Simp[a*c - b*d + (b*c + axd)*Tan[e + fx*x], x]
, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz




rule 4115

input

output
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Int[((a_.) + (b_.)*tan[(e_.) + (f_)*(x)]1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (F_)*x)DD"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -
a*xbxB + a~2%C, 0]

3.11.4 Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.00

method result
lelrisch (2Bab+C a2 —C ?) In(sec(dw-+c)? ) +C b tan(do-+c)>+ (2B b+4Cab) tan(dz-+c)+2ds (B a? — B b>—2Cab)
parallelrisc 5
2 2
2 _ 2 b(Bb+2Ca) tan(dz+c) C b2 tan(dz+c)? (2Bab+C a?-C'b?) ln<1+tan(dw
norman (Ba* — Bb* —2Cab) z + 5 + 5 + T

(—2Bab—C a2+C b2) ln(cot(dm+c)2+1)
2

+(B a?—Bb*—2Cab) (5 —arccot(cot(dz+c))) +(2Bab+C a*>—C b?) In(cot(dx

derivativedivides | — |

(—2Bab—C a2+C b2) ln(cot(dz+c)2+1)
2

default —

+(Ba?—Bb2—2Cab) (% —arccot(cot(dz-+c)))+(2Bab+C a?—Cb?) In(cot(dz

d

2ib(-

risch Ba?x — Bb?z — 2Cabx — 2CYc _ O p2q + BC&e 4 0 o2 4 4iBabe 1 9 Babg + 22

int (cot (d*x+c) * (a+b*tan (d*x+c) ) “2* (Bxtan (d*x+c) +Cxtan (d*x+c) ~2) ,x,method=_
RETURNVERBOSE)

1/2% ((2*B*xa*xb+C*a~2-Cxb~2) *1n(sec (d*x+c) ~2) +Cxb~2xtan (d*x+c) ~2+ (2%xBxb~2+4*
Cxaxb) *tan (d*x+c)+2*xd*xx* (Bxa~2-Bxb~2-2*C*axb) ) /d

3.11.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.05

/cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) d

OV tan (dz + ¢)? +2 (Ba? — 2 Cab — Bt?)dz — (Ca? +2 Bab — C8) 1og (o

+2(2Cab+ Bb

o 2d

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz
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input | integrate (cot (d*x+c)* (a+b*tan (d*x+c)) ~2* (B*tan (d*x+c) +Cxtan(d*x+c)~2),x, a

lgorithm="fricas")

output | 1/2*(Cxb~2*tan(d*x + c)~2 + 2*(B*a~2 - 2xCkaxb - B*b~2)*d*x - (C*a~2 + 2x*B
*axb - Cxb~2)*log(1l/(tan(d*x + c)~2 + 1)) + 2%(2+Cxa*b + B*b~2)*tan(d*x +
c))/d

3.11.6 Sympy [A] (verification not implemented)

Time = 0.46 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.74

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®(c + dz)) dz

Bablog (tan? (c+dx)+1 Bb? Ca? log (tan? (c+dz)+1 2 Cb?
Ba?z + a og(and (c+dx) )—Bb2$+ b taI:i(c-i-dz) + a og(ar;d(c ) )—200b13+ Cabtag(c+dm) _ Oy

z(a + btan (c))? (Btan (c) + C tan? (c)) cot (c)

input

integrate(cot (d*x+c)* (atb*tan(d*x+c) ) **2* (Bxtan (d*x+c)+Cktan (d*x+c) **2) ,x)

N\ J

output | Piecewise ((B*a**2xx + B*axbxlog(tan(c + d*x)**2 + 1)/d - B¥b**2%x + Bkb**2
xtan(c + d*x)/d + Ckax*2xlog(tan(c + d*x)**2 + 1)/(2xd) - 2+Ckaxbxx + 2%Cx
axbxtan(c + d*x)/d - Cxbx*2xlog(tan(c + d*x)**2 + 1)/(2xd) + Cxb*x2+tan(c
+ d*x)**2/(2xd), Ne(d, 0)), (x*x(a + bxtan(c))**2*x(Bxtan(c) + Cxtan(c)**2)*
cot(c), True))

3.11.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.05

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®(c + dz)) dz

_ Cbtan (dz + c)? +2(Ba? — 2Cab — Bb?)(dz + c) + (Ca? + 2 Bab — Cb?) log (tan (dz + ¢)* + 1) + 2
B 2d

input‘integrate(cot(d*x+c)*(a+b*tan(d*x+c))“2*(B*tan(d*x+c)+C*tan(d*x+c)“2),x, a

‘1gorithm=“maxima") ‘

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz
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output‘ 1/2*%(C+b~2xtan(d*x + c)~2 + 2% (B*a~2 - 2#Ckaxb — B*b~2)*(d*x + c) + (Cxa~2 \
|+ 2%Bxa*b - C¥b~2)*log(tan(d*x + ¢)"2 + 1) + 2%(2xCxaxb + Bxb~2)*tan(d+x |
\+ c))/d \

3.11.8 Giac [A] (verification not implemented)

Time = 1.01 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.09

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

_ Cb’tan (dz + ¢)’ + 4 Cabtan (dz + ¢) + 2 Bb? tan (dz + ¢) + 2 (Ba® — 2 Cab — BV?)(dz + ¢) + (Ca® +
B 2d

input | integrate (cot (d*x+c)* (a+b*tan (d*x+c)) ~2* (B¥tan (d*x+c) +Cxtan(d*x+c)~2) ,x, a

lgorithm="giac")

output | 1/2% (C*b~2*tan(d*x + c)~2 + 4*Ckaxbxtan(d*x + c) + 2*%B*b~2xtan(d*x + c) +
2x(B*a~2 - 2xCkaxb - B*#b~2)*(d*x + c) + (C*xa~2 + 2*Bxa*b — Cxb~2)*log(tan(
d*x + ¢c)"2 + 1))/d

3.11.9 Mupad [B] (verification not implemented)

Time = 8.30 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.05

/cot(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

In (tan(c+dz)> +1) (22 + Bab— <2
= ( )d<2 2>—x(—Ba2+2Cab+Bb2)

tan(c+dx) (Bb® +2Cab) Ch tan(c+ dz)’
* d T 2d

input | int (cot(c + d*x)*(B*tan(c + d*x) + Cxtan(c + d*x) 2)*(a + b*tan(c + d*x))~
2,%)

output | (log(tan(c + d*x)~2 + 1)*((Cxa~2)/2 - (Cxb~2)/2 + B*a*b))/d - x*(Bxb~2 - B
*a~2 + 2xCxaxb) + (tan(c + d*x)*(B*xb~2 + 2%Cxaxb))/d + (Cxb~2%tan(c + d*x)
~2)/(2%d)

3.11.  [cot(c+ dz)(a+ btan(c + dz))? (Btan(c + dz) + Ctan*(c + dz)) dz
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3.12 [ cot?*(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.12.1 Optimal result . . . . . . . . . . . .. 158]
3.12.2 Mathematica [C] (verified) . . . . . . . . .. ... Lo 158
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3.12.4 Maple [A] (verified) . . ... ... ... .. 161
3.12.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 1621
3.12.6 Sympy [B] (verification not implemented) . . ... ... ... ... ..... 162
3.12.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 163
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3.12.1 Optimal result

Integrand size = 40, antiderivative size = 70

/cotz(c + dz)(a + btan(c + dz))? (Btan(c + dz) + C tan®(c + dz)) dz

= (2abB + a®C — b*C)  — b(bB + 2aC) lc;g(cos(c + dz))

a’Blog(sin(c + dz))  b*Ctan(c+ dz)
* d * d

output ‘ (2#B*axb+C*a~2-Cxb~2) *x-b* (B*b+2*C*a) *1n(cos (d*x+c)) /d+a”~2*Bx1n(sin (d*x+c) ‘
L)/d+b”2*C*tan(d*x+c)/d J

3.12.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.31 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.30

/cotQ(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan’(c + dz)) dz =

(a +1b)?(B + iC) log(i — tan(c + dzx)) — 2a2 B log(tan(c + dzx)) + (a — ib)%(B — iC) log(i + tan(c + a
2d

;
input‘ Integrate[Cot[c + d*x]~2x(a + bxTan[c + d*x]) 2x(B*Tan[c + d*x] + CxTanl[c ‘
+ axx]"2) ] |

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output‘ -1/2%((a + I*b)~"2*(B + I*C)*Log[I - Tan[c + d*x]] - 2xa~2+B*Log[Tan[c + d*
'x]1]1 + (a - I¥b)"2%(B - I*C)*Log[I + Tan[c + d*x]] - 2%b~2%CxTan[c + dx])/ |
d |

3.12.3 Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.03, number

of steps used = 9, number of rules used = 9, Bumber of rules _ , 995 Ry jjeg ysed = {3042,
integrand size

4115, 3042, 4089, 3042, 4107, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))? (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dr)?

l 4115
/ cot(c + dz)(a + btan(c + dz))2(B + C tan(c + do))dz
l 3042

dx

/ (a + btan(c + dx))?(B + C'tan(c + dz))
tan(c + dr)

J'4089

/cot(c + dz) (Ba? + b(bB + 2aC) tan®(c + dz) + (Ca® + 2bBa — b*C) tan(c + dz)) dz +

b%C'tan(c + d)
d

l 3042

/ Ba? + b(bB + 2aC) tan(c + dz)? + (Ca? + 2bBa — b*C) tan(c + dz) dz + b%C'tan(c + dx)
tan(c + dx) v d

| 4107
b2C tan(c + dz)

a’B / cot(c + dz)dx + b(2aC + bB) /tan(c + dz)dz + z(a*C + 2abB — b*C) + Fi

l.3042

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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a’B / —tan (c + dx + g) dx + b(2aC + bB) /tan(c + dz)dz + z(a*C + 2abB — b*C) +
b%C'tan(c + dx)

d
| 25
a?(-B) /tan (;(26 +7) + d:v) dz + b(2aC + bB) /tan(c + dz)dz + z(a*C + 2abB — b*C) +

b2C tan(c + dx)
d

l 3956

+ a’Blog(—sin(c + dz)) _ b(2aC + bB) log(cos(c + dz)) + b2C'tan(c + d)

2 32
a;(a C +2abB —b C) pi F Fi

input | Int[Cot[c + d*x]~2x(a + b*Tan[c + d*x]) 2+ (B*Tan[c + d*x] + C*Tan[c + d*x]
~2),x]

output | (2*a*b*B + a~2*C - b~2*C)*x - (bx(b*B + 2*a*C)*Log[Cos[c + d*x]])/d + (a~2
*BxLog[-Sin[c + d*x]])/d + (b~2*C*Tan[c + d*x])/d

3.12.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, xI]

rule 4089  Int[(((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)]1)"2*((A_.) + (B_.)*tan[(e_.) + (
f_*(x_)1))/((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[b~2
*B*(Tan[e + f*x]/(d*f)), x] + Simp[1/d Int[(a"2*%A*d - b~2xB*c + (2%a*xA*b
+ Bx(a"2 - b"2))*d*Tan[e + f*x] + (A*b~2*d - b*Bx(bxc - 2*a*d))*Tan[e + f*x
172)/(c + d*xTan[e + f*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, £, A, B}, x] &&
NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + d~2, 0]

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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rule 4107 Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]1"2
)/tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[B*x, x] + (Simp[A Int[1/Tan[
e + f*x], x], x] + Simp[C Int[Tanl[e + f*x], x], x]) /; FreeQ[{e, f, A, B,
C}, x] && NeQ[A, C]

rule 4115 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -
a*xbxB + a~2%C, 0]

3.12.4 Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 80, normalized size of antiderivative = 1.14

method result
lelrisch (—~Ba?+Bb?+2Cab) In (sec(dx-l-c)z) +2B a? In(tan(dz+c))+2C b? tan(dw+c)+4dx(Bab+%C aQ—%C b?)
parallelrisc 5
Ba?2-Bb2-2Cab)1 dz+c)2+1
derivativedivid ( e ¢ g n(mt( oo+ )+(2Bab+C a?-Cb?) (g—arccot(cot(da:—l—c)))—#’ﬁkc)—}-b(Bb—i—QCa) In(cot(d
erivativedivides | — 7
Ba2-B b2—20ab In dz+c)2+1
default ( 2 (cot(da+e)?+ )+(2Bab+C’ a2-Cb?) (%—arccot(cot(dac—}-c)))—%—}-b(Bb—i—ZCa) In(cot(d
efau — i
2 2
(2Bab+C a2~ CW)atan(dete)t Co2ds+0® g ooy ooy (Ba?—Bb—2Cab) In(1+tan(da-+0)? )
norman tan(dz+c) + d - 2d
; S 72 4iCabc 2iC b2 2, 2 ; __ 2iBa’c | 2iBb%c _
risch 1B b*r + 5P + (e T) + 2Babx 4+ C a°x — Cb*x + 2iCabx it

input | int (cot (d*x+c) ~2* (a+b*tan (d*x+c)) ~2* (B¥tan (d*x+c)+C+tan(d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/2* ((-B*a~2+B*b~2+2*C*a*b) *1n (sec (d*x+c) ~2) +2*xB*a~2*1n (tan (d*x+c) ) +2*Cxb~
2*tan (d*x+c) +4*d*xx* (Bxaxb+1/2*C*a~2-1/2+%Cxb~2) ) /d

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.12.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.31

/COtQ(C + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

Ba?log <M> +2Cb%tan (dz + ¢) + 2 (Ca® + 2 Bab — Cb?)dx — (2 Cab + Bb?) log (

1
tan(dz+c)?+1 tan(dz+c)?+1
2d

p

integrate(cot (d*x+c) ~2* (atb*tan(d*x+c)) “2* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="fricas")

N\

1/2*%(B*a~2xlog(tan(d*x + c)~2/(tan(d*x + c)~2 + 1)) + 2*Cxb~2*tan(d*x + c)
+ 2%(Cxa”2 + 2#Bxa*b - C*b~2)*d*x - (2%Ckaxb + B*b~2)*log(1/(tan(d*x + c)
"2+ 1)))/d

-

3.12.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 136 vs. 2(66) = 132.

Time = 0.75 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.94

/cotQ(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

_ Ba?log (tan? (c+dz)+1)
— 2d

- z(a + btan (c))? (Btan (¢) + C'tan? (c)) cot? (c)

n Ba?log (tzn (c+dx)) 1 2Babz + Bb2log (tar;Z(c+dx)+1) + Caz + Cablog (tan; (c+dz)+1)

integrate (cot (d*x+c) **2* (a+b*tan (d*x+c) ) **2* (B¥tan (d*x+c) +Cxtan (d*x+c) **2)

»X)

Piecewise ((-Bxa**2*log(tan(c + d*x)**2 + 1)/(2xd) + Bxa*x2*log(tan(c + d*x
))/d + 2xBkaxb*x + Bxb**2*xlog(tan(c + d*x)**2 + 1)/(2xd) + Cka**2*xx + Cxax
bxlog(tan(c + d*x)**2 + 1)/d - C*b**2*x + Cxb**2xtan(c + d*x)/d, Ne(d, 0))
, (xx(a + bxtan(c))**2x(Bxtan(c) + Cxtan(c)**2)*cot(c)**2, True))

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.12.7 Maxima [A] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.21

/COtQ(C + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

2 Ba?log (tan (dz + ¢)) + 2 Cb? tan (dz + ¢) + 2 (Ca® + 2 Bab — Cb*)(dz + ¢) — (Ba® — 2 Cab — Bb?) lo
B 2d

input | integrate(cot (d*x+c) ~2*(atb*tan(d*x+c)) ~2* (Bxtan(d*x+c)+C*tan(d*x+c)"2) ,x,

algorithm="maxima")

output 1/2%(2*%B*a~2+log(tan(d*x + c)) + 2*Cxb~2+tan(d*x + c) + 2%(C*a”2 + 2*B*axb
- Cxb"2)*(d*x + c) - (B*a"2 - 2*C*a*b - B*#b~2)*log(tan(d*x + c)~2 + 1))/d

3.12.8 Giac [A] (verification not implemented)

Time = 1.34 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.23

/CotQ(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

2 Ba?log (|tan (dz + c)|) + 2 Cb? tan (dz + c) + 2 (Ca® 4 2 Bab — Cb?)(dzx + ¢) — (Ba® — 2Cab — Bb?)]
B 2d

input | integrate(cot (d*x+c) 2% (atbxtan(d*x+c)) ~2* (Bxtan(d*x+c)+C*tan(d*x+c)"2) ,x,

algorithm="giac")

output 1/2%(2*B*a”2xlog(abs(tan(d*x + c))) + 2%Cxb~2xtan(d*x + c) + 2*%(Cxa”2 + 2%
Bxa*xb - Cxb~2)*(d*x + c) - (B*a"2 - 2+C*a*b - B*b~2)*log(tan(d*x + c)~2 +
1))/d

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.12.9 Mupad [B] (verification not implemented)

Time = 8.59 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.29

/cot2(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz
_ Ba? In(tan(c + dx)) N In (tan(c + dz) + 1i) (B — C'1i) (b + a1i)”

d 2d
Chtan(c+dz) In(tan(c+dz) —i) (B + C1li) (=b+ ali)’
M d * 2d

input | int (cot(c + d*x) ~2*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)72,x%)

output | (Bxa~2*log(tan(c + d*x)))/d + (log(tan(c + d*x) + 1i)*(B - Cx1li)*(a*li + b
)"2)/(2%d) + (C*¥b~2+tan(c + d*x))/d + (log(tan(c + d*x) - 1i)*(B + Cx1i)*(
ax1i - b)~2)/(2xd)

3.12.  [cot?*(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.13 [ cot’(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.13.1 Optimalresult . . .. ... ... ... .. 165]
3.13.2 Mathematica [C] (verified) . . . . . . . . ... . Lo 165
3.13.3 Rubi [A] (verified) . . . . ... .. . .. 166!
3.13.4 Maple [A] (verified) . ... ... ... . ... 168
3.13.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 169
3.13.6 Sympy [B] (verification not implemented) . . ... ... ... ... ... .. 169
3.13.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 170
3.13.8 Giac [A] (verification not implemented) . . . ... . ... ... ....... 170
3.13.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... ..... Ival

3.13.1 Optimal result

Integrand size = 40, antiderivative size = 72

/cot3(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

2
=—((azB—b2B—2abC)m) _a Bcotc(lc+dx)

_ b*Clog(cos(c + dz)) + a(2bB + aC) log(sin(c + dx))
d d

p
output‘-(B*a“2-B*b“2-2*C*a*b)*x-a“2*B*cot(d*x+c)/d-b‘2*C*1n(cos(d*x+c))/d+a*(2*B*
‘b+C*a)*1n(sin(d*x+c))/d ‘

3.13.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.30 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.39

/cot3(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

_ —2a?B cot(c + dx) + i(a + ib)*(B + iC) log(i — tan(c + dz)) + 2a(2bB + aC) log(tan(c + dz)) — (a — i
B 2d

;
input‘ Integrate[Cot[c + d*x]~3x(a + bxTan[c + d*x]) 2x(B*Tan[c + d*x] + CxTanl[c ‘
‘ + d*x]72),x] ‘

3.13.  [cot}(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output‘ (-2xa~2+#B*Cot [c + d*x] + Ix(a + I*b)"2*%(B + I*C)*Log[I - Tan[c + d*x]] + 2
| *ax(2%b*B + axC)*Log[Tan[c + d*x]] - (a - I*b)~2x(I*B + C)*Log[I + Tan[c + |
a1/ (2%0) |

3.13.3 Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.03, number

of steps used = 9, number of rules used = 9, Bumber of rules _ , 995 Ry jjeg ysed = {3042,
integrand size

4115, 3042, 4087, 3042, 4107, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))? (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dr)3

l'4115

/ cot?(c + dz)(a + btan(c + dz))2(B + Ctan(c + dz))de

| 3042
/ (a + btan(c + dx))?(B + C'tan(c + dz)) di

tan(c + dx)?

| 4087
/cot(c + dz) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
a’B cot(c + dx)
d
| 3042
/ b?C'tan(c + dz)? — (Ba? — 2bCa — b?B) tan(c + dz) + a(2bB + aC) p a?B cot(c + dz)
tan(c + dx) v d
| 4107
2
a(aC + 2bB) /cot(c + dz)dz + b°C / tan(c + dz)dz — z(a®B — 2abC — b*B) — @B cotc(lc +do)

l.3042

3.13.  [cot}(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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a(aC + 2bB) / —tan (c +dx + %) dz + b*C / tan(c + dz)dr — z(a®B — 2abC — b*B) —
a’B cot(c + dr)

d
| 25
—a(aC + 2bB) /tan <;(20 + ) + da:) dz + b*C / tan(c + dz)dz — (a®B — 2abC — b°B) —

a’B cot(c + dz)
d

l 3956

3 a’B cot(c + dzx) + a(aC + 2bB)log(—sin(c + dz))

—z(a’B — 2abC — bV’ B) 5

b2C log(cos(c + dx))
d

input| Int [Cot [c + d*x]~3%(a + b*Tan[c + d*x]) 2% (B*Tan[c + d*x] + CxTan[c + d*x]
~2),x]

output | -((a~2+#B - b~2%B - 2*xaxb*C)*x) - (a~2#B*Cot[c + d*x])/d - (b~2*CxLog[Cosl[c
+ d*x]]1)/d + (a*(2%b*xB + a*C)*Log[-Sin[c + d*x]])/d

3.13.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

3.13.  [cot}(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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rule 4087 | Int[((a_.) + (b_.)*tan[(e_.) + (£f_.)*(x_)1)"2%((A_.) + (B_.)*tan[(e_.) + (£
_x(x_)D)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Simp[
(-(B*c - A*d))*(b*c - a*d)~2*x((c + d*Tan[e + f*x])~(n + 1)/(f*d"2x(n + 1)*(
c”2 +d72))), x] + Simp[1/(d*(c”2 + d72)) Int[(c + d*Tan[e + f*x])"(n + 1
)*Simp [Bk(b*xc - a*d)~2 + Axd*(a"2*c - b~2*%c + 2xa*bxd) + d*(B*(a"2*c - b™2x%
c + 2¥axbkxd) + A*x(2*axb*c - a"2*d + b"2xd))*Tan[e + f*x] + b"2*%Bx(c”2 + d"2
)Y*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] && NeQ[b
*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 42, 0] && LtQ[n, -1]

rule 4107 | Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]1"2
Y/tan[(e_.) + (f_.)*(x_)], x_Symbol] :> Simp[B*x, x] + (Simp[A Int[1/Tan[
e + f*x], x], x] + Simp[C Int[Tan[e + f*x], x], x]) /; FreeQ[{e, f, A, B,
C}, x] && NeQ[A, C]

rule 4115 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*&)D"(_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x])~(m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -
a*xbxB + a~2%C, 0]

3.13.4 Maple [A] (verified)

Time = 0.35 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.17

method result
. . P B b?(dz+c)—C b2 In(cos(dz+c))+2BabIn(sin(dz+c))+2Cab(dz+c)+ B a?(— cot(dz+c)—dz—c)+C a? In(sin(dz+c))
derivativedivides 7
default B b?(dz+c)—C b? In(cos(dz+c))+2Bab In(sin(dz+c) ) +2Cab(dz+c)+ B a? (— cot(dz+c) —dz—c)+C a? In(sin(dz+c))
d
. (—2Bab—C a?+Cb%) In (sec(da:+c)2> +(4Bab+2C a?) In(tan(dz+c))—2B a? cot(dz+c) —2dz (B a?—B b>—2Cab)
parallelrisch 5
2
norman (—=Ba?+Bb%42Cab)z tan(dz+c)? — Bata+m+c) + a(2Bb+-Ca) In(tan(dz+c)) (2Bab+C a®~C'b?) In (1+tan1
tan(dz+c)? d 2d
; 2 2 2iCa%c | ;2 Y 2 2iB a? ; 4iBab
risch —Ba.’E+Bb$+20Gb5€—T+ZCb.’E—ZC(I/.’E—W—ZLBG&E—T

input \ int (cot (d*x+c) ~3* (at+b*tan (d*x+c) ) ~2% (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method \
L=_RETURNVERBOSE) J

3.13.  [cot}(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output \ 1/d* (B¥b~2* (d*x+c) -Cxb~2*1n (cos (d*x+c) ) +2*Bxa*b*1n (sin (d*x+c) ) +2xCkaxb* (d* \
Lx+c)+B*a“2*(-cot(d*x+c)-d*x-c)+C*a“2*1n(sin(d*x+c))) J

3.13.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.56

/Cot3(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®*(c + dz)) dz =

Ch?log ( ) tan (dz + ¢) + 2 (Ba? — 2 Cab — Bb?)dz tan (dz + ¢) + 2 Ba? — (Ca? + 2 Bab) 1

2dtan (dz + ¢)

1
tan(dz+c)?+1

input | integrate(cot (d*x+c) “3* (at+b*tan(d*x+c)) ~2* (B¥tan (d*x+c)+Cxtan (d*x+c) "2) ,x,

algorithm="fricas")

output | -1/2x(Cxb~2+log(1/(tan(d*x + c)~2 + 1))*tan(d*x + c) + 2x(B*a~2 - 2*Cxaxb
- B*b"2)xd*x*tan(d*x + c) + 2#B*a”2 - (C*a~2 + 2xB*axb)*log(tan(d*x + c)~2
/(tan(d*x + c)~2 + 1))*tan(d*x + c))/(d*tan(d*x + c))

3.13.6 Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 158 vs. 2(66) = 132.

Time = 1.01 (sec) , antiderivative size = 158, normalized size of antiderivative = 2.19

/cot3(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan®(c + dz)) dz

(

NaN
z(a + btan (c))® (Btan (c¢) + Ctan? (c)) cot? (c)
~ I NaN
Ba2 Bablog (tan? (c+dwz)+1) 2Bablog (tan (c+dz)) Ca?log (tan® (c+dz)+1) Ca? log (tan
\_Bazx ~ Tan (o dz) — d + — + Bb’z — 2d + e

input \ integrate (cot (d*x+c) **3* (a+b*tan (d*x+c) ) **2* (B¥tan (d*x+c) +Cxtan (d*x+c) **2) \

L,x) J
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output  Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + bxtan(c))**2*(Bxtan(c) + C*t
an(c)**2)*cot (c)**3, Eq(d, 0)), (nan, Eq(c, -d*x)), (-Bxa*x2xx - Bxax*2/(d
xtan(c + d#x)) - Bxa*bxlog(tan(c + d*x)#*x2 + 1)/d + 2*Bxa*bxlog(tan(c + d*
x))/d + Bxb**2xx — Ckax*2xlog(tan(c + d*x)#**2 + 1)/(2%d) + Cka**2*log(tan(
c + d*x))/d + 2xCka*xb*x + Cxb**2*xlog(tan(c + d*x)**2 + 1)/(2%d), True))

3.13.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.29

/cot3(c + dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan’(c + dz)) dz =

2 (Ba? — 2 Cab — Bb?)(dz + c) + (Ca? + 2 Bab — Cb?) log (tan (dz + ¢)* + 1) — 2 (Ca? + 2 Bab) log (
2d

input integrate(cot (d*x+c) ~3*(at+bxtan(d*x+c)) ~2*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x,
algorithm="maxima")

output | -1/2* (2*x(B*xa~2 — 2*Cka*b - B*b~2)*(d*x + c) + (C*a"2 + 2*B*axb - Cxb~2)x*1lo
g(tan(d*x + c)~2 + 1) - 2%(Cxa"2 + 2*Bxa*b)*log(tan(d*x + c)) + 2*Bxa~2/ta
n(d*x + c))/d

3.13.8 Giac [A] (verification not implemented)

Time = 1.67 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.64

/cot3(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan*(c + dz)) dz =

2 (Ba? — 2 Cab — Bb?)(dz + ) + (Ca? + 2 Bab — Cb?) log (tan (dz + ¢)* + 1) — 2 (Ca? + 2 Bab) log (
2d

-

input  integrate(cot (d*x+c) ~3* (a+b*tan(d*x+c)) ~2* (B*tan (d*x+c)+C*tan(d*x+c) ~2),x,
algorithm="giac")

output | -1/2* (2% (B*a~2 - 2*Cxa*b - Bxb~2)*(d*x + c) + (C*a~2 + 2xB*xaxb - C*¥b~2)*1lo
g(tan(d*x + c)~2 + 1) - 2x(C*a"2 + 2xB*a*b)*log(abs(tan(d*x + c))) + 2%(C*
a~2xtan(d*x + c) + 2*Bxaxbxtan(d*x + c) + B*a~2)/tan(d*x + c))/d
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3.13.9 Mupad [B] (verification not implemented)

Time = 8.56 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.39

/cot3(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz
_In (tan(c+dz)) (Ca?+2Bba) In(tan(c+dz) —i) (-=C+ Bli) (~b+a 1i)?

d 2d
I (tan(c + dz) + 1i) (C + B1i) (b+ali)’ Ba®cot(c+dz)
2d d

input| int (cot (c + d*x)~3%(B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)72,%)

output| (log(tan(c + d*x))*(C*a~2 + 2*B*a*b))/d - (log(tan(c + d*x) - 1i)*(B*1i -
C)x(a*1i - b)~2)/(2xd) + (log(tan(c + dxx) + 1i)*(Bx1i + C)*(a*li + b)~2)/
(2xd) - (Bxa~2*cot(c + d*x))/d
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3.14 [ cot*(c+dz)(a+btan(ct+dz))? (B tan(c + dz) + C ta

3.14.1 Optimal result . . . . . . . . . . ... 172
3.14.2 Mathematica [C] (verified) . . . . . . . . .. ... Lo 172
3.14.3 Rubi [A] (verified) . . . . ... .. . ... 173l
3.14.4 Maple [A] (verified) . .. ... .. ... ... o 176
3.14.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ..
3.14.6 Sympy [B] (verification not implemented) . . . ... ... ... ... ... .. v
3.14.7 Maxima [A] (verification not implemented) . . .. ... ... ... ... .. 178
3.14.8 Giac [B] (verification not implemented) . . . .. ... ... ... ...... 178
3.14.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 179

3.14.1 Optimal result

Integrand size = 40, antiderivative size = 88

/cot4(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) dz

— ('C — a(2bB + aC)) 7 — a(2bB + aC) cot(c + dx)
d

_ d*Bceot’(c+dz)  (a’B — B — 2abC) log(sin(c + dx))

2d d

output | (Cxb~2-a* (24Brb+Cka)) *x-a* (2kBxb+Ca)*cot (dkx+c) /d-1/2%a~24Bkcot (dxx+c) “2/ |
Ld-(B*a”2-B*b‘2-2*C*a*b)*1n(sin(d*x+c))/d J

3.14.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.38 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.40

cot*(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®*(c + dz)) dz

_ —2a(2bB + aC) cot(c + dz) — a?B cot?(c + dz) + (a +ib)*(B + iC) log(i — tan(c + dz)) — 2(a?B — b*F
B 2d

;
input‘ Integrate[Cot[c + d*x] 4x(a + bxTan[c + d*x]) 2x(B*Tan[c + d*x] + CxTanl[c ‘
‘ + d*x]72),x] ‘

3.14.  [cot*(c+ dz)(a+ btan(c+ dz))? (B tan(c + dz) + C tan?*(c + dz)) dz
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output‘ (-2%a*x(2xb*B + a*xC)*Cot[c + dxx] - a~2%BxCot[c + d*x]~2 + (a + Ixb) 2x(B +
\ I*C)*Log[I - Tan[c + d*x]] - 2%(a"2+%B - b~2+B - 2xa*b*C)*Log[Tan[c + d*x]
‘] + (a - I*b)"2%(B - I*C)*Logl[I + Tan[c + d*x]])/(2%d)

3.14.3 Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 91, normalized size of antiderivative = 1.03, number

of steps used = 12, number of rules used = 12, Bumber of rules _ 350 Ryles used =
integrand size

{3042, 4115, 3042, 4087, 3042, 4111, 25, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dx
| 3042

dz

(a+btan(c+ dz))? (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dz)*

l 4115

/ cot3(c + dz)(a + btan(c + dz))2(B + Ctan(c + dz))de

| 3042
/ (a + btan(c + dx))?(B + C'tan(c + dz)) di

tan(c + dx)3

| 4087
/cotQ(c + dz) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
a’B cot?(c + dx)

2d
| 3042

tan(c + dz)? 2d
| a1

/ b?Ctan(c + dz)? — (Ba? — 2bCa — b?B) tan(c + dz) + a(2bB + aC)d a’B cot?(c + dx)
x —

/ — cot(c + dz) (Ba® — 2bCa — b°B — (b*C — a(2bB + aC)) tan(c + dz)) dz —

a’B cot?(c + dx) _ a(aC + 2bB) cot(c + dz)
2d d

3.14.  [cot*(c+ dz)(a+ btan(c+ dz))? (B tan(c + dz) + C tan?*(c + dz)) dz



CHAPTER 3. LISTING OF INTEGRALS 174

l 25

— / cot(c + dz) (Ba® — 2bCa — b°B + (Ca® + 2bBa — b*C) tan(c + dz)) dz —

a’B cot?(c + dx) _ a(aC + 2bB) cot(c + dz)
2d d

l 3042

/ Ba? — 2bCa — b¥?B + (Ca? + 2bBa — b2C) tan(c + dw)d a’B cot?(c + dx)
tan(c + dz) v 2d
a(aC + 2bB) cot(c + dzx)

d
J'4014

2 2
—(a®B - 2abC — b*B) /cot(c + dz)dz — z(a*C + 2abB — b*C) — a*Boot*(c+dz) _

2d
a(aC + 2bB) cot(c + dzx)
d

l 3042

2 2
—(a®B — 2abC — b*B) /—tan (c +dz + g) dz — z(a*C + 2abB — b°C)) — a”Beot™(c+dz) _

2d
a(aC + 2bB) cot(c + dz)
d

| 25
2 2
(a2B — 2abC — b2B) /tan (;(20 +7) + dac) dr — x(a2C + 2abB — bQC) _ @7 Bcot (c + dz) —

2d
a(aC + 2bB) cot(c + dx)
d

l 3956

2B — 2abC — b2B) log(— si d
~ (a abC ) log(— sin(c + dz)) — z(a®C + 2abB — b*C)

d
a(aC + 2bB) cot(c + dzx)
d

B a?B cot?(c + dx) B
2d

input| Int [Cot [c + d*x]~4*(a + b*Tan[c + d*x]) "2*(B*Tan[c + d*x] + C*Tan[c + d*x]
~2),x]

e N

output | -((2*a*xbxB + a~2*C - b~2*C)*x) - (a*x(2*b*B + a*C)*Cot[c + d*x])/d - (a~2*B
*Cot [c + d*x]~2)/(2*%d) - ((a”2*B - b~2#B - 2*a*b*C)*Log[-Sin[c + d*x]])/d
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3.14.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 3042

rule 3956

rule 4014

rule 4087

rule 4111

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[((c_.) + (d_.)*tanl(e_.) + (£_.)*x(x_)1)/((a_.) + (b_.)*tanl(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - axTan[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;

FreeQ[{a, b, c, d, e, f}, x] && NeQ[bxc - axd, 0] && NeQ[a"2 + b"2, 0] && N

eQ[axc + bxd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)]1)"2%((A_.) + (B_.)*tan[(e_.) + (£
_x(x_)D)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Simp[
(-(Bxc - Axd))*(b*c - a*xd) 2*((c + d*Tan[e + f*x])“(n + 1)/(f*d"2x(n + 1)*(
c"2 + d72))), x] + Simp[1/(d*(c”2 + d~2)) Int[(c + d*Tan[e + f*x])"(n + 1
)*#Simp [Bk(b*c - a*d)~2 + Axdx(a"2xc - b~2xc + 2*axbxd) + d*(Bx(a~2%c - b~2*
c + 2xaxbxd) + Ax(2*a*b*c - a”2*d + b~2xd))*Tan[e + f*x] + b 2*%Bx(c”2 + d~2
Y*Tan[e + f£*x]1°2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, A, B}, x] && NeQ[b
xc - a*d, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 472, 0] && LtQ[n, -1]

+

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.)
(f_)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[(A*b~2 -
a*xbxB + a~2*%C)*((a + bxTan[e + f*x])"(m + 1)/(bxfx(m + 1)*(a"2 + b~2))), x
] + Simp[1/(a”2 + b™2) Int[(a + b*Tan[e + f*x]) (m + 1)*Simp[b*B + a*(A -
C) - (Axb - a*B - bxC)*Tanl[e + fx*x], x], x], x] /; FreeQ[{a, b, e, £, A, B
, C}, x] && NeQ[A*b~2 - axb*B + a~2*C, 0] && LtQ[m, -1] && NeQ[a"2 + b2, O
]

3.14.  [cot*(c+ dz)(a+ btan(c+ dz))? (B tan(c + dz) + C tan?*(c + dz)) dz
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rule 4115 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (F_)*x)DD"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -

a*xbxB + a~2%C, 0]

3.14.4 Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.22

method result
2
B b? In(sin(dz+c))+C b2 (dz+c)+2Bab(— cot(dz+c)—dz—c)+2CabIn(sin(dz+c))+B a? (— % —In(sin(dz+c))
derivativedivides y
2
¢ B b? In(sin(dz+c))+C b2 (dz+c)+2Bab(— cot(dz+c)—dz—c)+2Cabln(sin(dz+c))+B a? (— % —In(sin(dz+c))
default =
lelrisch (Ba?—Bb?—2Cab) In (sec(dx—l—c)z) +(—2B a%+2B b2+4Cab) In(tan(dz+c))—B a? cot(dz+c)?+(—4Bab—2C a?) cot
parallelrisc o
2 2
(—2Bab—C a?+C b?)z tan(dz+c)®— 22 tan(do+e) _ a(2Bb+Ca) tan(de+tc) (B a?—Bb%2—2Cab) In(tan(dz+c))
norman 2d 4 - +
tan(dz+c)® d
. . . o . 2 . 2ia(2Bb e2i(dz+c) +C 2i(dzA
risch —iB b’z — 2Ble 4 2Bac _ 9Bapy — C o’z + C by — 4Cabe ia(2Bbe 2

d(e2i(d

input | int (cot (d*x+c) ~4* (a+b*tan (d*x+c) ) ~2* (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/d* (Bxb~2*1n(sin(d*x+c))+Cxb~2* (d*x+c) +2*B*a*b* (—cot (d*x+c) —d*x—c) +2*Cxax
b*1n(sin(d*x+c))+B*a~2%(-1/2%cot (d*x+c) "2-1n(sin(d*x+c)))+C*a~2% (—cot (d*xx+
c)-d*x-c))

3.14.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.39

/cot4(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan’(c + dz)) dz =

(Ba? — 2Cab — Bb?) log <%> tan (dz + ¢)® + Ba? + (Ba? + 2 (Ca? + 2 Bab — Cb?)dz) tan (
2dtan (dz + c)?

3.14.  [cot*(c+ dz)(a+ btan(c+ dz))? (B tan(c + dz) + C tan?*(c + dz)) dz
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integrate(cot (d*x+c) “4* (atb*tan(d*x+c)) ~2*(B*tan (d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="fricas")

-1/2%((B*a~2 - 2xC*a*b - B*b~2)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*t
an(d*x + c)~2 + B*a"2 + (B*a~2 + 2x(Cxa~2 + 2*Bxaxb - Cxb~2)*d*x)*tan(d*x
+ ¢c)”"2 + 2x(C*xa~2 + 2*Bxaxb)*tan(d*x + c))/(d*tan(d*x + c)~2)

3.14.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 206 vs. 2(78) = 156.

Time = 1.76 (sec) , antiderivative size = 206, normalized size of antiderivative = 2.34

/cot4(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

;

\

NaN

z(a + btan (c))* (Btan (c) + Ctan? (c)) cot? (c)

NaN

Ba?log (tan? (c+dx)+1)  Ba?log (tan (c+dz)) Ba? _ 9Baby — - 2Bab Bb? log (tan? (c+dz)+1) n Bb2

2d d " 2dtan? (c+dx) dtan (c+dz) 2d

integrate (cot (d*x+c) **4* (a+bxtan (d*x+c) ) **2* (Bxtan (d*x+c) +Cxtan (d*x+c) **2)

»X)

p

Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + b¥tan(c))**2x(Bxtan(c) + C*t
an(c)**2)*cot (c)**4, Eq(d, 0)), (nan, Eq(c, -d*x)), (Bxa**2xlog(tan(c + dx*
x)**x2 + 1)/(2+d) - B*ax*2xlog(tan(c + d*x))/d - Bxa*x2/(2*dxtan(c + d*x)**
2) - 2#B¥axbxx - 2#Bxaxb/(d*tan(c + d*x)) - Bxbx*2+log(tan(c + d*x)**2 + 1
)/(2%d) + Bxb**2xlog(tan(c + d*x))/d - Cka**2*x - Cxax*2/(d*tan(c + d*x))
- Cxaxbxlog(tan(c + d*x)**2 + 1)/d + 2*Cxaxbxlog(tan(c + d*x))/d + Ckb**2x
x, True))

3.14.
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3.14.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.36

/COt4(C + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®*(c + dz)) dz =

2(Ca? + 2 Bab — Cb*)(dz + ¢) — (Ba? — 2Cab — Bb?) log (tan (dz + ¢)* + 1) + 2 (Ba? — 2Cab — Bt
2d

input | integrate (cot (d*x+c) ~4* (a+b*tan (d*x+c) ) ~2* (B*tan (d*x+c)+C*xtan(d*x+c) ~2),x,
algorithm="maxima")

output | -1/2*% (2% (C*a~2 + 2*B*axb - Cxb~2)*(d*x + c) - (B*a"2 - 2*Cxaxb - Bxb~2)*lo
g(tan(d*x + c)72 + 1) + 2x(B*a™2 - 2+C*a*b - B*b~2)*log(tan(d*x + c)) + (B
*a"2 + 2x(C*a~2 + 2*B*axb)*tan(d*x + c))/tan(d*x + c)~2)/d

3.14.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 237 vs. 2(86) = 172.

Time = 0.87 (sec) , antiderivative size = 237, normalized size of antiderivative = 2.69

/COt4(C + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan*(c + dz)) dz =

Ba’tan (3 dz + %c)2 —4Ca’tan (3 dz + 3 c) — 8 Babtan (3 dz + 1 ¢) + 8 (Ca® + 2 Bab — Cb?)(dz A

input | integrate (cot (d*x+c) ~4* (a+b*tan(d*x+c) ) ~2* (B¥tan (d*x+c)+C*xtan(d*x+c) ~2),x,
algorithm="giac")

output | -1/8*%(Bxa~2*xtan(1/2xd*x + 1/2%c) "2 - 4*xCxa~2xtan(1/2xd*x + 1/2%c) - 8*Bxax
b*tan(1/2*d*x + 1/2%c) + 8*(C*a~2 + 2*Bkaxb — Ckb~2)*(d*x + c) - 8*(B*a"2
- 2xC*xa*xb - B*b~2)*log(tan(1/2*d*x + 1/2%c)"2 + 1) + 8*%(Bxa~2 - 2xCxaxb -
Bxb~2)*log(abs(tan(1/2xd*x + 1/2%c))) - (12xBxa~2*tan(1/2*d*x + 1/2%c)"2 -

24*C*axbxtan(1/2xd*xx + 1/2%c) "2 - 12%Bxb~2xtan(1/2*d*x + 1/2%c)"2 - 4xCxa
~2xtan(1/2xd*x + 1/2%c) - 8*Bxaxbxtan(1/2*d*x + 1/2%c) - B*a~2)/tan(1/2*dx*
x + 1/2%c)~2)/d
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3.14.9 Mupad [B] (verification not implemented)

Time = 8.70 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.44

/cot4(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

_ In(tan(c+dz)) (-Ba’+2Cab+ Bb?)
cot(c+ dz)’ <BT"2d+ tan(c+dz) (Ca®+2B ba))
In (tan(c + dz) + 1i) (BLi C1i) (b+ ali)’
In (tan(c + dz) — i) 2(]?5’ + C1i) (=b+ ali)’
2d

input | int (cot(c + d*x) “4*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)72,%)

output | (log(tan(c + d*x))*(B*b~2 - B*a~2 + 2*C*axb))/d - (cot(c + d*x)~2*((B*a~2)
/2 + tan(c + d*x)*(C*a~2 + 2#B*a*b)))/d - (log(tan(c + d*x) + 1i)*(B - C*1
i)*(ax1i + b)~2)/(2*d) - (log(tan(c + d*x) - 1i)*(B + Cx1i)*(ax1i - b)~2)/
(2+d)
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3.15 [ cot®(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.15.1 Optimal result . . . . . . ... ... .. 180
3.15.2 Mathematica [C] (verified) . . . . . . . . . ... L Lo oL 180
3.15.3 Rubi [A] (verified) . . . . . . ... .. 18T
3.15.4 Maple [A] (verified) . ... . .. . .. .. 184
3.15.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 185
3.15.6 Sympy [B] (verification not implemented) . . . ... ... ... ....... 1851
3.15.7 Maxima [A] (verification not implemented) . . ... ... ... ... ... ..
3.15.8 Giac [B] (verification not implemented) . . ... ... ... .. ....... 186
3.15.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 187

3.15.1 Optimal result

Integrand size = 40, antiderivative size = 118

/ cot’(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan®(c + dz)) dz

_ (4B — 1B — 2abC) z + (a®B — B — 2abC) cot(c + dx)  a(2bB + aC) cot?(c + dx)
d 2d
_ a’Bceot?(c + dx) N (b*C — a(2bB + aC)) log(sin(c + dz))

3d d

output \ (B*a~2-Bxb~2-2*C*ax*b) *x+ (B*a~2-B*b~2-2*Cxaxb) xcot (d*x+c) /d-1/2*a* (2xBxb+Cx*
\ a) *cot (d*x+c) ~2/d-1/3*a"2*B*cot (d*x+c) ~3/d+(Cxb~2-a* (2*B*b+C*a) ) *1n(sin (d* \
Lx+c))/d J

3.15.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.27 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.29

cot’(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan*(c + dz)) dz
6(a®B — b*B — 2abC) cot(c + dz) — 3a(2bB + aC') cot?(c + dz) — 2a*B cot®*(c + dz) + 3(a + ib)?(—iB -

;
input‘ Integrate[Cot[c + d*x]~5x(a + bxTan[c + d*x]) 2x(B*Tan[c + d*x] + CxTanl[c ‘
‘ + d*x]72),x] ‘
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output‘ (6*%(a"2+%B - b"2%B - 2%axb*C)*Cot[c + d*x] - 3*a*x(2*%b*B + a*C)*Cot[c + d*x] \
"2 - 2xa”2%BxCot[c + d*x]"3 + 3%(a + I*b) 2%((-I)*B + C)*Logl[I - Tan[c + d |
\*x]] - 6%(2xaxb*B + a~2+#C - b~2+C)*Log[Tan[c + d*x]] + 3*(a - Ixb) 2x(I*B \
'+ C)*Log[I + Tan[c + d*x11)/(6+d) |

3.15.3 Rubi [A] (verified)

Time = 0.93 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.03,

_ _ number of rules _
number of steps used = 14, number of rules used = 14, integrand size 0.350, Rules

used = {3042, 4115, 3042, 4087, 3042, 4111, 25, 3042, 4012, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot’(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))? (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dzx)®

l 4115

/ cot(c + dz)(a + btan(c + dz))2(B + Ctan(c + dz))de

| 3042
/ (a + btan(c + dx))?(B + C'tan(c + dz)) di

tan(c + dz)*

| 4087
/cot3(c + dz) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
a’B cot3(c + dx)

3d
| 3042

/ b?C'tan(c + dz)? — (Ba? — 2bCa — b?B) tan(c + dz) + a(2bB + aC’)d a’B cot®(c + dx)
tan(c + dz)3 v 3d

l 4111
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/ — cot?(c + dz) (Ba® — 2bCa — b*B — (b°C — a(2bB + aC)) tan(c + dz)) dz —

a’B cot®(c + dx) _a(aC +2bB) cot?(c + dx)
3d 2d

l25

— / cot?(c + dz) (Ba® — 2bCa — b*B + (Ca® + 2bBa — b°C) tan(c + dz)) dz —
a’B cot3(c + dx) _ a(aC +2bB) cot?(c + dx)

3d 2d
l 3042
/ Ba? —2bCa — b?B + (Ca® + 2bBa — b*C) tan(c + dx)d a’B cot?(c + dx)
tan(c + dzx)? v 3d
a(aC + 2bB) cot?(c + dx)
2d
l 4012

- / cot(c + dz) (Ca® + 2bBa — b°C — (Ba® — 2bCa — b°B) tan(c + dz)) dz +
(a*B — 2abC — b*B) cot(c +dz)  a’Beot®(c+dx)  a(aC + 2bB) cot?(c + da)

d 3d 2d

| 3042
/ Ca? + 2bBa — b?C — (Ba? — 2bCa — b?B) tan(c + dz)
— dzr +
tan(c + dzx)
(a*B — 2abC — b*B) cot(c +dz)  a’Beot®(c+dx)  a(aC + 2bB) cot?(c + da)

d 3d 2d

| 4014

2B — 2abC — B2B) cot(c + d
—(a2C + 2abB — b2C) / cot(c + dr)ds + LB 28 : Jeotletdz)

B a?B cot?(c + dx) _ a(aC +2bB) cot?(c + dz)

z(a’B — 2abC — v*B)

3d 2d
| 3042
2B —2abC — b*B) cot(c+ d
—(a20+2abB—b20)/—tan<c+dx+g)dx+(a a ’ ) cot(e +da)
2 3 2
2(aB — 2abC — B) — a Bcotgc(ic+dx) B a(aC+2bB2);ot (c+ dx)

| 25

(a*C + 2abB — b*C) /tan (;(2c + ) + dx) dzr + y

2 3 2
2(aB — 2abC — B) — a Bcotgc(lc+da:) B a(aC—|—2bB2)dcot (c+ dx)

(a®?B — 2abC — b*B) cot(c + dz) L
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l 3956

(a®?B — 2abC — b?B) cot(c + dz)  (a®C + 2abB — b*C) log(— sin(c + dz)) N
d
z(a’B — 2abC — b*B) —

d
a’B cot3(c + dx) _ a(aC +2bB) cot?(c + dz)
3d 2d

Int[Cot[c + d*x]~5*(a + b*Tan[c + d*x]) 2x(BxTan[c + d*x] + C*Tan[c + d*x]
~2),x]

(a”™2%B - b™2%B - 2xa*xb*C)*x + ((a"2%B - b~2%B - 2*a*xb*C)*Cot[c + d*x])/d -
(a*x(2*xb*xB + a*C)*Cot[c + d*x]~2)/(2xd) - (a~2*%B*Cot[c + d*x]~3)/(3xd) - (
(2xaxbxB + a~2%C - b~2%C)*Log[-Sin[c + d*x]]1)/d

3.15.3.1 Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 3956

rule 4012

rule 4014

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQl{c, d}, x]

Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(b*c - axd)*((a + bxTan[e + f*x])~"(m + 1)/
(f*(m + 1)*(@"2 + 72))), x] + Simp[1/(a”2 + b"2) Int[(a + bxTan[e + f*x]
)" (m + 1)#Simp[a*c + bxd - (bxc - a*d)*Tan[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*xc - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (£f_.
)*(x_)]), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b"2)), x] + Simp[(b*c - a
*d)/(a”2 + b°2) Int[(b - a*Tan[e + f*x])/(a + bxTan[e + f*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

3.15.  [cot’(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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CHAPTER 3. LISTING OF INTEGRALS

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"2*x((A_.) + (B_.)*tan[(e_.) + (£
_x(x)D)*((c_.) + (d_)xtan[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Simp[
(-(B*c - A*d))*(b*c - a*d)~2*x((c + d*Tan[e + f*x])~(n + 1)/(f*d"2x(n + 1)*(
c”2 +d72))), x] + Simp[1/(d*(c”2 + d72)) Int[(c + d*Tan[e + f*x])"(n + 1
)*Simp [Bk(b*xc - a*d)~2 + Axd*(a"2*c - b~2*%c + 2xa*bxd) + d*(B*(a"2*c - b™2x%
c + 2¥axbkxd) + A*x(2*axb*c - a"2*d + b"2xd))*Tan[e + f*x] + b"2*%Bx(c”2 + d"2
)Y*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] && NeQ[b
*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 42, 0] && LtQ[n, -1]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.)
(f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)1"2), x_Symbol] :> Simp[(A*b~2 -
a*b*B + a"2*%C)*((a + b*Tan[e + f*x])"(m + 1)/(bxfx(m + 1)*(a”2 + b72))), x
] + Simp[1/(a”2 + b2) Int[(a + bxTan[e + f*x])“(m + 1)*Simp[b*B + a*(A -
C) - (A*b - a*B - b*C)*Tan[e + f*x], x], x], x] /; FreeQ[{a, b, e, £, A, B
, C}, x] && NeQ[A*b~2 - a*b*B + a~2*C, 0] && LtQ[m, -1] && NeQ[a"2 + b2, 0
]

<+

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 1Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -
a*xbxB + a~2%C, 0]

3.15.4 Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.15

method result
2
B b?(— cot(dz+c)—dx—c)+C b? In(sin(dz+c))+2Bab (—M—ln(sin(dﬂc+c))) +2Cab(— cot(dz+c)—dz—c)+B
derivativedivides d
B b?(— cot(dz+c)—dz—c)+C b? In(sin(dz+c))+2Bab (— M —ln(sin(dx—i-c))) +2Cab(— cot(dz+c)—dx—c)+B ¢
default v
. 3(2Bab+C a?—Cb?) In (sec(dx+c)2) +6(—2Bab—C a2+C b?) In(tan(dz+c))—2B a? cot(dw+c)3+3(—2Bab—C a?) co
parallelrisch o
Ba?-Bb2-2Cab) tan(dz+c)3 2 2
norman ( a da ) tan(dz+c) +(B W2—B bQ—QCab)xtan(dw+c)4— Ba ta31:i(dw+c) _ a(2Bb+Ca;;an(d:D+c) B (2Bab+<
tan(dz+c)?
. . . . 2i(6iBab edi(dz+c) 4 3;C g2eti(dz+c) _gRB g2
risch Ba’z — Bb*z — 2Cabx + 48%< — iCb’z + iC a’z — i(6iBabe ez 2
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input | int (cot (d*x+c) ~5* (a+b*tan (d*x+c)) ~2* (Bxtan (d*x+c)+C*tan(d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output  1/d* (B*b~2*(-cot (d*x+c)-d*x-c)+C*b~2*1n(sin(d*x+c))+2*B*axb* (-1/2*cot (d*x+
c) "2-1n(sin(d*x+c)) ) +2*C*xa*xb* (-cot (d*x+c)-d*x-c) +B*a~2*(-1/3*cot (d*x+c) ~3+
cot (d*x+c)+d*x+c)+Cxa~2% (-1/2*cot (d*x+c) "2-1n(sin(d*x+c))))

3.15.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.33

/cot5(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan’(c + dz)) dz =

3(Ca? + 2 Bab — Cb?) log (M) tan (dz + ¢)* + 3 (Ca? + 2 Bab — 2 (Ba? — 2 Cab — Bb?)dz)-

_ tan(dz+c)?+1
6 dtan (dx +
input integrate(cot (d*x+c) 5% (at+bxtan(d*x+c)) ~2*(Bxtan(d*x+c)+Cxtan(d*x+c)~2),x,
algorithm="fricas")
output | -1/6%(3*(C*a~2 + 2*B*axb - C*b~2)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))
*tan(d*x + c)”3 + 3%(Cxa”2 + 2xBxaxb - 2%(B*a~2 - 2*C*a*b - B*b~2)*d*x)*ta
n(d*x + c)~3 + 2¥B*a"2 - 6x(B*a"2 - 2*C*a*b - B*b~2)*tan(d*x + c)~2 + 3%(C
*a~2 + 2%Bxa*b)*tan(d*x + c))/(d*tan(d*x + c)~3)
3.15.6 Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 252 vs. 2(107) = 214.
Time = 2.31 (sec) , antiderivative size = 252, normalized size of antiderivative = 2.14
/cot5(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz
(NaN
z(a + btan (c))? (Btan (¢) + C'tan? (c)) cot® (c)
~ ) NaN
9 Ba2 Ba? Bablog (tan? (c+dz)+1) 2Bablog (tan (c+dzx)) Bab 2 Bt
\Ba T+ dtan (Z+dac) - 3dtan3a(c+da:) d — = ;n S — dtan? ?c—i—dw) — Bb°r — dtan (c
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input | integrate (cot (d*x+c) **5* (a+bxtan (d*x+c)) **2x (Bxtan (d*x+c) +C*tan (d*x+c) *x*2)

,X)

output Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + b*tan(c))#**2*(Bxtan(c) + Cx*t
an(c)**2)*xcot(c)**5, Eq(d, 0)), (nan, Eq(c, -d*x)), (Bkax*2+x + Bkaxx2/(d*
tan(c + d*x)) - Bxax*2/(3xd*tan(c + d*x)**3) + Bkaxbk*log(tan(c + d*x)**2 +
1)/d - 2xB*axb*log(tan(c + d*x))/d - Bxa*b/(dxtan(c + d*x)**2) - B¥bx*2xx
- Bxb**2/(d*tan(c + d*x)) + Cka**2*xlog(tan(c + d*x)**2 + 1)/(2xd) - Cka*x
2xlog(tan(c + d*x))/d - Cxax*2/(2*d*tan(c + d*x)**2) - 2*Ckaxbxx - 2*Cxaxb
/(dxtan(c + d*x)) - Cxbx¥2xlog(tan(c + d*x)**2 + 1)/(2+d) + Cxbx*2xlog(tan
(c + d*x))/d, True))

3.15.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.26

/cots(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz

6 (Ba? — 2 Cab — Bb?)(dz + c) + 3 (Ca® + 2 Bab — Cb*) log (tan (dz + ¢)* + 1) — 6 (Ca? + 2 Bab — CV’
N 6d

input | integrate (cot (d*x+c) “5* (a+b*tan (d*x+c) ) ~2* (B¥tan (d*x+c)+Cxtan(d*x+c) ~2),x,
algorithm="maxima")

output | 1/6*(6*x(B*xa~2 — 2*xCxa*b — B*b~2)*(d*x + c) + 3*(C*a"2 + 2*Bxaxb - Cxb~2)x*1
og(tan(d*x + c)~2 + 1) - 6x(C*xa”2 + 2+Bxa*b - C*b~2)*log(tan(d*x + c)) - (
2xBxa~2 - 6x(B*a~2 - 2*Cxaxb - Bxb~2)*tan(d*x + c)~2 + 3*%(C*a"2 + 2%B*axb)
*tan(d*x + c))/tan(d*x + ¢)~3)/d

3.15.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(114) = 228.

Time = 0.91 (sec) , antiderivative size = 334, normalized size of antiderivative = 2.83

/cot5(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

Ba?tan (3 dz + %0)3 —3Ca’tan (3 dz + %0)2 — 6 Babtan (5 dz + %0)2 —15Bd’tan (3dz + 1c) + 24
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input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS 187

integrate(cot (d*x+c) “5* (atb*tan(d*x+c)) 2% (B*tan (d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="giac")

1/24*x (B*a~2*tan(1/2*d*x + 1/2*c)”~3 - 3*C*xa~2*tan(1/2*xd*x + 1/2%c)”2 - 6*B*
a*b*tan(1/2*xd*x + 1/2*%c)”2 - 15%B*a”2*tan(1/2xd*xx + 1/2%c) + 24*Cxaxbxtan(
1/2xd*x + 1/2%c) + 12*%Bxb~2xtan(1/2*d*x + 1/2%c) + 24x(B*xa~2 — 2*Cka*xb - B
*b~"2)x(d*x + c) + 24%(Cxa”2 + 2xB¥a*b - Cxb~2)*log(tan(1/2*d*x + 1/2%c)"2
+ 1) - 24x(Cxa”2 + 2#Bxaxb - C*b~2)*log(abs(tan(1/2xd*x + 1/2xc))) + (44xC
*a~2%tan(1/2%d*x + 1/2%c)~3 + 88*Bxaxb*tan(1/2%d*x + 1/2%c)~3 - 44*Cxb~ 2%t
an(1/2xd*x + 1/2xc)”3 + 16xB*a”2*xtan(1/2*d*x + 1/2%c)”2 - 24xCxa*b*tan(1/2
*d*x + 1/2%c)”2 - 12%Bxb~2xtan(1/2*d*x + 1/2%c) "2 - 3*Cxa~2xtan(1/2*d*x +
1/2%c) - 6*Bkxaxbxtan(1/2*d*x + 1/2*c) - B*a~2)/tan(1/2xd*x + 1/2xc)~3)/d

3.15.9 Mupad [B] (verification not implemented)

Time = 8.74 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.32

/cots(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan*(c + dz)) dz =

c%@+dxf(%?+¢mﬂo+¢m%—3a1+20ah+Bw)+mn@+dx)G%E+Bb®>

d
In (tan(c+dz)) (Ca?+2Bab— Cb?)

d
In (tan(c + dz) —i) (—C + B1i) (=b+ali)?
+ 2d
In (tan(c + dz) + 1i) (C + B1i) (b+ ali)®
2d

int(cot(c + d*x) 5*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)"2,x)

(log(tan(c + d*x) - 1i)*(Bx1i - C)*(ax1li - b)~2)/(2*xd) - (log(tan(c + d*x)
)*¥(C*a~2 - Cxb~2 + 2xB*a*b))/d - (cot(c + d*x)~3*((B*a~2)/3 + tan(c + d*x)
~2x(B¥b~2 - B*a~2 + 2*Cka*b) + tan(c + d*x)*((C*a~2)/2 + B*a*b)))/d - (log
(tan(c + d*xx) + 1i)*(Bx1i + C)*(ax1li + b)~2)/(2*d)

3.15.  [cot’(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.16 [ cot®(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta
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3.16.1 Optimal result

Integrand size = 40, antiderivative size = 151

/cot6(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz
200 —

— (2abB + a°C — 1°C) & - (b°C — a(2bB +;C’)) cot(c + dz)
N (a’B — b*B — 2abC) cot?(c +dz)  a(2bB + aC) cot®(c + dx)

2d 3d
a’Bcot*(c+dz)  (a?B — b?B — 2abC) log(sin(c + dz))
B 4d * d

output ‘ (2*Bxa*b+C*a”~2-C*b~2) *x— (Cxb~2-a* (2*Bxb+C*a) ) *xcot (d*x+c) /d+1/2* (B*a~2-B*b~ ‘
\2—2*C*a*b)*cot(d*x+c)”2/d—1/3*a*(2*B*b+c*a)*cot(d*x+c)“3/d-1/4*a‘2*B*cot(d
 *¥x+C) "4/d+ (B*a"2-B¥b"2-2%C*a*b) *1n(sin(d*x+c))/d |

3.16.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.15 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.19

/cotG(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C tan®*(c + dz)) dz
_ 12(2abB + a®C — b*C) cot(c + dz) + 6(a®*B — b>B — 2abC') cot?(c + dx) — 4a(2bB + aC) cot®(c + dx) -

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz



input

output

CHAPTER 3. LISTING OF INTEGRALS 189

Integrate[Cot[c + d*x]~6*(a + bxTan[c + d*x]) " 2x(B*Tan[c + d*x] + CxTanlc
+ d*x]72),x]

(12x (2*xaxb*B + a~2*C - b~2*C)*Cot[c + d*x] + 6*(a"2*%B - b~2%B - 2*xaxb*xC)*C
ot[c + d*x]~2 - 4xax(2*b*B + a*C)*Cot[c + d*x]~3 - 3*a”~2*B*Cot[c + d*x]~4
- 6%((a + I*b)"2%(B + I*C)*Log[I - Tan[c + d*x]] + (-2*%a”2*%B + 2*b~2*B + 4
*a*xbxC) *Log[Tan[c + d*x]] + (a - Ixb)~2*%(B - I*C)*Logl[I + Tan[c + d*x]1))/
(12%d)

3.16.3 Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.01,
number of steps used = 17, number of rules used = 17, nlllllfg%?gr?cfl I;ilzlgs = 0.425, Rules
used = {3042, 4115, 3042, 4087, 3042, 4111, 25, 3042, 4012, 3042, 4012, 25, 3042, 4014,

3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot®(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz

l 3042

dzr

(a+ btan(c+ dz))? (Btan(c + dz) + C tan(c + dz)?)
/ tan(c + dz)$

l 4115

/cot5(c + dz)(a + btan(c + dz))?(B + Ctan(c + dz))dz

| 3042
/ (a + btan(c + dz))?(B + C'tan(c + dz)) iz

tan(c + dzx)°®

l 4087
/ cot?(c + dz) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
a’B cot?(c + dx)

4d
| 3042

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz




CHAPTER 3. LISTING OF INTEGRALS 190

/ b?Ctan(c + dz)? — (Ba? — 2bCa — b?B) tan(c + dz) + a(2bB + aC)d a’B cot*(c + dx)
tan(c + dz)* v 4d

l 4111

/ — cot(c + dz) (Ba® — 2bCa — b°B — (b°C — a(2bB + aC)) tan(c + dz)) dz —

a’B cot*(c + dx) _ a(aC +2bB) cot3(c + dz)
4d 3d

| 25

— /cot3(c + dz) (Ba® — 2bCa — b*B + (Ca® + 2bBa — b°C) tan(c + dz)) dz —
a’B cot*(c + dx) _a(aC +2bB) cot3(c + dz)

4d 3d
| 302
_/ Ba? — 2bCa — b?B + (Ca? + 2bBa — b*C) tan(c + dz) o — a’Bcot*(c+dzx)
tan(c + dz)3 4d
a(aC + 2bB) cot3(c + dz)
3d
| 4012

- / cot?(c + dz) (Ca® + 2bBa — b*C — (Ba® — 2bCa — b*B) tan(c + dz)) dz +
(a®B — 2abC — *B) cot?(c+dz) a’Bcot*(c+dx)  a(aC + 2bB) cot®(c + dx)

2d 4d 3d

| 3042
Ca? + 2bBa — b?C — (Ba? — 2bCa — b?B) tan(c + dz)
— dx +
tan(c + dz)?
(a®B — 2abC — *B) cot?(c+dz) a’Bcot*(c+dx)  a(aC + 2bB) cot®(c + dx)

2d 4d 3d

| 4012

- / — cot(c + dz) (Ba® — 2bCa — b*B + (Ca® 4 2bBa — b*C) tan(c + dz)) dz +

(a®?B — 2abC — b?B) cot?(c + d) N (a®C + 2abB — b?C) cot(c + dz)  a?Bcot(c + dx)

2d d 4d
a(aC + 2bB) cot3(c + dx)

3d

l25

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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cot(c + dz) (Ba® — 2bCa — b*B + (Ca® + 2bBa — b*C) tan(c + dr)) dz +
(a?B — 2abC — b?B) cot?(c + dz) N (a?C + 2abB — b?C) cot(c+ dz)  a?B cot*(c + dx)

2d d 4d
a(aC + 2bB) cot3(c + dx)
3d
| 3042
/ Ba? — 2bCa — b?B + (Ca® + 2bBa — b*C) tan(c + dw)d N (a?B — 2abC — b?B) cot?(c + dz) N
tan(c + dx) v 2d
(a*C + 2abB — b°C) cot(c +dz)  a®Boeot*(c+dx)  a(aC + 2bB) cot®(c + dx)
d 4d 3d
| 4014
2B — 2abC — b2B) cot? d
(a®B — 2abC — b*B) /cot(c + dz)dz + (a ¢ 5d ) cot(c + da) +
(a®C + 2abB — b?C) cot(c + dz) + o(a2C + 2abB — BC) — a’Bcot*(c+dzx)
d 4d
a(aC + 2bB) cot3(c + dz)
3d
| 3042
2B — 2abC — b2B) cot? d
(aQB—QabC—sz)/—tan(c+dm+g)da:+(a ¢ 2d ) cot(e+ a:)+
(a2C + 2abB — b2C) cot(c + dz) + 5(a2C + 2abB — KC) — a’Bcot*(c+dzx)
d 4d
a(aC + 2bB) cot?(c + dz)
3d

| 25

2B — 2abC — b*B) cot?(c + d
—(a2B—2abC—bQB)/tan (;(2c+7r)+dx> dzx + (a a ) cot?(c + dz) n

2d
2C + 2abB — b2C) cot d 2 4
(a®C +2a . ) cot(c + dz) + o(a%C + 2abB — BC) — a Bcot4(§c—|—dz) B
a(aC + 2bB) cot3(c + dz)
3d
| 3956

(a?B — 2abC — b?B) cot?(c + dz) N (a?C + 2abB — b?C) cot(c + dz) N

2d d
2B — 2abC — b%B) log(—si d 2 4
(a a d) og(—sin(c + dx)) + 5(a%C + 2abB — ¥2C) — a Bcot4((ic+ dz)
a(aC + 2bB) cot3(c + dz)
3d

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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input| Int [Cot [c + d*x]~6%(a + b*Tan[c + d*x]) "2*(B*Tan[c + d*x] + CxTan[c + d*x]
~2),x]

output | (2*xa*xb*B + a~2*C - b~2*C)*x + ((2*a*xb*B + a~2*C - b~2*C)*Cot[c + d*x])/d +
((a"2*B - b"2*B - 2%a*b*C)*Cot[c + d*x]~2)/(2*d) - (a*(2*¥b*B + a*C)*Cotl[c
+ d*x]~3)/(3*d) - (a~2*BxCot[c + d*x]~4)/(4xd) + ((a"2*%B - b"2*xB - 2*xa*b*

C)*Log[-Sin[c + d*x]])/d

3.16.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, xI]

rule 4012 Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +
(f_.)*(x_)]), x_Symbol] :> Simp[(b*c - a*d)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + 1)*(@"2 + b°2))), x] + Simp[1/(a”2 + b"2) Int[(a + bxTan[e + f*x]
)~ (m + 1)*Simp[a*c + b*d - (b*c - a*d)*Tan[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*xc - a*d, 0] && NeQ[a"2 + b~2, 0] && LtQ[m, -1
]

N\

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b"2)), x] + Simp[(b*c - a
*d)/(a"2 + b"2) Int[(b - a*xTan[e + f*x])/(a + bxTan[e + f*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b2, 0] && N
eQ[a*c + bxd, 0]

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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rule 4087 | Int[((a_.) + (b_.)*tan[(e_.) + (£f_.)*(x_)1)"2%((A_.) + (B_.)*tan[(e_.) + (£
_Ox(x )1 *((e_.) + (d_.)*tan[(e_.) + (£_.)*(x_)]1)"(n_), x_Symbol] :> Simp[
(-(B*c - A*d))*(b*c - a*d)~2*x((c + d*Tan[e + f*x])~(n + 1)/(f*d"2x(n + 1)*(
c”2 +d72))), x] + Simp[1/(d*(c”2 + d72)) Int[(c + d*Tan[e + f*x])"(n + 1
)*Simp [Bk(b*xc - a*d)~2 + Axd*(a"2*c - b~2*%c + 2xa*bxd) + d*(B*(a"2*c - b™2x%
c + 2¥axbkxd) + A*x(2*axb*c - a"2*d + b"2xd))*Tan[e + f*x] + b"2*%Bx(c”2 + d"2
)Y*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] && NeQ[b
*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 42, 0] && LtQ[n, -1]

rule 4111 Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1) " (m_)*((A_.) + (B_.)*tan[(e_.)
(f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)1"2), x_Symbol] :> Simp[(A*b~2 -
a*b*B + a"2*%C)*((a + b*Tan[e + f*xx])~(m + 1)/(bxfx(m + 1)*(a”2 + b~2))),
] + Simp[1/(a”2 + b2) Int[(a + bxTan[e + f*x])~(m + 1)*Simp[b*B + a*(A
C) - (A*b - a*B - b*C)*Tan[e + f*x], x], x], x] /; FreeQ[{a, b, e, f, A,
, C}, x] && NeQ[A*b~2 - a*b*B + a~2+C, 0] && LtQ[m, -1] && NeQ[a"2 + b~2,
]

<+

o W I ™

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 1Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -

a*xbxB + a~2%C, 0]

N

3.16.4 Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.07

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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method result
2 3
Bb? (— w —ln(sin(dz—}-c))) +C b?(— cot(dz+c)—dz—c)+2Bab (— M—i—cot(dz—}-c)—i—dﬂc—}-c) +2Cab (— <
derivativedivides
2 3
Bb? (— M —ln(sin(dw+c))) +C b?(— cot(dz+c)—dz—c)+2Bab (— w+cot(dz+c)+dz+c> +2Cab (— <
default
lelrisch 6(—Ba%+Bb?+2Cab) In (sec(dx—l—c)z) +12(B a?—B b2—2Cab) In(tan(dz+c))—3B a? cot(dz+c)*+4(—2Bab—C a?) c
parallelrisc 5d
2Bab Ca2—O b2 an(dz+c 4 Ba2—B b2—2Cab tan(dx+c 3 2
( * ) tan(dzte) +(2Bab+C a?—Cb?)z tan(dz+c)®+ ( ) ¢ ) _Baltan(dete) (2
norman d = 2d 4d
tan(dz+c)
. . B b2 B a2 . . . 20iC.
risch iB bz + 2Bl _ 2Bac | 9Baby + C o’z — C b2z + 2iCabx + 4<% — B o’z +

input | int (cot (d*x+c) 6% (a+b*tan (d*x+c) ) ~2* (Bxtan (d*x+c) +C*tan (d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/d* (Bxb~2*(-1/2*cot (d*x+c) "2-1n(sin(d*x+c)))+Cxb~2* (—cot (d*x+c) —d*x—c) +2*
Bxaxb* (-1/3*cot (d*x+c) “3+cot (d*x+c) +d*x+c) +2*C*a*xb* (-1/2*cot (d*x+c) "2-1n(s
in(d*x+c)))+B*a~2%(-1/4*cot (d*x+c) ~4+1/2*cot (d*x+c) “2+1In(sin(d*x+c)))+C*a”
2% (-1/3*cot (d*x+c) ~3+cot (d*x+c) +d*x+c))

3.16.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.26

/cot6(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

6 (Ba? — 2Cab — BK?) log (%) tan (dz + ¢)* + 3 (3 Ba? — 4 Cab — 2 BY + 4 (Ca? + 2 Bab — C

input integrate(cot (d*x+c) “6*(a+bxtan(d*x+c)) ~2*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x,

algorithm="fricas")

output | 1/12x(6*(B*a~2 - 2*C*axb - B*b~2)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))
*tan(d*x + c)”~4 + 3*%(3*%B*a”2 - 4xCxaxb — 2*Bxb~2 + 4% (C*a”2 + 2xBxaxb — Cx*
b~2)*d*x) *tan(d*x + c)~4 + 12x(Cxa”2 + 2*B*a*b - Cxb~2)*tan(d*x + c)~3 - 3
*B*a~2 + 6%(B*a~2 - 2#Cxaxb - B*b~2)*tan(d*x + c)~2 - 4x(C*a”2 + 2xB*axb)=*
tan(d*x + c))/(d*tan(d*x + c)~4)

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz



CHAPTER 3. LISTING OF INTEGRALS 195

3.16.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 304 vs. 2(136) = 272.

Time = 4.12 (sec) , antiderivative size = 304, normalized size of antiderivative = 2.01

/cotG(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

(

NaN
z(a + btan (c))® (Btan (c¢) + C'tan? (c)) cot® (c)
~ ] NaN
Ba?log (tan? (c+dx)+1) | Ba2log (tan (c+dz)) Ba? Ba? 2Bab 2Bab
L 2d + . d + 2dtanZ (c+dz)  4dtan? (c+dx) + 2Babz + dtan (c+dz) ~ 3dtan® (c+da

input | integrate (cot (d*x+c) **6* (a+bxtan (d*x+c)) **2x (Bxtan (d*x+c) +C*tan (d*x+c) **2)

,X)

output  Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + bxtan(c))**2*(Bxtan(c) + C*t
an(c)**2)*cot(c)**6, Eq(d, 0)), (nan, Eq(c, -d*x)), (-Bxa*x2xlog(tan(c + d
*x)**x2 + 1)/(2+d) + B*ax*2xlog(tan(c + dx*x))/d + B*ax*2/(2+d*tan(c + d*x)=*
*2) - Bxa*x*2/(4xd*tan(c + d*x)**4) + 2%Bxakxbxx + 2%Bxa*b/(d*tan(c + d#*x))
- 2*¥B*a*b/(3*d*tan(c + d*x)**3) + Bxb**2*log(tan(c + d*x)**2 + 1)/(2*%d) -
Bkb**2xlog(tan(c + d*x))/d - B¥b**2/(2%d*tan(c + d*x)**2) + Cka**2*x + Cxa
*x2/(d*tan(c + d*x)) - C*a**2/(3*d*tan(c + d*x)**3) + Cxaxb*log(tan(c + d*
x)**x2 + 1)/d - 2xC*xaxbxlog(tan(c + d*x))/d - Cxaxb/(d*tan(c + d*x)**2) - C
*b**2%x - Cxb*x2/(d*tan(c + d*x)), True))

N\ J

3.16.7 Maxima [A] (verification not implemented)

Time = 0.63 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.16

/cotﬁ(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan’(c + dz)) dz

12 (Ca® + 2 Bab — Cb?)(dz + ¢) — 6 (Ba? — 2 Cab — Bb?) log (tan (dz + ¢)® + 1) + 12 (Ba? — 2Cab — I
12¢

.
input ‘ integrate(cot (d*x+c) "6 (at+b*tan (d*x+c)) ~2* (B*tan (d*x+c)+Cxtan (d*x+c) "2) ,x,

‘ algorithm="maxima") ‘

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output | 1/12*(12*x(C*a~2 + 2*B*a*b - Cxb~2)*(d*x + c) - 6*x(B*a~2 - 2*Cxa*b - B*b~2)
xlog(tan(d*x + c)72 + 1) + 12%(B*a”2 - 2xCxa*xb - B*b~2)*log(tan(d*x + c))

+ (12*%(C*a”2 + 2xBxaxb - Cxb~2)*tan(d*x + c)~3 - 3*Bxa~2 + 6x(B*a”~2 - 2*C*
a*b - Bx¥b"2)*tan(d*x + c)”2 - 4%(C*a~2 + 2xBxaxb)*tan(d*x + c))/tan(d*x +

c)”"4)/d

3.16.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 435 vs. 2(145) = 290.

Time = 0.98 (sec) , antiderivative size = 435, normalized size of antiderivative = 2.88

/cot6(c + dz)(a + btan(c + dz))? (B tan(c + dz) + Ctan’(c + dz)) dz =

&&an@dx+%@4—80fmm(§m+écf—lﬁ&mmn@dx+%Q3—36&fmn@dx+%@

input | integrate (cot (d*x+c) 6% (at+b*tan(d*x+c) ) ~2* (B¥tan(d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="giac")

output | -1/192% (3*B*a~2*tan(1/2*d*x + 1/2%c)~4 - 8*Cxa~2xtan(1/2*d*x + 1/2*c)~3 -
16xBxaxbxtan(1/2*d*x + 1/2%c)”~3 - 36*B*a”~2*tan(1/2*d*x + 1/2*c)”~2 + 48*Cx*a
*bxtan (1/2xd*x + 1/2%c) "2 + 24xBxb~2xtan(1/2*xd*x + 1/2%c)”2 + 120*C*xa”2*ta
n(1/2*xd*xx + 1/2%c) + 240*Bxaxbxtan(1/2*xd*x + 1/2%c) - 96*Cxb~2xtan(1/2*d*x
+ 1/2%c) - 192%(C*xa~2 + 2*Bkxaxb — C*b~2)*(d*x + c) + 192*(B*a”~2 - 2*C*axb
- Bxb~2)*log(tan(1/2xd*x + 1/2xc)"2 + 1) - 192*%(B*a~2 - 2xCka*b — Bxb~2)*
log(abs(tan(1/2*d*x + 1/2%c))) + (400%Bxa~2xtan(1/2*d*x + 1/2%c)~4 - 800*C
*xaxbxtan(1/2%d*x + 1/2%c)~4 - 400%Bxb~2xtan(1/2*d*x + 1/2%c)~4 - 120*C*a~2
*tan(1/2xd*x + 1/2%c)"3 - 240*B*axb*tan(1/2*d*x + 1/2%c)”3 + 96*C*b~2*tan(
1/2%d*x + 1/2*%c) "3 - 36#B*xa”2+tan(1/2*d*x + 1/2%c)~2 + 48*Ckaxbxtan(1/2*xd*
X + 1/2%c)"2 + 24xBxb~2xtan(1/2*d*x + 1/2%c)”2 + 8*Cxa~2*tan(1/2*d*x + 1/2
*c) + 16xBxaxbxtan(1/2*d*x + 1/2xc) + 3*B*a”2)/tan(1/2*d*x + 1/2*c)~4)/d

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz



input

output
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3.16.9 Mupad [B] (verification not implemented)

Time = 8.71 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.21

/COt6(C + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®*(c + dz)) dz =

cot(c+dz)* (Bf + tan(c + dz)’ (—37‘12 +Cab+ Bsz) —tan(c+dz)’ (Ca®?+2Bab— Cb?) +ta
d

In (tan(c+dz)) (—Ba*+2Cab+ Bb?)
d
In (tan(c 4+ dz) + 1i) (B — C'1i) (b+ a1i)®
+ 2d
In (tan(c + dz) —i) (B + C 1i) (=b+ ali)?
+ 2d

int(cot(c + d*x) " 6x(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)72,%)

(Qog(tan(c + d*x) + 1i)*(B - Cx1li)*(a*1li + b)~2)/(2*%d) - (log(tan(c + d*x)
)*(B*¥b"2 - B*a"2 + 2*C*ax*b))/d - (cot(c + d*x)~4*((B*a~2)/4 + tan(c + d*x)
~2x((B*¥b~2) /2 - (B*a~2)/2 + C*a*b) - tan(c + d*x) 3*(C*a”"2 — C*b~2 + 2*B*a
*b) + tan(c + d*x)*((C*a~2)/3 + (2xB*axb)/3)))/d + (log(tan(c + d*x) - 1i)
*(B + Cx1i)*x(ax1i - b)~2)/(2%d)

3.16. [ cot®(c+ dz)(a + btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.17 [(a+btan(c+dz))? (Btan(c + dz) + C tan®(c + dz))

3.17.1 Optimal result . . . . . . . . . .. 198]
3.17.2 Mathematica [C] (verified) . . . . . . . . ... .. L Lo 198
3.17.3 Rubi [A] (verified) . . . . . . ... .. 199
3.17.4 Maple [A] (verified) . . . . . . . . ... 201]
3.17.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 202
3.17.6 Sympy [B] (verification not implemented) . . .. .. ... ... ... ... .. 2031
3.17.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2031
3.17.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 204
3.17.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 205

3.17.1 Optimal result

Integrand size = 32, antiderivative size = 165

/(a + btan(c + dz))® (Btan(c + dz) + C tan’(c + dz)) dz
3R _9.12p _ 2.2 3
— _((3a%B — VB + &°C — 3at°C) ) — (a°B — 3ab°B — 3a bC’d—i- b°C) log(cos(c + dz))
b(a?B — b*B — 2abC) tan(c +dz) = (aB — bC)(a + btan(c + dx))?
- d - 2d
N B(a+btan(c+dz))®> C(a+ btan(c+ dz))*
3d 4bd

p

output\—(3*B*a‘2*b-B*b‘3+C*a‘3—3*C*a*b‘2)*x—(B*a‘S—B*B*a*b‘2—3*C*a‘2*b+C*b‘3)*1n(
\cos(d*x+c))/d+b*(B*a‘2—B*b‘2—2*C*a*b)*tan(d*x+c)/d+1/2*(B*a—C*b)*(a+b*tan(
‘d*x+c))‘2/d+1/3*B*(a+b*tan(d*x+c))‘3/d+1/4*C*(a+b*tan(d*x+c))‘4/b/d

3.17.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.76 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.27

/(a + btan(c + dz))® (Btan(c + dz) + C tan’(c + dz)) dz
_ —6i(a +b)*Blog(i — tan(c + dx)) + 6i(a — ib)*Blog(i + tan(c + dz)) — 12b*(—6a* + b*) Btan(c + dz)

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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input‘ Integrate[(a + b*Tan[c + d*x]) 3*(B*Tan[c + d*x] + C*Tan[c + d*x]~2),x]

output

((-6*%I)*(a + I*b)~4*BxLogl[I - Tan[c + d*x]] + (6*%I)*(a - I*b) 4*BxLog[I +

Tan[c + d*x]] - 12*%b"2x(-6*a”~2 + b~2)*B*Tan[c + d*x] + 24*a*b~3*B*Tan[c +

d*x] "2 + 4%b~4*BxTan[c + d*x]~3 + 3*C*(a + b*Tan[c + d*x])~4 - 6*%(a*B + b*
C)*((I*a - b)~3*Logl[I - Tan[c + d*x]] - (I*a + b)~3*Log[I + Tan[c + d*x]]

+ 6*a*b~2*Tan[c + d*x] + b~3*Tan[c + d*x]~2))/(12*b*d)

3.17.3 Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.312, Rules

used = {3042, 4113, 3042, 4011, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/(a + btan(c + dz))? (Btan(c + dz) + C'tan®(c + dz)) dz
| 3042

/(a + btan(c + dz))? (Btan(c + dz) + C'tan(c + dz)?) dz

| 4113
4
/(a + btan(c + dz))®(Btan(c + dz) — C)dz + Clat btzzc(lc +dz))
| 3042
4
/(a + btan(c + dz))*(Btan(c + dz) — C)dz + Clat btzgc(lc + dz))
| 4011
3
/ (a+btan(e + dx))*(~bB — aC + (aB — bC) tan(e + da))dz + DT “?f;(c L
C(a + btan(c + dz))*
4bd
| 3042
3
[ @+ btan(e+ da) (5B — aC + (@B —b0) tan(e + do))as + DO
C(a + btan(c + dx))*
4bd

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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l 4011

/(a + btan(c + dz)) (—Ca® — 2bBa + b°C + (Ba® — 2bCa — b*B) tan(c + dz)) dz +

(aB — bC)(a + btan(c + dx))? + B(a + btan(c + dz))3 + C(a + btan(c + dzx))*
2d 3d 4bd

l 3042

/(a + btan(c + dz)) (—Ca® — 2bBa + b°C + (Ba® — 2bCa — b°B) tan(c + dz)) dz +

(aB — bC)(a + btan(c + dzx))? + B(a + btan(c + dz))3 4 C(a+ btan(c+ dz))*
2d 3d 4bd

J'4008

b(a’B — 2abC — b’B) t d
(a3B — 3a%bC — 3ab’B + b3C) /tan(c + dz)dz + (a a _ ) tan(c + dz) _

z(a*C + 3a*bB — 3ab®C — b°B)

+ (aB — bC)(a + btan(c + dz))? " B(a + btan(c + dz))3 +

2d 3d
C(a+ btan(c + dz))*

4bd
J,3042

b(a’B — 2abC — b’B) t d
(a3B — 3a%bC — 3ab®’B + b3C) /tan(c + dz)dz + (a a _ ) tan(c + dz) _

+ (aB — bC)(a + btan(c + dz))? " B(a + btan(c + dz))3

z(a*C + 3a*bB — 3ab®C — b°B) 2

2d
C(a+ btan(c + dz))*
4bd
J,3956

b(a®?B — 2abC — b®B) tan(c+dz)  (a3B — 3a?bC — 3ab’B + b3C) log(cos(c + dz))

d d

4 (aB — bC)(a + btan(c + dz))? " B(a + btan(c + dz))3 +

z(a*C + 3a*bB — 3ab®C — b°B) 5d 2
C(a+ btan(c + dz))*

4bd

-

input LInt[(a + b*Tan[c + d*x]) " 3*(BxTan[c + d*x] + CxTan[c + d*x]~2),x]

output‘ -((3*a"2xb*B - b~3*%B + a”"3*C - 3*axb"2+#C)*x) - ((a"3*%B - 3*axb”™2+B - 3*a”~2
\*b*C + b~3%C)*Log[Cos[c + d*x]])/d + (b*x(a”2+%B - b~2%B - 2*axb*C)*Tan[c +
'd*x])/d + ((a*B - b¥C)*(a + b¥Tan[c + d*x])~2)/(2*d) + (B*(a + b¥Tan[c + d
#x])78)/(3+d) + (Cx(a + baTan[c + d*x1)"4)/(4*bxd)

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz



rule 3042

rule 3956

rule 4008

rule 4011

rule 4113
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3.17.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1) " (m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + b*Tan[e + f*x])"m/(f*m)), x] + Int
[(a + bxTan[e + f*x])~(m - 1)*Simp[a*c - b*d + (bxc + a*d)*Tan[e + f*x], x]
, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.)
+ (£_.)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[Cx((a +
bxTan[e + f*x])"(m + 1)/(b*f*x(m + 1))), x] + Int[(a + b*Tan[e + f*x]) m*Si
mp[A - C + BxTan[e + f*x], x], x] /; FreeQ[{a, b, e, £, A, B, C, m}, x] &&
NeQ[A*b~2 - axb*B + a~2xC, 0] && !'LeQ[m, -1]

3.17.4 Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.09

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz




input

output

input

output
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method result

norman (=3B a*bh+ Bb® — Ca®+3Cab?) x + (3Bab-Bb*+C “3d_30“ b?) tan(da+-c) el tazfidx+c)4 i
(Bb3+3Cab?) (M—tan(dac+c)+arctan(tan(dw+c))) (3Bab?+3C a?b) (tan<d°2”+c)2 — 1n(1+wn2(d$+°)2) }

parts y + _

derivativedivides cvd tan4(dac+c)4 LB tans(dm-kc)s +Cab? tan(da-c)’+ B¢ b2 ta2n(dz+c)2 43¢ a2bta2n(dm+c)2 _cw’ tan2(d<E+c)2 3B a2t

default o’ ta114(daﬁ+c)4 LB tans(dm+c)3 +Cab? tan(dztc)>+ 2BaY’ tazn(dz+6)2 43 a2bta2n(dm+0)2 _cv tan2(d9:+C)2 13Babt:
3C b3 tan(dz+c)*+4B b3 tan(dz+c)3+12Ca b2 tan(dz+c)® —36 B a2bdz+12B b3dz+18Ba b? tan(dz+c)2—12C a3dx+:

parallelrisch

risch —3iBab’z +iBa*z + iC b3z — %abzc —3Ba2bz + Bbz — Cadz + 3Ca bz — w

int ((atb*tan(d*x+c)) ~3* (Bxtan (d*x+c)+Cxtan(d*x+c) ~2) ,x,method=_RETURNVERBO

SE)

(-3*B*a”~2xb+B*b~3-C*a~3+3*C*a*xb~2) *x+(3*B*a”~2*b-B*b~3+C*a~3-3*C*xaxb~2) /d*t
an (d*x+c)+1/4*Cxb~3/d*tan (d*x+c) ~4+1/2xb* (3*Bxa*xb+3*C*xa~2-C*b~2) /d*tan (d*x
+c) "2+1/3%b” 2% (Bxb+3*C*a) /d*tan (d*x+c) “3+1/2* (B*xa~3-3*B*a*xb~2-3*C*a~2xb+C*
b~3)/d*1n(1+tan(d*x+c)~2)

3.17.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.08

/(a + btan(c + dz))°® (B tan(c + dz) + C tan’(c + dz)) dz

3Cb tan (dz + ¢)* + 4 (3 Cab? + Bb®) tan (dz + ¢)® — 12 (Ca® + 3 Ba?b — 3 Cab® — Bb¥)dz + 6 (3 Cab

integrate((atb*tan(d*x+c)) ~3*(Bxtan(d*x+c)+Cxtan(d*x+c)~2) ,x, algorithm="f
ricas")
1/12*%(3*C*+b~3*tan(d*x + c)~4 + 4*(3*%C*a*b”~2 + Bxb~3)*tan(d*x + c)~3 - 12x(

Cxa~3 + 3*Bxa~2%b - 3*Cxaxb~2 - Bxb~3)*d*x + 6x(3*C*a~2xb + 3*Bkaxb~2 - Cx*
b~3)*tan(d*x + c)”2 - 6%(Bxa~3 - 3%Cxa~2*b - 3xBxa*b~2 + Cxb~3)*log(1l/(tan
(d*x + c)~2 + 1)) + 12%(C*a~3 + 3*B*a~2%b - 3%Cxa*b~2 - B¥b~3)*tan(d*x + c

))/d

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz



input

output

input

output

CHAPTER 3. LISTING OF INTEGRALS

203

3.17.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 313 vs. 2(151) = 302.

Time = 0.17 (sec) , antiderivative size = 313, normalized size of antiderivative = 1.90

/(a + btan(c + dz))°® (B tan(c + dz) + C tan’(c + dz)) dz

z(a + btan (c))® (Btan (c) + Ctan? (c))

2d 2d

Ba?®log (tan? (c+dz)+1) 2 3Ba%btan (c+dz)  3Bab?log (tan? (c+dz)+1) |, 3Bab?tan? (c+dz) 3 Bb3 tar
— 3Ba“bx + S — + 4 Bb3y 4 B tar

integrate ((atbxtan(d*x+c))**3* (B¥tan(d*x+c) +Cxtan (d*x+c) **2) ,x)

\

Piecewise((Bxax*3xlog(tan(c + d*x)**2 + 1)/(2%d) - 3*Bxax*2xbxx + 3*Bxax*2
*b¥tan(c + d*x)/d - 3xBkxaxbx*2xlog(tan(c + d*x)**2 + 1)/(2+d) + 3*Bxaxb**2
xtan(c + d*x)**2/(2*d) + Bxb**3xx + Bkbx*3*tan(c + d*x)**3/(3*%d) - Bxbx*3x%
tan(c + d*x)/d - Ckax*3*x + Ckax*3xtan(c + d*x)/d - 3*Ckax*2xb*xlog(tan(c +
d*x)**x2 + 1)/(2+%d) + 3*Cxa**x2*bxtan(c + d*x)**2/(2*d) + 3*Ckaxb**2*x + Cx
axb**x2*tan(c + d*x)**3/d - 3*Cxaxb**2xtan(c + d*x)/d + C*b**3*xlog(tan(c +
d*x)**2 + 1)/(2*d) + Cxb**3xtan(c + d*x)**4/(4*d) - Cxb**3xtan(c + d*x)**2
/(2%d), Ne(d, 0)), (x*x(a + bxtan(c))**3*(Bxtan(c) + Cxtan(c)**2), True))

3.17.7 Maxima [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 179, normalized size of antiderivative = 1.08

/(a + btan(c + dz))® (Btan(c + dz) + C'tan’(c + dz)) dz

_ 3Cb*tan (dz + ¢)* + 4(3Cab? + Bb?) tan (dz + ¢)* + 6 (3 Ca®b + 3 Bab® — Cb?) tan (dzx + ¢)* — 12(Ca

integrate((atb*tan(d*x+c)) ~3*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x, algorithm="m
axima")

1/12% (3*C*b~3*tan(d*x + c)~4 + 4x(3*Cxaxb”2 + B*b~3)*tan(d*x + c)~3 + 6*(3
*Cxa”~2%b + 3*Bxa*b”2 - C*b~3)*tan(d*x + c)”2 - 12%(Cxa”~3 + 3*B*a~2xb - 3*C
*a*xb~2 - Bxb"3)*(d*x + c) + 6*%(B*a"3 - 3*C*a~2*b - 3*Bxa*b~2 + Cxb~3)x*log(

tan(d*x + c)”2 + 1) + 12%x(C*a”3 + 3*B*a~2%b - 3*Cxa*b~2 - B*b~3)*tan(d*x +
c))/d

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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3.17.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2670 vs. 2(159) = 318.

Time = 2.37 (sec) , antiderivative size = 2670, normalized size of antiderivative = 16.18

/(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz = Too large to display

input  integrate((a+b*tan(d*x+c)) 3% (Bxtan(d*x+c)+C*xtan(d*x+c)~2),x, algorithm="g
iac")

output | -1/12* (12xC*a~3*d*x*tan (d*x) “4*tan(c) "4 + 36*B*a~2*b*d*x*tan(d*x) 4*tan(c)
~4 - 36%C*xaxb”2xd*x*tan(d*x) “4*xtan(c) "4 - 12*B*b~3*d*x*tan(d*x) “4*tan(c) 4
+ 6*Bxa”3xlog(4+*(tan(d*x) "2*tan(c) "2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x)~2
*tan(c) "2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d*x) “4xtan(c) 4 - 18*C*a”2*bx1
og(4*(tan(d*x) “2*tan(c) "2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) “2*tan(c)”2 +
tan(d*x) "2 + tan(c)~2 + 1))*tan(d*x) “4*tan(c) 4 - 18*B*axb~2*log(4*(tan(d*
x)"2xtan(c) "2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) " 2+tan(c)”2 + tan(d*x)"2 +
tan(c)~2 + 1))*tan(d*x) “4*xtan(c) 4 + 6*Cxb~3*log(4*(tan(d*x) 2*tan(c)”2 -
2xtan (d*x)*tan(c) + 1)/(tan(d*x) 2*tan(c)~2 + tan(d*x)"2 + tan(c)~2 + 1))
*xtan (d*x) "4*tan(c) "4 - 48*C*a”3*d*x*tan(d*x) “3*tan(c) "3 - 144*Bxa”~2xbxd*x*
tan(d*x) "3*tan(c) "3 + 144*Cxa*xb~2*d*x*tan(d*x) “3*tan(c) 3 + 48*Bxb~3xd*x*t
an(d*x) "3*tan(c) "3 - 18*C*a~2+bxtan(d*x) “4*tan(c) 4 - 18*Bxaxb~2xtan(d*x)"
4xtan(c) "4 + 9*Cxb~3xtan(d*x) “4xtan(c) "4 - 24#Bxa~3*log(4*(tan(d+*x) ~2*tan(
c)"2 - 2xtan(d*x)*tan(c) + 1)/(tan(d*x) " 2*tan(c)”2 + tan(d*x)~2 + tan(c)~2
+ 1))*tan(d*x) ~3*tan(c) "3 + 72*C*a~2*b*log(4*(tan(d*x) 2*tan(c)~2 - 2*tan
(d*x)*tan(c) + 1)/(tan(d*x) ~2*tan(c)”~2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d
*x) "3*tan(c) "3 + 72*B¥axb~2*xlog(4x*(tan(d*x) "2xtan(c)”~2 - 2*tan(d*x)*tan(c)
+ 1)/ (tan(d*x) "2*tan(c) "2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d*x) 3*tan(c)
~3 - 24*C*b~3xlog(4*(tan(d*x) ~2*tan(c)~2 - 2*tan(d*x)*tan(c) + 1)/(tan(d*x
)"2xtan(c)”2 + tan(d*x)~2 + tan(c)~2 + 1))*tan(d*x) 3*tan(c)~3 + 12*Cx*a...

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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3.17.9 Mupad [B] (verification not implemented)

Time = 8.54 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.10

/(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

tan(c+dx)2 <c_b3 _ 3ab(Bb+Ca)>

=z (~Cd®—3Ba’b+3Cab’+ BV — 2d ’
_tan(c+dz) (-Cd® —3Bda’b+3Cab? + Bb)
d

In (tan(0+d$)2 +1) (BT“3 - 302“2b - 3Bzab2 + ch3>

+
d

tan(c +da)” <BTb3 + Cab2> Cb tan(c+ dz)*

" d L

input Lint((B*tan(c + d*x) + Cxtan(c + d*x)"2)*(a + b*tan(c + d*x))~3,x)

~—

output | x*(B*b~3 - C*a~3 - 3*B*a~2*b + 3*Cxa*xb~2) - (tan(c + d*x) " 2*x((C*b~3)/2 - (
3kaxbx(Bxb + C*a))/2))/d - (tan(c + d*x)*(Bxb~3 - Cxa~3 - 3%Bxa~2%b + 3%Cx
a*b~2))/d + (log(tan(c + d*x)~2 + 1)*((B*a~3)/2 + (C*b~3)/2 - (3*%B*a*b~2)/
2 - (3%C*a~2%b)/2))/d + (tan(c + d*x)~3*x((B¥b~3)/3 + C*xa*b~2))/d + (Cxb~3x
tan(c + d*x)~4)/(4%d)

3.17.  [(a+btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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3.18 [ cot(ct+dz)(a+btan(c+dz))? (B tan(c + dz) + C tar

3.18.1 Optimal result . . . . . . .. . ... . 206
3.18.2 Mathematica [C] (verified) . . . . . . . . ... . Lo o
3.18.3 Rubi [A] (verified) . . . . . . ... .. 207
3.18.4 Maple [A] (verified) . . . ... ... . ... 210
3.18.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 210
3.18.6 Sympy [A] (verification not implemented) . . . . ... ... ... ... ... . 21711
3.18.7 Maxima [A] (verification not implemented) . . ... .. ... ... ... ... 21711
3.18.8 Giac [A] (verification not implemented) . . . . ... ... ... ....... 212
3.18.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 212

3.18.1 Optimal result

Integrand size = 38, antiderivative size = 140

/cot(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

(3a?bB — b®B + a*C — 3ab?C) log(cos(c + dx))
d

= (a3B — 3ab’B — 3a%bC + b30) T —

N b(2abB + a*C — b*C) tan(c + dx)
d
(bB + aC)(a + btan(c+dz))*> C(a+ btan(c+ dz))?
* 2d * 3d

|08 (d*x+c)) /d+bk (2xB*axb+C*a~2-C¥b~2) xtan (d*x+c) /d+1/2% (Bxb+Cxa) * (a+b¥tan(d
‘*x+c))“2/d+1/3*C*(a+b*tan(d*x+c))‘3/d

N

e R
output \ (B*a~3-3*B*a*b~2-3*C*a~2*b+Cxb~3) *x- (3*B*a~2*b-B*b~3+C*a~3-3*Cxa*xb~2) *1n(c \

3.18.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.13 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.93

cot(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan’(c + dz)) dz

3(a +ib)*(—iB + C) log(i — tan(c + dx)) + 3(a — ib)3(iB + C) log(i + tan(c + dz)) + 6b(3abB + 3a*C
6d

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz



input

output
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Integrate[Cot[c + d*x]*(a + b*Tan[c + d*x]) 3*(B*Tan[c + d*x] + CxTan[c +
d*x]~2),x]

(3%(a + I*b)~3*((-I)*B + C)*Logl[I - Tan[c + d*x]] + 3*(a - I*b)~3*%(I*B + C
)*Log[I + Tan[c + d*x]] + 6%b*(3*axb*B + 3*a~2*xC - b~2xC)*Tan[c + d*x] + 3
*b~2%(b*B + 3*axC)*Tan[c + d*x]~2 + 2*b~3*C*Tan[c + d*x]~3)/(6%d)

3.18.3 Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.263, Rules

used = {3042, 4115, 3042, 4011, 3042, 4011, 3042, 4008, 3042, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) dz

| 3042
(a+btan(c+ dz))® (Btan(c + dz) + Ctan(c + dz)?) p
/ tan(c + dz) v
| 4115
/(a + btan(c + dz))3(B + Ctan(c + dz))dz
| 3042
/ (a+ btan(c+ dz))*(B + C tan(c + do))dz
| 4011
/(a + btan(c + dx))%(aB — bC + (bB + aC) tan(c + dx))dz + Clat bta;;(c +da))”
| 3042
/(a + btan(c + dz))%(aB — bC + (bB + aC) tan(c + dz))dzx + Clat btz;r;(c +dz))?

J'4011

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz
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/(a + btan(c + dz)) (Ba®? — 2bCa — b°B + (Ca® + 2bBa — b*C) tan(c + dz)) dz +

(aC +bB)(a +btan(c+dx))?> C(a+ btan(c+ dzx))3
2d * 3d

l 3042

/ (a + btan(c + dz)) (Ba® — 2bCa — b*B + (Ca® + 2bBa — b°C) tan(c + dz)) dz +
(aC + bB)(a + btan(c + dz))? + C(a+ btan(c + dz))3

2d 3d
l 4008
b(a2C + 2abB — b2C) t d
(a*C + 3a*bB — 3ab®C — b°B) / tan(c + dz)dz + (*C + 20 _ ) tan(c + dz) N
2 d 3
2(a®B — 3a%C — 3a0*B + p°C) 4 (@O FoB)(a +btan(c+ dv))” | Cla + btan(c + du))
2d 3d
l 3042
b(a2C + 2abB — b2C) t d
(a*C + 3a*bB — 3ab®C — b°B) / tan(c + dz)dz + (*C + 20 _ ) tan(c + dz) N
2 d 3
:v(a3B _ 3a%bC — 3ab2B + b3C') n (aC 4+ bB)(a + btan(c + dx)) + C(a + btan(c + dzx))
2d 3d
l 3956

b(a®C + 2abB — b*C) tan(c +dz)  (a®C + 3a*bB — 3ab?C — b>B) log(cos(c + dzx)) N
d
z(a®B — 3a°bC — 3ab’B + b°C) +

d
(aC +bB)(a +btan(c +dz))? C(a+ btan(c + dzx))3
2d * 3d

input | Int[Cot [c + d*x]*(a + b*Tan[c + d*x]) ~3*x(B*Tan[c + d*x] + CxTan[c + d*x]~2
),x]

output | (a~3*%B - 3*axb~2*B - 3*a"2%b*C + b~3*C)*x — ((3*a"2%b*B - b~3*%B + a~3*C -
3*axb~2+C) *Log[Cos[c + d*x]])/d + (bx(2*a*b*B + a~2*C - b~2*C)*Tan[c + d*x
1)/d + ((b*B + a*C)*(a + b*Tan[c + d*x])~2)/(2*d) + (Cx(a + b*Tan[c + d*x]
)~3)/(3%d)

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz



rule 3042

rule 3956

rule 4008

rule 4011

rule 4115
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3.18.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x11/d, x] /; FreeQl{c, d}, x]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)
*(x_)]), x_Symbol] :> Simp[(a*c - b*d)*x, x] + (Simp[b*d*(Tan[e + f*x]/f),
x] + Simp[(b*c + a*d) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, c, d, e,
£}, x] && NeQ[b*c - a*d, 0] && NeQ[b*c + axd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1) " (m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]1), x_Symbol] :> Simp[d*((a + b*Tan[e + f*x])"m/(f*m)), x] + Int
[(a + bxTan[e + f*x])~(m - 1)*Simp[a*c - b*d + (bxc + a*d)*Tan[e + f*x], x]
, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2,
0] && GtQ[m, O]

Int[((a_.) + (b_.)*tanl[(e_.) + (£_)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*&x)D"(_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b~"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, f, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -
a*xbxB + a~2%C, 0]

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz
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3.18.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.99

method result
. 3(3Ba?b—Bb*+C a®—3Cab?) In (sec(dx-l—c)2) +2C b3 tan(dz+c)3+3 (Bb%+3Ca b?) tan(dz+c)2+6 (3Bab2+3C a?b-
parallelrisch o
b(3Bab+3C a2—C b2) tan(dz+c Cb3tan(dz+c)® | b2(Bb+!
norman (Ba® —3Bab?> —3Ca*h+Cb)z+ ( . Jtan(date) ag((i ote) | F(Bbt
3 3 3 2 2 2 3B a2b-
. . .. ob tana,(d£+c) +B% tanQ(dm"'c) 43Cab ta;(dz+c> +3Ba b? tan(dz+c)+3C a?btan(dz+c)—C b tan(dz+c)+ ( :
derivativedivides S
3 3 3 2 2 2 3B a2b-
cb tana(dﬁ"'c) +Bb tanQ(dm"'c) + 3Cab ta;(dw+c> +3Ba b? tan(dz+c)+3C a?btan(dz+c)—C b tan(dz+c)+ ( ¢
default <
. B3 iC a3 . . 2ib(—3iB b%e*
risch .Bﬁx—3Ba¥x—30a%x+05ﬁ—2%%3+%%i—wB§x+u?&x+—i————

input | int (cot (d*x+c) * (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c) +Cxtan (d*x+c) ~2) ,x,method=_
RETURNVERBOSE)

output | 1/6#* (3% (3*xB*xa~2*%b-Bxb~3+C*a~3-3*C*a*b~2) *1n (sec (d*x+c) ~2) +2*Cxb~3*tan (d*x+
c) "3+3* (Bxb~3+3*Cxa*xb~2) *tan (d*x+c) ~2+6* (3*%B*a*b~2+3*C*a~2*b-Cxb~3) *tan (dx*
x+c) +6*d*x* (Bxa~3-3*B*axb~2-3*C*xa~2xb+C*b~3) ) /d

3.18.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.01

/cot(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

2 Cb® tan (dz + ¢)® + 6 (Ba® — 3 Ca?b — 3 Bab?® + Cb?)dz + 3 (3 Cab? + Bb®) tan (dz + ¢)* — 3 (Ca® + 3
N 6d

input | integrate (cot (d*x+c)* (a+b*tan (d*x+c)) ~3*(B*tan (d*x+c)+Cxtan(d*x+c)~2),x, a
lgorithm="fricas")

output | 1/6%(2*xCxb~3*xtan(d*x + ¢c)~3 + 6x(B*a~3 - 3*%C*a”~2%b — 3*B*axb~2 + C*b~3)x*dx*
x + 3*%(3*%C*a*b”2 + Bxb~3)*tan(d*x + c)~2 - 3*%(C*a~3 + 3*Bxa~2*b - 3*Cxa*b”
2 - B*b~3)*log(1/(tan(d*x + c)~2 + 1)) + 6x(3*Cxa~2%b + 3*B*a*b~2 - C*b~3)
*tan(d*x + c))/d

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz



input

output

input

output
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3.18.6 Sympy [A] (verification not implemented)

Time = 0.77 (sec) , antiderivative size = 248, normalized size of antiderivative = 1.77

/Cot(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c + dz)) d

3Ba?blog (tan? (c+dz)+1 3Bab? tan (c+dz Bb3 log (tan? (c+dz)+1 Bb3 tan? (c+dzx Ca?log (1
_ Ba3flf+ (2d ( ) ) _3Bab2x+ d( ) _ ( 2d( ) ) + 2d( )_|_ (

| 2(a + btan ())* (B tan (¢) + C tan? (¢)) cot ()

-

Lintegrate(cot(d*x+c)*(a+b*tan(d*x+c))**3*(B*tan(d*x+c)+C*tan(d*x+c)**2),X) J

Piecewise ((B*ax*3*x + 3*Bxax*2xbxlog(tan(c + d*x)*x2 + 1)/(2%d) - 3*Bxaxbx
*2%x + 3*Bxa*b**2*tan(c + d*x)/d - Bxb*x3xlog(tan(c + d*x)**2 + 1)/(2*d) +
B#b*x3*tan(c + d*x)**2/(2xd) + Cxa*x3*log(tan(c + d*x)**2 + 1)/(2*d) - 3%
Cka**2*¥b*x + 3*Cka*xx2¥bkxtan(c + d*x)/d - 3*Cxaxb*x2xlog(tan(c + d*x)**2 +

1)/(2%d) + 3*Ckaxb**2+tan(c + d*x)**2/(2xd) + C*b**3xx + Cxbx*3*tan(c + dx*
x)**3/(3%d) - Cxb**3*xtan(c + d*x)/d, Ne(d, 0)), (x*(a + bxtan(c))**x3*(B*ta
n(c) + Cxtan(c)**2)*cot(c), True))

3.18.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.02

/cot(c + dz)(a + btan(c + dz))® (Btan(c + dzr) + C'tan®(c + dz)) dz

_ 20V tan (dx + )’ +3(3Cab® + Bb?) tan (dz + ¢)* + 6 (Ba® — 3 Ca?b — 3 Bab® + Cb?)(dz + ¢) + 3 (Ca
B 6d

integrate(cot (d*x+c)* (atb*tan(d*x+c)) ~3* (B*tan(d*x+c)+C*tan(d*x+c)~2) ,x, a
lgorithm="maxima")

1/6% (2*xCxb~3*tan(d*x + c)~3 + 3*(3*C*a*xb~2 + B*b~3)*tan(d*x + c)~2 + 6x(B*
a3 - 3*%C*xa~2xb - 3*Bxa*b~™2 + C*b~3)*(d*x + c) + 3*(C*a"3 + 3*B*a~2%b - 3%
Cxaxb~2 - Bxb~3)*log(tan(d*x + c)~2 + 1) + 6%(3*Cxa~2%b + 3*B*axb~2 - Cxb~
3)*tan(d*x + c))/d

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz
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3.18.8 Giac [A] (verification not implemented)

Time = 1.53 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.13

/cot(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c + dz)) d
_ 2Cb’tan (dz + )’ + 9 Cab? tan (dz + ¢)* + 3 Bb? tan (dz + ¢)* + 18 Ca?btan (dz + c) + 18 Bab? tan (da

input | integrate (cot (d*x+c)* (a+b*tan(d*x+c)) ~3*(B*tan(d*x+c) +Cxtan(d*x+c)~2),x, a

lgorithm="giac")

output | 1/6*(2+Cxb~3*tan(d*x + c) 3 + 9*Cxa*xb~2+tan(d*x + c)~2 + 3*Bxb~3*tan(d*x +

c)"2 + 18*C*xa”~2*b*tan(d*x + c) + 18*Bxaxb”2*tan(d*x + c) - 6*Cxb~3xtan(dx*
X + c) + 6%(B*a”3 - 3*Cxa"2*b — 3*B*a*b~2 + Cxb~3)*(d*x + c) + 3*%(C*a"3 +
3*B*a~2*%b - 3*C*a*b~2 - B*b~3)*log(tan(d*x + c)~2 + 1))/d

3.18.9 Mupad [B] (verification not implemented)

Time = 8.72 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.01

/cot(c—l— dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan’(c + dz)) dz
=z (Ba®*-3Cd’b—3Bab’+ CPH®)
In (tan(c +dz)* + 1) (_CTW"’ — 3Ba’b | 3Cab® | BTb3>

d
tan(c+dx)2 (BTb?’ + 3C2ab2>
M d
tan(c+dx) (Cb3—3a,b(Bb+Ca)) Cb3tan(c+dx)3
) d * 3d

e N

input| int (cot(c + d*x)*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + b*tan(c + d*x))~
3,%)

output | x*(B*a~3 + Cxb~3 - 3%B*a*b~2 - 3*C*a~2*b) - (log(tan(c + d*x)~2 + 1)*((B*b
~3)/2 - (C*a~3)/2 - (3*Bxa~2xb)/2 + (3*Cxaxb~2)/2))/d + (tan(c + d*x) 2% ((
B*b~3)/2 + (3*C*axb~2)/2))/d - (tan(c + d*x)*(C*b~3 - 3*axb*(B*b + Cxa)))/
d + (Cxb~3*tan(c + d*x)~3)/(3*d)

3.18.  [cot(c+ dz)(a+ btan(c + dx))? (Btan(c + dz) + Ctan*(c + dz)) dz
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3.19 [ cot?*(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.19.1 Optimal result . . . . .. .. . ... 213]
3.19.2 Mathematica [C] (verified) . . . . . . . ... ... Lo oo 213
3.19.3 Rubi [A] (verified) . . . . . . ... .. 214
3.19.4 Maple [A] (verified) . . . . ... . . ... 217
3.19.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 218
3.19.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 218
3.19.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 27191
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3.19.1 Optimal result

Integrand size = 40, antiderivative size = 117

/cotz(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®(c + dz)) dz

20 _ 12
= (3a®»B — b’B + a*C — 3ab’C) z — b(3abB + 3a”C de) log(cos(c + dz))

a®Blog(sin(c + dz))  b*(bB + 2aC)tan(c+dzx) bC(a + btan(c+ dx))?
- d * d * 2d

Output‘(3*B*a‘2*b-B*b“3+C*a“3—3*C*a*b‘2)*x—b*(3*B*a*b+3*C*a‘2-C*b‘2)*ln(cos(d*x+c
1)) /d+a~3*Bx1n(sin(d*x+c))/d+b~2% (B¥b+2%C*a) xtan (d*x+c) /d+1/2¥b*Cx (a+bxtan (
‘d*x+c))‘2/d ‘

3.19.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.97

cot’(c + dz)(a + btan(c + dz))* (B tan(c + dz) + C'tan®(c + dz)) dz

(a +ib)3(B + iC) log(i — tan(c + dz)) + 2a®Blog(tan(c + dx)) — (a — ib)*(B — iC) log(: + tan(c + d:
2d

;
input‘ Integrate[Cot[c + d*x]~2x(a + bxTan[c + d*x]) 3*(B*Tan[c + d*x] + CxTanl[c ‘
+ axx]"2) ] |

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output‘ (-((a + I*b)~3*x(B + I*C)*Log[I - Tan[c + d*x]]) + 2*a"3*BxLog[Tan[c + d*x]

\] - (a - Ixb)"3%(B - I*C)*Logl[I + Tan[c + d*x]] + 2%b~2x(b*B + 3%a*C)*Tan[
‘¢ + d#x] + b"3+CxTan[c + d*x]~2)/(2*d)

3.19.3 Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.02,

number of steps used = 13, number of rules used — 13, umber of rules _ () 395 Ryjeg
integrand size

used = {3042, 4115, 3042, 4090, 27, 3042, 4120, 25, 3042, 4107, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))® (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dr)?

l 4115
/ cot(c + dz)(a + btan(c + dz))3(B + C tan(c + do))dz
l 3042

dx

(a + btan(c + dx))3(B + C'tan(c + dz))
/ tan(c + dx)

l 4090

1
2/2cot(c+dx)(a+btan(c—|—

dz)) (Ba® + b(bB + 2aC) tan®(c + dz) + (Ca® + 2bBa — b°C) tan(c + dz)) dz +
bC(a + btan(c + dz))?
2d

| 27

cot(c + dz)(a + btan(c +

dz)) (Ba® + b(bB + 2aC) tan®(c + dz) + (Ca® + 2bBa — b°C) tan(c + dz)) dz +
bC(a + btan(c + dz))?
2d

l 3042

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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/ (a + btan(c+ dz)) (Ba? + b(bB + 2aC) tan(c + dz)? + (Ca? + 2bBa — b*C) tan(c + dz)) o+
x

tan(c + dx)
bC(a + btan(c + dr))?
2d

l 4120

— [ —cot(c+

dz) (Ba® + b(3Ca® + 3bBa — b*C) tan’(c + dz) + (Ca® + 3bBa® — 3b°Ca — b>B) tan(c + dz)) dz+
b%(2aC + bB) tan(c +dx) = bC(a + btan(c + dx))?
d * 2d

| 25

cot(c+

dz) (Ba® + b(3Ca® + 3bBa — b*C) tan(c + dz) + (Ca® + 3bBa® — 3b°Ca — b*B) tan(c + dz)) dz+
b%(2aC + bB)tan(c +dz) bC(a + btan(c + dz))?
d * 2d

l 3042

dx +

/ Ba® + b(3Ca? + 3bBa — bC) tan(c + dz)? + (Ca® + 3bBa? — 3b?Ca — b>B) tan(c + dz)
tan(c + dx)
b%(2aC + bB) tan(c + dx) = bC(a + btan(c + dzx))?
d * 2d

l_4107

a®B / cot(c + dz)dz + b(3a*C + 3abB — b*C) /tan(c + dz)dz +

b2(2aC + bB) tan(c+dz) bC(a + btan(c + dz))?
* d * 2d

l 3042

z(a®C + 3a*bB — 3ab*C — b*B)

a>B / — tan (c +dz + %) dz + b(3a*C + 3abB — b*C) /tan(c + dz)dzx +
+ b%(2aC + bB) tan(c + dx) + bC(a + btan(c + dz))?

d 2d
l 25

a3(—B) /tan (;(20 +7) + dw) dz + b(3a*C + 3abB — b*C) /tan(c + dz)dz +

b%(2aC + bB) tan(c +dx) = bC(a + btan(c + dx))?
* d * 2d

l_3956

z(a*C + 3a*bB — 3ab®C — b°B)

z(a®C + 3a*bB — 3ab’C — b°B)

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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a®Blog(—sin(c + dz))  b(3a%C + 3abB — bC) log(cos(c + dz)) N
d
z(a®C + 3a*bB — 3ab’C — b°B)

d
b2(2aC + bB) tan(c+dz)  bC(a + btan(c + dz))?
* d * 2d

input| Int [Cot [c + d*x]~2*%(a + b*Tan[c + d*x]) ~3*(B*Tan[c + d*x] + C*Tan[c + d*x]
~2),x]

output | (3*xa"2*b*B - b"3*B + a”"3*C - 3*a*b~2*C)*x — (b*(3*a*b*B + 3*a"2xC - b~2xC)
*xLog[Cos[c + d*x]])/d + (a~3*BxLog[-Sin[c + d*x]])/d + (b~2*(b*B + 2%a*C)x*
Tan[c + d*x])/d + (b*C*(a + bxTan[c + d*x])~2)/(2xd)

3.19.3.1 Defintions of rubi rules used

-

ruk325LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

|

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 /Int [tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

rule 4090 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(F_)*(x)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [b*B*(a + b*Tan[e + f*x])~(m - 1)*((c + d*Tan[e + f*x])~(n + 1)/(d*fx(m +
n))), x] + Simp[1/(d*(m + n)) Int[(a + b*Tan[e + f*x])"(m - 2)*(c + d*Ta
nle + £*x]) n*Simp[a~2%A*d*(m + n) - b*Bkx(b*cx(m - 1) + axd*(n + 1)) + d*(m
+ n)*(2*axA*b + Bx(a~2 - b"2))*Tan[e + f*x] - (b*Bx(b*xc - a*d)*(m - 1) - b
*(A*b + a*B)*d*(m + n))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, n}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && NeQ[c"2 + 4°2
,» 0] && GtQ[m, 1] &% (IntegerQ[m] || IntegersQ[2*m, 2*n]) && !(IGtQ[n, 1]
&& ( 'IntegerQ[m] || (EqQlc, 0] && NeQ[a, 01)))

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]"2
)/tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[B*x, x] + (Simp[A Int[1/Tan[
e + f*x], x], x] + Simp[C Int[Tanl[e + f*x], x], x]) /; FreeQ[{e, f, A, B,
C}, x] && NeQ[A, C]

N\

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -
a*xbxB + a~2%C, 0]

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.)
*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f
_)*(x_)]172), x_Symbol] :> Simp[b*C*Tan[e + f*x]*((c + d*Tan[e + f*x])~(n +
1)/(dxfx(n + 2))), x] - Simp[1/(d*(n + 2)) Int[(c + d*Tan[e + f*x]) n*Si

mp [b*c*C - a*Axd*(n + 2) - (A*b + a*B - b*C)*d*(n + 2)*Tan[e + f*x] - (a*Cx
d*(n + 2) - b*(c*xC - Bxd*(n + 2)))*Tan[e + £*x]~2, x], x], x] /; FreeQ[{a,

b, ¢, d, e, f, A, B, C, n}, x] && NeQ[b*c - a*xd, 0] && NeQ[c"2 + d~2, 0] &&

1LtQ[n, -1]

3.19.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.03

method result
llelrisch (—Ba3+3Bab?+3C a?b—Cb3) In <sec(dz+c)2> +2B a3 In(tan(dz+c))+C b3 tan(dz+c)2+(2B b3+6Cab?) tan(dz+c)
parallelrisc 5d
3 2 —Ba3+43Bab2+3C a2b—Cb3) In(1+tan(dz+
derivativedivid %4—3 b3 tan(dz+c)+3Ca b? tan(dz+c)+B a? In(tan(dz+c))+ (-Ba ¢ a . ) In(1+tan(da-+
erivativedlviaes d
3 2 —Ba3+43Bab2+3C a2b—Cb3) In(1+tan(dz+
Cb”tan(dote)” 4 pp3 tan(dz+c)+3Ca b? tan(dz+c)+B a? In(tan(dz+c))+ ( ¢ i e ) “( an(dz -+
default 2 2
d
2 2 3 3 :
(SB azb—B b3+Ca3—3C’a b2)xta,n(d:c+c)+b (Bb+3Ca) tan(dz+c) +C’b tan(dz+c) BG,S ln(tan(dx—l-c)) (B as
norman tan(dz+<) d 2d + ; —
. 6iBa b2c A 3 . 2 2ib2 (Bb e2i(dz+c) +3Ca eZi(daH—c) —iCb e2i(dz+c) +Bb+3C’a) 9
risch =27~ —iBa’z + 3iC a*bx + (@11’ + 3B a*bx

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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input | int (cot (d*x+c) ~2* (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c)+C+tan(d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output  1/2*((-Bxa~3+3*B*a*b~2+3*Cxa~2xb-C*xb~3) *1n(sec (d*x+c) ~2) +2*xB*a~3*1n (tan(d*
x+c) ) +C*xb~3*tan (d*x+c) ~2+ (2xB*b~3+6*C*a*xb~2) xtan (d*x+c) +6*d* (Bxa~2*xb-1/3*B
*b~3+1/3*%C*xa~3-Cxa*b~2) *x) /d

3.19.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.14

/cotQ(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

Cb® tan (dz + c)* + Ba®log (ﬂ%) +2(Ca® + 3 Ba?b — 3Cab?® — Bb?)dz — (3Ca?b + 3 Bab* — (
B 2d

input | integrate (cot (d*x+c) “2* (at+b*tan(d*x+c)) ~3* (B¥tan (d*x+c)+Cxtan (d*x+c) "2) ,x,
algorithm="fricas")

N\ J

output| 1/2*(C*¥b~3*tan(d*x + c)~2 + B*a"3xlog(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))

+ 2%(Cxa~3 + 3xB*a”2*%b - 3*C*a*b~2 - B*b~3)*d*x - (3*%C*a"2xb + 3*Bxaxb~2
- Cxb~3)*1log(1l/(tan(d*x + c)~2 + 1)) + 2x(3*Cxaxb~2 + Bxb~3)*tan(d*x + c))
/d

3.19.6 Sympy [A] (verification not implemented)

Time = 0.98 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.80

/cotQ(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

3 2 2 2
__Ba’log (tar;d(c+dm)+1) + Ba®log (tzn(c+dz)) + 3Babz + 3Bab? log (ta;(li (ct+dz)+1) _ Bbr + Bb? tar;(c+dz) + Ca3

z(a + btan (c))® (Btan (c¢) + C'tan? (c)) cot? (c)

input‘integrate(cot(d*x+c)**2*(a+b*tan(d*x+c))**3*(B*tan(d*x+c)+C*tan(d*x+c)**2)

,X) ‘

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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output | Piecewise ((-B*a**3*log(tan(c + d*x)**2 + 1)/(2*%d) + B*a**3*log(tan(c + d*x
))/d + 3*Bxax*2xb*x + 3xBxa*b**2*log(tan(c + d*x)**2 + 1)/(2%d) - Bxb**3*x
+ B*b**3*tan(c + d*x)/d + Cxa**3*xx + 3*xCkax*2*b*xlog(tan(c + d*x)**2 + 1)/
(2%d) - 3*%Cxaxb**2xx + 3*Cxa*b**2*tan(c + d*x)/d - Cxb**3xlog(tan(c + d*x)
**%2 + 1)/(2%d) + Cxb**3*tan(c + d*x)**2/(2*%d), Ne(d, 0)), (x*x(a + b*tan(c)
Y**3* (Bkxtan(c) + Cxtan(c)**2)*cot(c)**2, True))

3.19.7 Maxima [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 124, normalized size of antiderivative = 1.06

/cotz(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

_ Cb’tan (dz + ¢)* + 2 Ba®log (tan (dz + ¢)) + 2 (Ca® + 3 Ba?b — 3 Cab? — Bb®)(dz + ¢) — (Ba® — 3 Ca?
B 2d

input integrate(cot (d*x+c) 2% (at+bxtan(d*x+c)) ~3*(B*tan(d*x+c)+C+tan(d*x+c)~2),x,

algorithm="maxima")

output | 1/2%(C*b~3*tan(d*x + c)~2 + 2#B*a~3*log(tan(d*x + c)) + 2%(Cxa~3 + 3*Bxa~2
*b — 3%Cxaxb”2 - Bxb~3)*(d*x + c) - (B*a~3 - 3*%Cxa~2%b - 3%Bxaxb”2 + Cxb~3
)*xlog(tan(d*x + c)~2 + 1) + 2%(3*Cxa*b~2 + Bxb~3)*tan(d*x + c))/d

3.19.8 Giac [A] (verification not implemented)

Time = 1.62 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.10

/cot2(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

_ Cb’tan (dz + ¢)® + 2 Ba®log (Jtan (dz + ¢)|) + 6 Cab? tan (dz + ¢) + 2 Bb3 tan (dz + ¢) + 2 (Ca® + 3 Ba
B 2d

e N

input | integrate (cot (d*x+c) 2% (a+b*tan (d*x+c) ) ~3* (B*tan (d*x+c)+C*xtan (d*x+c) ~2),x,
algorithm="giac")

output | 1/2%(Cxb~3*tan(d*x + c)~2 + 2xB*a~3*log(abs(tan(d*x + c))) + 6xCkaxb~2*tan
(d*x + c) + 2%Bxb~3*tan(d*x + c) + 2%(C*a~3 + 3*B*a~2%b - 3*Cka*b~2 - B*b~
3)x(d*x + c) - (Bxa~3 - 3xCxa~2*b - 3*B*a*b~2 + Cxb~3)*log(tan(d*x + c)~2

+1))/d

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.19.9 Mupad [B] (verification not implemented)

Time = 9.32 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.01

/ cot’(c + dz)(a + btan(c + dz))® (B tan(c + dz) + C'tan’(c + dz)) d
_ tan(c+dzx) (BV®+3Cab?) N Ba?® In (tan(c+ dx))

d d
Chtan(c+dz)® In(tan(c+dz)+1i) (B—Cli) (b+ali)’li
2d 2d
_In(tan(c+dz)—1i) (B+Cl) (-b+a 1i)% 1
2d

p

input| int (cot (c + d*x)~2%(B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)"3,x%)

output (tan(c + d*x)*(B*xb~3 + 3*Cxa*xb~2))/d + (Bxa~3*log(tan(c + d*x)))/d - (log(
tan(c + d*x) + 1i)*(B - Cx1i)*(a*1li + b)~3*1i)/(2+d) - (log(tan(c + d*x) -
11)*(B + Ck1i)*(ax1i - b)~3%1i)/(2*d) + (C*b~3*tan(c + d*x)~2)/(2xd)

N\

3.19.  [cot?(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz
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3.20 [ cot’(c+dzx)(a+btan(c+dz))? (Btan(c + dz) + C'ta

3.20.1 Optimal result . . . . .. .. . .. 2211
3.20.2 Mathematica [C] (verified) . . . . . . . . ... L Lo
3.20.3 Rubi [A] (verified) . . . . . ... ..
3.20.4 Maple [A] (verified) . . . .. .. ... ... 225
3.20.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 226
3.20.6 Sympy [A] (verification not implemented) . . . ... ... ... ... ... . 2261
3.20.7 Maxima [A] (verification not implemented) . . ... .. ... ... ... ... 2271
3.20.8 Giac [A] (verification not implemented) . . . . ... .. ... ... ...... 227
3.20.9 Mupad [B] (verification not implemented) . . . . .. ... ... ... .... 228

3.20.1 Optimal result

Integrand size = 40, antiderivative size = 119

/cotg(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

= —((a®B — 3ab’B — 3a*bC + b’C) z)
_ b*(bB + 3aC) log(cos(c + dx)) N a*(3bB + aC) log(sin(c + dz))

d d
N b*(aB +bC)tan(c +dx)  aBcot(c+dz)(a + btan(c + dx))?

d d

output‘—(B*a“3—3*B*a*b“2—3*C*a“2*b+C*b“3)*x-b“2*(B*b+3*C*a)*1n(cos(d*x+c))/d+a”2*
\ (3*B*b+C*a) *1n (sin(d*x+c))/d+b~ 2% (B*a+C*b) *tan (d*x+c) /d-a*B*cot (d*x+c) * (a+ \
‘b*tan(d*x+c))“2/d ‘

3.20.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.52 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.95

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

_ —2a*B cot(c + dx) + i(a + ib)*(B + iC) log(i — tan(c + dz)) + 2a*(3bB + aC) log(tan(c + dx)) + (ia +
B 2d

3.20.  [cot}(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
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input | Integrate[Cot[c + d*x]~3*(a + bxTan[c + d*x]) 3*(B*Tan[c + d*x] + C*Tan[c
+ d*x]72),x]

output | (-2*a~3*BxCot[c + d*x] + I*(a + I*b)~3*x(B + I*C)*Logl[I - Tan[c + d*x]] + 2
*a"2% (3*%b*B + a*C)*Log[Tan[c + d*x]] + (I*a + b)~3*(B - I*C)*Logl[I + Tan[c
+ d*x]] + 2*xb~3*C*Tan[c + d*x])/(2*d)

3.20.3 Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.02,

_ _ number of rules _
number of steps used = 12, number of rules used = 12, integrand size 0.300, Rules

used = {3042, 4115, 3042, 4088, 3042, 4120, 25, 3042, 4107, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))® (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dz)3

| 4115
/cot2(c + dx)(a + btan(c + dz))®(B + C'tan(c + dz))dx
| 3042

dx

(a+ btan(c + dz))3(B + Ctan(c + dx))
/ tan(c + dz)?

l 4088

/cot(c +dz)(a + btan(c+

dz)) (b(aB + bC) tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(3bB + aC)) dz —
aB cot(c + dz)(a + btan(c + dz))?
d

l 3042
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/ (a + btan(c+ dz)) (b(aB + bC) tan(c + dz)? — (Ba? — 2bCa — b?B) tan(c + dz) + a(3bB + aC)) J
x_

tan(c + dr)
aB cot(c + dz)(a + btan(c + dz))?
d

l 4120

—/—cot(c+

dz) ((3bB + aC)a® + b*(bB + 3aC) tan®(c + dz) — (Ba® — 3bCa® — 3b*Ba + b°C) tan(c + dz)) dz+
b%(aB + bC) tan(c + dx) _ aBcot(c+dr)(a+btan(c+ dz))?
d d

| 25

cot(c+

dz) ((3bB + aC)a® + b*(bB + 3aC) tan®(c + dz) — (Ba® — 3bCa® — 3b*Ba + b°C) tan(c + dz)) dz+
b%(aB + bC) tan(c + dz) _aBcot(c+dz)(a + btan(c + dz))?
d d

l 3042

dx +

/ (3bB + aC)a? + b*(bB + 3aC) tan(c + dz)? — (Ba® — 3bCa? — 3b*Ba + b3C) tan(c + dz)

tan(c + dz)
b%(aB + bC) tan(c + dx) _ aBcot(c+dz)(a+btan(c+ dz))?
d d

l 4107

a?(aC + 3bB) / cot(c + dz)dz + b*(3aC + bB) /tan(c + dz)dx —

b%(aB + bC) tan(c + dzx) _ aBcot(c+dz)(a+btan(c + dz))?
d d

l 3042

x(a3B — 3a%bC — 3ab’B + b3C) +

a?(aC + 3bB) / —tan (c +dx + g) dx + b*(3aC + bB) /tan(c + dz)dz —

b%(aB + bC) tan(c + dz) _ aBcot(c+dz)(a+btan(c + dz))?
d d

| 25

- (az(aC + 3bB) /tan <;(2c +7) + dw> dw) + b*(3aC + bB) /tan(c + dz)dz —

b%(aB + bC) tan(c + dx) _ aBcot(c+dz)(a+btan(c + dz))?
d d

l 3956

z(a®B — 3a°bC — 3ab’B + b°C) +

z(a®B — 3a?bC — 3ab’B + b3C) +
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a?(aC + 3bB) log(— sin(c + dz)) 4 b%(aB + bC) tan(c + dx) B

- — z(a®B — 3a*bC — 3ab’B + b°C)
b%(3aC + bB) log(cos(c + dx)) _ aBcot(c+dz)(a+btan(c + dz))?
d d

input | Int [Cot [c + d*x]~3*(a + b*Tan[c + d*x]) “3*(B*Tan[c + d*x] + CxTan[c + d*x]
~2),x]

output | -((a"3*B - 3*a*b”2*B - 3*a~2*b*C + b~ 3*C)*x) - (b~ 2*(b*B + 3*axC)*Log[Cos[
c + d*x]1)/d + (a~2*(3*%b*B + a*C)*Log[-Sin[c + d*x]]1)/d + (b~2*(a*B + b*C)
xTan[c + d*x])/d - (axBxCot[c + d*x]*(a + b*Tan[c + d*x])~2)/d

3.20.3.1 Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d4, x] /; FreeQl{c, d}, x]

rule 4088 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_D)*(x)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Si
mp[(b*c - a*d)*(B*c - Axd)*(a + bxTan[e + f*x])~(m - 1)*((c + d*Tan[e + f*x
D7 + 1)/(d*f*(n + 1)*(c™2 + 472))), x] - Simp[1/(d*(n + 1)*(c"2 + d72))
Int[(a + bxTan[e + £*x])"(m - 2)*(c + d*Tan[e + f*x])"(n + 1)*Simp[a*Axd*
(bxd*(m - 1) - akc*(n + 1)) + (b*Bxc - (A*xb + a*B)*d)*(b*cx(m - 1) + a*xdx(n
+ 1)) - d*((a*A - b*B)*(b*c - a*d) + (A*b + a*B)*(a*c + b*d))*(n + 1)*Tan[
e + fxx] - bx(d*(A*b*c + axBkc - axA*d)*(m + n) - b*Bx(c™2*%(m - 1) - d"2*(n
+ 1)))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, A, B}, x] &&
NeQ[b*c - a*xd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 42, 0] && GtQ[m, 1] &
& LtQ[n, -1] && (IntegerQ[m] || IntegersQ[2*m, 2*n])
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Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]"2
)/tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[B*x, x] + (Simp[A Int[1/Tan[
e + f*x], x], x] + Simp[C Int[Tanl[e + f*x], x], x]) /; FreeQ[{e, f, A, B,
C}, x] && NeQ[A, C]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (£_)*(x_)1)"(m_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -
a*xbxB + a~2%C, 0]

N\

Int[((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.)
*(x_ )1)"(a_.)*((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (£
_)*(x_)]172), x_Symbol] :> Simp[b*C*Tan[e + f*x]*((c + d*Tan[e + f*x])~(n +
1)/(dxfx(n + 2))), x] - Simp[1/(d*(n + 2)) Int[(c + d*Tan[e + f*x]) n*Si
mp [b*c*C - a*Axd*(n + 2) - (A*b + a*B - b*C)*d*(n + 2)*Tan[e + f*x] - (a*Cx
d*(n + 2) - b*(c*C - Bxdx(n + 2)))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, ¢, d, e, f, A, B, C, n}, x] && NeQ[b*c - a*xd, 0] && NeQ[c"2 + d~2, 0] &&

1LtQ[n, -1]

3.20.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.99

method result

(—3Ba2b+Bb3—Ca®+3Cab?) In <sec(dz+c)2> +(6B a2b+2C a®) In(tan(dz+c))—2B cot(dz+c)a3+2C b3 tan(dz-+c)

parallelrisch =

3
derivativedivides C b3 tan(dz+c)— tan@#c)—i—az (3Bb+Ca) In(tan(dz+-c))+

(—3B a2b+Bb3—Ca3+3Ca b2) 1n(1+tan(dz+c)2) o
2

d
—3Ba2b+Bb3—Ca3+3Cab?) In(1+tan(dz+c)?
C b3 tan(dz+c —37"34-0,2 3Bb+Ca) In(tan(dz+c +( ¢ ¢ ¢ ) n( an(doto) )—i- —Ba3+3.
default tan(dz+tc) 2
d
3 3 3
norman (—B a3+3Bab?+3C a?b—C b®)z tan(da-+c)? Co-tendete)” _ Ba”tan{drte) . a*(8Bb+Ca) In(tan(datc) _ (3
tan(dz+c)? d

. iC a3 . . iB b3 2i (B a3e2i(
risch —Ba*z + 3Bab’z + 3C a’bx — CbPz — 2C0°¢ 4 {BbPz — iC Pz + 2B — ( e
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input | int (cot (d*x+c) ~3* (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c)+C+tan(d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/2* ((-3*B*xa~2*b+B*xb~3-C*a~3+3*C*a*b~2) *1n(sec (d*x+c) ~2) +(6*Bxa~2*b+2*C*xa”
3) *1n(tan(d*x+c))-2*B*cot (d*x+c) *a~3+2*xC*b~3*tan (d*x+c) -2*d*x* (B*a~3-3*B*a
*b~2-3%C*xa~2*xb+C*b~3)) /d

3.20.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.22

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

2Cb tan (dz + ¢)® — 2 Ba® — 2 (Ba® — 3Ca®b — 3 Bab?® + Cb®)dz tan (dz + ¢) + (Ca® 4 3 Ba?b) log <
- 2dtan (dz + ¢)

_t
tar

input integrate(cot (d*x+c) ~3*(at+bxtan(d*x+c)) ~3*(Bxtan(d*x+c)+Cxtan(d*x+c)~2),x,
algorithm="fricas")

output | 1/2* (2xCxb~3*tan(d*x + c)~2 - 2*%B*a~3 - 2x(B*a~3 - 3*C*a~2%b - 3*Bxaxb~2 +
C*b~3) *d*x*tan(d*x + c) + (C*a~3 + 3xB*a~2xb)*log(tan(d*x + c)~2/(tan(d*x
+ ¢)"2 + 1))*tan(d*x + c) - (3*%Cxa*b~2 + Bxb~3)*log(1/(tan(d*x + c)"2 + 1
))*tan(d*x + c))/(d*tan(d*x + c))

N

3.20.6 Sympy [A] (verification not implemented)

Time = 1.70 (sec) , antiderivative size = 214, normalized size of antiderivative = 1.80

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

(NaN
z(a + btan (c))® (Btan (¢) + C'tan? (c)) cot?® (c)
~ ) NaN
3 Ba3 3Ba?blog (tan2 (c+da:)+1) 3Ba?bl (tan (c+dz)) 2 Bb3 log (tan2 (c+dz)+1) Cal X
| —Be’ — g — - 4 e =) 4 3Bab’x + 5 -
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input | integrate (cot (d*x+c) **3* (a+bxtan (d*x+c)) **3* (Bxtan (d*x+c) +C*tan (d*x+c) *x*2)
»X)

output Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + b*tan(c))#**3*(Bxtan(c) + Cx*t
an(c)**2)*xcot(c)**3, Eq(d, 0)), (nan, Eq(c, -d*x)), (-B*a**3*xx - B*ax*3/(d
*tan(c + d*x)) - 3*Bxax*2*bkxlog(tan(c + d*x)**2 + 1)/(2xd) + 3*B*a**2xbxlo
g(tan(c + d*x))/d + 3*Bkaxbx*2xx + B*b**3*log(tan(c + d*x)**2 + 1)/(2xd) -
Cxax*3*log(tan(c + d*x)**2 + 1)/(2*d) + Cxax*3*log(tan(c + d*x))/d + 3*Cx
a*x*x2%b*x + 3xCkaxb**2*log(tan(c + d*x)**2 + 1)/(2%d) - Ckb**3*x + Cxbx*3*t
an(c + d*x)/d, True))

N\ J

3.20.7 Maxima [A] (verification not implemented)

Time = 0.35 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.05

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

2Ch3tan (dz + ¢) — tas(g;‘ic) — 2(Ba® —3Ca% — 3 Bab® + Cb®)(dz + ¢) — (Ca® + 3 Ba?b — 3Cab® —
B 2d

input  integrate(cot (d*x+c) ~3*(a+b*tan(d*x+c)) ~3*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x,
algorithm="maxima")

output | 1/2* (2xCxb~3*tan(d*x + c) - 2*B*a~3/tan(d*x + c) - 2%(B*a”3 - 3*Cxa~2xb -
3*%B*axb~2 + C*b~3)*(d*x + c) - (C*a"3 + 3*B*a"2xb - 3*Cxaxb~2 - B*b~3)*log
(tan(d*x + ¢c)”2 + 1) + 2x(C*a~3 + 3*Bxa~2+b)*log(tan(d*x + c)))/d

3.20.8 Giac [A] (verification not implemented)

Time = 1.22 (sec) , antiderivative size = 152, normalized size of antiderivative = 1.28

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

2Cb% tan (dz + ¢) — 2 (Ba® — 3Ca?b — 3 Bab® 4+ Cb®)(dz + ¢) — (Ca® + 3 Ba?b — 3 Cab? — Bb®) log (tal
N 2d

.
input ‘ integrate(cot (d*x+c) “3* (a+b*tan (d*x+c)) “3* (B*tan (d*x+c)+Cxtan(d*x+c) "2) ,x, ‘
‘ algorithm="giac") ‘
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output‘1/2*(2*C*b“3*tan(d*x + c) - 2%(B*xa~3 - 3*%C*a~2%b - 3*Bkxa*xb~2 + Cxb~3)*(d*x
\ + c) - (Cxa”3 + 3xBxa~2*b - 3*C*a*b~2 - B*b~3)*log(tan(d*x + c)~2 + 1) +
\2*(C*a‘3 + 3*%Bxa~2xb)*log(abs(tan(d*x + c))) - 2x(Cxa~3*tan(d*x + c) + 3x*B
*a~2#bxtan(d*x + c) + Bxa"3)/tan(d*x + c))/d

3.20.9 Mupad [B] (verification not implemented)

Time = 8.78 (sec) , antiderivative size = 114, normalized size of antiderivative = 0.96

/cot3(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c + dz)) dz
_ In(tan(c+dx)) (Ca®+3Bba®) Ba’cot(c+dux)

d d
Cbtan(c+dz) In(tan(c+dz)—i) (B+C1i) (a+ bli)’1i
+ +
d 2d
_In(tan(c+dz) +1i) (B—C1li) (a—bli)°Li
2d

input| int (cot (c + d*x)~3%(B*tan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x)
)~3,x)

output | (log(tan(c + d*x))*(C*a~3 + 3xB*a~2xb))/d + (log(tan(c + d*x) - 1i)*(B + C
x1i)*(a + b*1i)~3%1i)/(2*d) - (log(tan(c + d*x) + 1i)*(B - Cx1i)*(a - Db*1i
)"3%1i)/(2*d) - (B*a~3*cot(c + d*x))/d + (C¥b~3*tan(c + d*x))/d
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3.21 [ cot*(c+dz)(a+btan(ct+dz))? (B tan(c + dz) 4+ C'ta

3.21.1 Optimal result . . . . . . .. . ... . 229
3.21.2 Mathematica [C] (verified) . . . . . . . ... ... L Lo oL 229
3.21.3 Rubi [A] (verified) . . . . . ... .. 230
3.21.4 Maple [A] (verified) . ... ... . . ... 234
3.21.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. .. .. 234
3.21.6 Sympy [B] (verification not implemented) . . ... . ... ... ....... 2351
3.21.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2351
3.21.8 Giac [A] (verification not implemented) . . . ... .. ... ... ...... 236
3.21.9 Mupad [B] (verification not implemented) . . . . . .. ... ... ......

3.21.1 Optimal result

Integrand size = 40, antiderivative size = 127

/cot4(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

2 3
— —((3¢%B —bB+a’C — 3ab°C) z) — B+ GCC'Z) cot(c +dz) _b*C log(ccj(c + dz))

a(a®B — 3b*B — 3abC) log(sin(c + dz))  aBcot*(c+dz)(a + btan(c + dx))?
d 2d

e B

- (3%B*a~2*%b-B*b~3+C*xa~3-3*C*a*xb~2) *x—a~2* (2*%B*xb+C*a) *cot (d*x+c) /d-b~3*C*1n
\(cos(d*x+c))/d—a*(B*a‘2—3*B*b‘2—3*C*a*b)*1n(sin(d*x+c))/d—1/2*a*B*cot(d*x+
‘c)‘2*(a+b*tan(d*x+c))‘2/d J

output

3.21.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.49 (sec) , antiderivative size = 126, normalized size of antiderivative = 0.99

cot*(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®(c + dz)) dz

_ —2a?(3bB + aC) cot(c + dx) — a® B cot*(c + dz) + (a + ib)*(B + iC) log(i — tan(c + dz)) — 2a(a®B — 3
B 2d

;
input‘ Integrate[Cot[c + d*x] 4x(a + bxTan[c + d*x]) 3*(B*Tan[c + d*x] + CxTanl[c ‘
+ axx]"2) ] |
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output‘ (-2%a~2x(3*%b*B + axC)*Cot[c + d*x] - a~3*BxCot[c + d*x]"2 + (a + I*b) " 3*x(B

\ + I*C)*Log[I - Tan[c + d*x]] - 2xa*(a”2+%B - 3xb~2%B - 3*a*b*C)*Log[Tan[c
‘+ d*x]] + (a - Ixb)~3*(B - I*C)*Logl[I + Tan[c + d*x]])/(2x*d)

3.21.3 Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.02,

number of steps used = 13, number of rules used — 13, umber of rules _ () 395 Ryjeg
integrand size

used = {3042, 4115, 3042, 4088, 27, 3042, 4118, 25, 3042, 4107, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot(c + dz)(a + btan(c + dz))* (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dz

(a+btan(c+ dz))® (Btan(c + dz) + Ctan(c + dz)?)
/ tan(c + dz)*

l 4115
/ cot3(c + dz)(a + btan(c + dz))3(B + Ctan(c + dz))de
l 3042

dx

(a + btan(c + dx))3(B + C'tan(c + dz))
/ tan(c + dx)3

l 4088

1
2/2cot2(c+dm)(a+btan(c+

dz)) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
aB cot?(c + dz)(a + btan(c + dz))?
2d

| 27

cot?(c + dz)(a + btan(c +

dz)) (b*C'tan®(c + dz) — (Ba® — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) dz —
aB cot?(c + dz)(a + btan(c + dx))?
2d

l 3042
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/ (a + btan(c+ dz)) (b?Ctan(c + dz)? — (Ba? — 2bCa — b*B) tan(c + dz) + a(2bB + aC)) i
x

tan(c + dr)?
aB cot?(c + dz)(a + btan(c + dx))?
2d

l 4118

—cot(c+

dz) (—C'tan®(c + dz)b® + a(Ba® — 3bCa — 3b*B) + (Ca® + 3bBa® — 3b*°Ca — b°B) tan(c + dz)) dz—
a*(aC + 2bB) cot(c + dx) _aB cot?(c + dz)(a + btan(c + dzx))?
d 2d

| 25

- /cot(c +

dz) (—-C tan?(c + dz)b> + a(Ba2 —3bCa — 3bZB) + (C’a3 + 3bBa? — 36%Ca — b3B) tan(c + dz)) dz—
a*(aC + 2bB) cot(c + dz) _aB cot?(c + dz)(a + btan(c + dz))?
d 2d

l 3042

/ —C'tan(c + dz)?b% + a(Ba? — 3bCa — 3b>B) + (Ca® + 3bBa? — 3b°Ca — b®B) tan(c + d:c)d
— x_

tan(c + dz)
a*(aC + 2bB) cot(c + dz) _aB cot?(c + dx)(a + btan(c + dzx))?
d 2d
| 4107

2 2bB
—a(a®B — 3abC — 3b°B) /cot(c + dz)dz + b3C / tan(c + dz)dz — a”(aC +2b d)cot(c +dz)

_aB cot?(c + dz)(a + btan(c + dz))?
2d

z(a®C + 3a*bB — 3ab’C — b°B)

l_3042

—a(a®B — 3abC — 3b°B) /— tan (c +dz + g) dz + b3C/tan(c + dzx)dz —

2
a’(aC + 2B cotle +dv) _ (150 4 3428 — 3ab2C — b°B) —

aB cot?(c + dx)(a + btan(c + dz))?
2d

| 25

a(a2B — 3abC — 3b°B) /tan <;(2c +7)+ d:c) dz 4+ b3C / tan(c + dz)dz —
a?(aC + 2bB) cot(c + dz)

— z(a*C + 3a®bB — 3ab’C — b°B) —
aB cot?(c + dz)(a + btan(c + dz))?
2d
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| 3956
a(a’B — 3abC — 3b*B) log(—sin(c + dz))  a*(aC + 2bB) cot(c + dz)

d d
_aB cot?(c + dz)(a + btan(c + dz))? B b3C log(cos(c + dx))
2d d

z(aC + 3a°bB — 3ab’C — b°B)

input | Int[Cot[c + d*x]~4*(a + b*Tan[c + d*x]) 3*(B*Tan[c + d*x] + CxTan[c + d*x]
~2),x]

output | - ((3*%a~2xb*xB - b~3*B + a”~3*C - 3*a*xb~2xC)*x) - (a~2*%(2*b*B + axC)*Cot[c +
d*x])/d - (b~3*CxLogl[Cos[c + d*x]]1)/d - (a*(a"2%B - 3%b~2*%B - 3*a*b*C)*Log
[-Sin[c + d*x]])/d - (a*B*Cot[c + d*x]~2*(a + bxTan[c + d*x])~2)/(2*d)

3.21.3.1 Defintions of rubi rules used

rule 25 Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]
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Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)D*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [(bxc - a*d)*(B*c - Axd)*(a + bxTan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x
D@ + 1)/(d*f*(n + 1)*(c™2 + d72))), x] - Simp[1/(d*(n + 1)*(c"2 + d72))
Int[(a + bxTan[e + f*x])"(m - 2)*(c + d*Tan[e + f*x])~(n + 1)+*Simp[a*A*d*
(bxd*(m - 1) - akc*(n + 1)) + (b*Bxc - (A*xb + a*B)*d)*(b*cx(m - 1) + a*xdx(n
+ 1)) - dx((axA - bxB)*(bxc - a*xd) + (Axb + axB)*(a*c + b*d))*(n + 1)*Tan[
e + f*x] - b*(d*x(A*b*c + a*Bxc - a*A*d)*(m + n) - b*B*(c”2*(m - 1) - d"2*(n
+ 1)))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] &&
NeQ[b*c - a*xd, 0] && NeQ[a"2 + b2, 0] && NeQ[c™2 + 472, 0] && GtQ[m, 1] &
& LtQ[n, -1] && (IntegerQ[m] || IntegersQ[2*m, 2*n])

Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]"2
)/tan[(e_.) + (£_.)*(x_)], x_Symbol] :> Simp[B*x, x] + (Simp[A Int[1/Tan[
e + fxx], x], x] + Simp[C Int[Tan[e + f*x], x], x]) /; FreeQ[{e, f, A, B,
C}, x] && NeQ[A, C]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 1Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -

a*xbxB + a~2%C, 0]

N

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.
Yk (x )1)"(m)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_ )] + (C_.)*tan[(e_.) + (£
_)*(x_)]172), x_Symbol] :> Simp[(-(b*c - axd))*(c”2*%C - Bxc*d + A*d~2)*((c

+ d*Tan[e + f*xx])"(n + 1)/(d"2*f*(n + 1)*(c”2 + 472))), x] + Simp[1/(d*(c"2
+ d"2)) Int[(c + d*Tan[e + f*x])~(n + 1)*Simp[a*d*(A*c - c*C + Bxd) + b*
(c™2%C - Bxc*d + A*d"2) + d*(Axbxc + a*xBxc — b*c*C - a*A*d + b*Bxd + a*xCxd)
xTan[e + f*x] + b*Cx(c™2 + d~2)*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b,

c, d, e, f, A, B, C}, x] && NeQ[b*c - axd, 0] && NeQ[c™2 + d~2, 0] && LtQ[n
, —1]
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3.21.4 Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.07

method result
llelrisch (Ba®—3Bab?—3C a?b+Cb?) In (sec(dac+c)2) +(~2B a®+6Bab>+6C a?b) In(tan(dz+c))—B a3 cot(dz+c)?+(—6Ba
parallelrisc 53
3 2(3Bb+C Ba®—3Bab2—-3C a?b+C b3) In(1+tan(dz+c)?
derivativedivid _ 2tan]fd‘;+c)2 B ata(m(dz-q-c;l) —G(B a’—3B b2—3Cab) In(tan(dz+c))+ ( = ) ( ) _|_(_
erivativedlviaes a
3 a? b+Ca Ba®-3Bab2-3C a2b+Cb3)1n 1+tan(dz+c)2
default - 2tan]?da;:+c)2 - t;if;z:c) ) —a(B a?2—-3Bb2—3Cab) In(tan(dz+c))+ ( 5 ) ( ) +(-
crau |
BaStan(dz+c) a2(3Bb+C da+c)? 3_ 2_ 2
norman (—3Ba?b+Bb3—C a3+3Ca bz)wtan(dz+c)3— ta;:i( z+c) a“(3Bb+ a‘)itan( +c) n (B a?-3Bab?—3C a?b+C
tan(dz+c)® 2d
. . . . iC b3 2ia? (3
risch iBa’z — 3iC a’bx — 3iBa b’z + 2S¢ — 3B a’bz + Bb’z — C a®z + 3Ca b’z — 2a? (3

int (cot (d*x+c) ~4* (a+bxtan (d*x+c) ) ~3% (Bxtan (d*x+c)+C*tan (d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

1/2% ((B*a~3-3*B*a*b~2-3*C*a”~2*b+C*b~3) *1n (sec (d*x+c) ~2) +(-2*B*a~3+6*B*a*xb™
2+6xCxa~2*b) *1n (tan (d*x+c) ) -B*a~3*cot (d*x+c) "2+ (-6*B*a~2xb-2*C*a~3) xcot (d*
x+c)—-6%d* (Bxa~2%b-1/3%Bxb~3+1/3*%C*a~3-C*a*xb~2) *x) /d

/

3.21.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 162, normalized size of antiderivative = 1.28

/cot4(c + dz)(a + btan(c + dz))® (B tan(c + dz) + Ctan’(c + dz)) dz =

Cblog (

ﬁ> tan (dz + ¢)* + Ba® + (Ba® — 3 Ca?b — 3 Bab?) log (M) tan (dz + )

1
tan(dz+c)“+1 tan(dz+c)“+1
2 dtan (dzx +

integrate(cot (d*x+c) “4* (at+b*tan(d*x+c)) “3* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="fricas")

-1/2%(Cxb~3*1log(1/(tan(d*x + c)~2 + 1))*tan(d*x + c)~2 + B*a"3 + (B¥a"3 -
3%Cxa~2xb - 3*B*axb~2)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*tan(d*x +
c)"2 + (B*a~3 + 2%(C*a~3 + 3*Bxa~2xb - 3*Cka*xb~2 - Bxb~3)*d*x)*tan(d*x + ¢
)72 + 2%(C*a~3 + 3*Bxa~2xb)*tan(d*x + c))/(d*tan(d*x + c)~2)
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3.21.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 253 vs. 2(121) = 242.

Time = 2.33 (sec) , antiderivative size = 253, normalized size of antiderivative = 1.99

/cot4(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

(

NaN
z(a + btan (c))® (Btan (c¢) + C'tan? (c)) cot* (c)
~ ) NaN
Ba?®log (tan? (c+dz)+1) Ba?® log (tan (c+dz)) Ba3 3Ba2b 3Bab? log (tan? (c+dx)+1) 31
L 2d - = ~ 2dtan? (ctda) 3Ba’bz — g (ctdz) 2d + =

input | integrate (cot (d*x+c) **4* (a+bxtan (d*x+c))**3* (Bxtan (d*x+c)+C*tan (d*x+c) **2)

,X)

output  Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + bxtan(c))**3*(Bxtan(c) + C*t
an(c)**2)*cot(c)**4, Eq(d, 0)), (nan, Eq(c, -d*x)), (B*a**3*log(tan(c + d*
x)**2 + 1)/(2%d) - B*ax*3*xlog(tan(c + d*x))/d - B*a**3/(2*d*tan(c + d*x)**
2) - 3%B¥a¥*2*%bk*x - 3*Bxax*2*b/(d*tan(c + d*x)) - 3*Bxaxbx*2*log(tan(c + d
*xx)**x2 + 1)/(2xd) + 3*Bkaxb**2xlog(tan(c + d*x))/d + B*b**3*x - Ckax*3*x -

Cxa*x*3/(d*tan(c + d*x)) - 3*Cxa*x2*b*log(tan(c + d*x)**2 + 1)/(2%d) + 3*C
xaxx2xbkxlog(tan(c + d*x))/d + 3*Cxaxb**2xx + Cxb**3*log(tan(c + d*x)**2 +

1)/(2%d), True))

3.21.7 Maxima [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.12

/cot4(c + dz)(a + btan(c + dz))® (B tan(c + dz) + Ctan’(c + dz)) dz =

2(Ca® + 3 Ba?b — 3 Cab® — Bb®)(dz + c) — (Ba® — 3 Ca?b — 3 Bab® + Cb?)log (tan (dz + c)* + 1) +
2d

input‘integrate(cot(d*x+c)“4*(a+b*tan(d*x+c))‘3*(B*tan(d*x+c)+C*tan(d*x+c)‘2),x,

‘ algorithm="maxima") ‘
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output‘—1/2*(2*(C*a”3 + 3%B*a"2xb - 3*Cxaxb~2 - Bxb~3)*(d*x + c) - (B*a"3 - 3%C*a
\“2*b - 3*B*a*b”2 + C*b~3)*log(tan(d*x + c)~2 + 1) + 2*(B*a"3 - 3*C*a~2xb -
| 3%Braxb~2)*log(tan(dx + c)) + (B¥a™3 + 2%(C*a"3 + 3*B*a~2%b)*tan(d*x + c
))/tan(d*x + c)"2)/d |

3.21.8 Giac [A] (verification not implemented)

Time = 1.28 (sec) , antiderivative size = 193, normalized size of antiderivative = 1.52

/cot4(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®*(c + dz)) dz =

2 (Ca® + 3 Ba?b — 3 Cab® — Bb®)(dz + c) — (Ba® — 3 Ca?b — 3 Bab® + Cb%)log (tan (dz + c)* + 1) +

input | integrate (cot (d*x+c) ~4* (at+bxtan(d*x+c)) ~3*(Bxtan(d*x+c)+C*tan(d*x+c) ~2) ,x,
algorithm="giac")

output | -1/2*% (2% (C*xa~3 + 3*B*a~2*b - 3*C*a*b~2 - Bxb~3)*(d*x + c) - (B*a"3 - 3*C*a
“2%b - 3*Bxa*b”2 + C*b~3)*log(tan(d*x + c)~2 + 1) + 2x(B*a~3 - 3*C*a~2xb -
3*Bxaxb~2)*log(abs(tan(d*x + c))) - (3*B*a~3*tan(d*x + c)~2 - 9*C¥a~2*b*t
an(d*x + c)”2 - 9*B*axb"2*tan(d*x + c)”2 - 2*C*a~3*tan(d*x + c) - 6xBka™2x
bxtan(d*x + c) - B*a~3)/tan(d*x + c)~2)/d

3.21.9 Mupad [B] (verification not implemented)

Time = 8.77 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.06

/cot4(c + dz)(a + btan(c + dz))® (B tan(c + dz) + Ctan’(c + dz)) dz

_ In(tan(c+dz)) (-Ba®+3Ca’b+3Bab?)
- d
cot(c+ dz)” <tan(c+ dz) (Ca®+3Bba®) + BT"s>
d
In (tan(c + dx) + 1i) (B — C1i) (b+ a1i)’ i
* 2d
In (tan(c + dz) —i) (B + C'1i) (=b+a1i)’ 1i
* 2d
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input | int(cot(c + d*x)~4x(Bxtan(c + d*x) + Cxtan(c + d*x)"2)*(a + b*tan(c + d*x)
)~3,%)

output | (log(tan(c + d*x))*(3*Bxa*b~2 - B*a~3 + 3*C*a~2*b))/d - (cot(c + d*x) 2x(t
an(c + d*x)*(C*a~3 + 3%B*a~2%b) + (B*a~3)/2))/d + (log(tan(c + d*x) + 1i)=*
(B - Cx1i)*(a*x1i + b)~3%1i)/(2*%d) + (log(tan(c + d*x) - 1i)*(B + C*1i)*(a*
1i - b)~3%1i)/(2%d)
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3.22 [ cot®(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.22.1 Optimal result . . . . .. .. . ... . 238]
3.22.2 Mathematica [C] (verified) . . . . . . . . ... L L oL 238
3.22.3 Rubi [A] (verified) . . . . . ... . 239
3.22.4 Maple [A] (verified) . ... ... . ... .. 243
3.22.5 Fricas [A] (verification not implemented) . . . . . . ... ... . ... ... .. 247
3.22.6 Sympy [B] (verification not implemented) . . .. ... ... ... ...... 2451
3.22.7 Maxima [A] (verification not implemented) . .. ... ... ... ... ... 2451
3.22.8 Giac [B] (verification not implemented) . . . . ... ... ... ....... 246
3.22.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... .. 247

3.22.1 Optimal result

Integrand size = 40, antiderivative size = 154

/cot5(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz
°n _ Q2R _
— (a°B — 3ab°B — 3a°C + bC) ¢ + WL B =8B 32ab0) cot(c + dz)
_ a®(5bB + 3aC) cot?(c + dz)  (3a*bB — b°B + a’C — 3ab’C) log(sin(c + dx))

6d d
__aBcot’(c + dz)(a + btan(c + dr))?

3d

output \ (B*a~3-3xBxa*b~2-3*Cxa~2%b+Cxb~3) *x+1/3*%a* (3*B*a~2-8*Bxb~2-9*Cxa*b) *cot (dx* \
| x+c) /d-1/6%a"2% (5+B*b+3*C*a) *cot (d*x+c) “2/d- (3¥B¥a~2%b-B¥b"3+Cxa~3-3*Craxb
‘“2)*1n(sin(d*x+c))/d-1/3*a*B*cot(d*x+c)“3*(a+b*tan(d*x+c))“2/d

3.22.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.34 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.06

/cots(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz
_ 6a(a’B — 30> B — 3abC) cot(c + dz) — 3a*(3bB + aC) cot?(c + dz) — 2a® B cot?(c + dz) + 3(a + ib)*(—1
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Integrate[Cot[c + d*x]~5*(a + bxTan[c + d*x])~3*x(B*Tan[c + d*x] + CxTanl[c
+ d*x]72),x]

(6%a*x(a~2*%B - 3%b~2*%B - 3%a*b*C)*Cot[c + d*x] - 3*a~2*%(3*%b*B + a*C)*Cot[c
+ d*x] "2 - 2*a~3*B*Cot[c + d*x]~3 + 3*(a + I*b)~3*((-I)*B + C)*Log[I - Tan
[c + d*x]] - 6%(3*a"2*b*xB - b~3*B + a~3%C - 3*axb~2%C)*Log[Tan[c + d*x]] +
3*(a - I*b)~3*(I*B + C)*Log[I + Tan[c + d*x]])/(6xd)

3.22.3 Rubi [A] (verified)

Time = 1.16 (sec) , antiderivative size = 161, normalized size of antiderivative = 1.05,

_ _ number of rules _
number of steps used = 15, number of rules used = 15, integrand size 0.375, Rules

used = {3042, 4115, 3042, 4088, 3042, 4118, 25, 3042, 4111, 27, 3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot®(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®(c + dz)) dz

l’3042

(a + btan(c+ dz))? (Btan(c + dz) + C tan(c + dz)?)
/ tan(c + dzx)®

l'4115

dz

/cot4(c + dx)(a + btan(c + dz))3(B + C'tan(c + dz))dx

l.3042

(a+ btan(c + dz))3(B + C'tan(c + dx))
/ tan(c + dz)*

dx
l 4088

% / cot®(c + dx)(a + btan(c +

dz)) (—=b(aB — 3bC) tan?(c + dz) — 3(Ba® — 2bCa — b*B) tan(c + dz) + a(5bB + 3aC)) dz —
aB cot3(c + dx)(a + btan(c + dx))?
3d

l 3042
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1 / (a + btan(c+ dz)) (—b(aB — 3bC) tan(c + dz)? — 3(Ba?® — 2bCa — b*B) tan(c + dz) + a(5bB + 3aC)) p
— x_
3

tan(c + dz)3
aB cot®(c + dz)(a + btan(c + dz))?

3d
l 4118

% </ — cot?(c + dz) (b*(aB — 3bC) tan®(c + dz) + 3(Ca® + 3bBa® — 3b*Ca — b°B) tan(c + dz) + a(3Ba® — 9b(

aB cot®(c + dz)(a + btan(c + dz))?
3d

| 25

% <— /cotz(c + dz) (b*(aB — 3bC) tan?(c + dz) + 3(Ca® + 3bBa® — 3b*°Ca — b°B) tan(c + dz) + a(3Ba® — 9bC

aB cot3(c + dx)(a + btan(c + dx))?
3d

l 3042

da

3 tan(c + dz)?
aB cot®(c + dz)(a + btan(c + dz))?
3d

l 4111

1 ( / b?(aB — 3bC) tan(c + dz)? + 3(Ca® + 3bBa® — 3b>°Ca — b®B) tan(c + dz) + a(3Ba? — 9Ca — 8b*B)

1

3a’B
3 (— / 3cot(c+ dz) (Ca® + 3bBa® — 3b°Ca — b*B — (Ba® — 3bCa® — 36> Ba + b*C) tan(c + dz)) dz + a(ia

aB cot?(c + dz)(a + btan(c + dzx))?
3d

l 27
1

- (—3 / cot(c + dz) (Ca?® + 3bBa® — 3b°Ca — b*B — (Ba® — 3bCa® — 3b*Ba + b°C) tan(c + dz)) dz +

a(3a?B

3
aB cot®(c + dz)(a + btan(c + dz))?
3d

l 3042
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1 3/ Ca® + 3bBa? — 3b?Ca — b®B — (Ba® — 3bCa? — 3b>Ba + b3C) tan(c + dz) i + a(3a?B — 9abC — 8b?
3 tan(c + dx) v d
aB cot3(c + dx)(a + btan(c + dz))?
3d

l 4014

1
3 (—3 ((a3C’ + 3a?bB — 3ab*C — b°B) /cot(c + dz)dz — z(a®B — 3a*bC — 3ab’B + b*

C’)) + a(3a2B — 9abC

aB cot3(c + dx)(a + btan(c + dx))?
3d

l 3042

;(3«£c+m%3—mwc—ﬁm/@mn@+m+gym—afB—m%C—m#B+ﬁm)+

a(3a2E

aB cot®(c + dz)(a + btan(c + dz))?

3d
l 25

1 1
3 (—3 <— (a3C + 3a%bB — 3ab*C — b°B) /tan (2(20 +7) + da:> dx — (w(a3B — 3a%bC — 3ab’B + b30))> + :
aB cot®(c + dz)(a + btan(c + dzx))?
3d

l 3956

1 ( a(3a®B — 9abC — 8v’B) cot(c +dx)  a*(3aC + 5bB) cot®(c + dz) 5 (a3C + 3a%bB — 3ab*C — b>B) log
3 d 2d d
aB cot®(c + dz)(a + btan(c + dz))?
3d

Int[Cot[c + d*x]~5%(a + b*Tan[c + d*x]) ~3*(B*Tan[c + d*x] + CxTan[c + d*x]
~2),x]

-

((ax(3*%a~2*xB — 8*b~2%B - 9*a*b*C)*Cot[c + d*x])/d - (a"2*(5%b*B + 3*axC)*C
ot[c + d*x]72)/(2xd) - 3*(-((a"3%B - 3*a*b~2*B — 3*a”~2*b*C + b~3*C)*x) + (
(3*a~2+b*B - b~3%B + a~3*C - 3*axb~2*C)*Log[-Sin[c + d*x]]1)/d))/3 - (axBxC
ot[c + d*x]~3*(a + bxTan[c + d*x])~2)/(3*d)
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3.22.3.1 Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

rule 27

rule 3042

rule 3956

rule 4014

rule 4088

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Logl[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl{c, d}, x]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.

)*(x_)]1), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - a*Tan[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(f_)*x)D*((c_.) + (@_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [(bxc - a*d)*(B*c - Axd)*(a + bxTan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x
D@ + 1)/(d*f*(n + 1)*(c™2 + d72))), x] - Simp[1/(d*(n + 1)*(c"2 + d72))
Int[(a + bxTan[e + f*x])"(m - 2)*(c + d*Tan[e + f*x])~(n + 1)*Simp[a*A*d*
(b*xd*(m — 1) - a*c*(n + 1)) + (b*Bxc — (A*b + a*B)*d)*(b*c*x(m - 1) + a*xd*(n
+ 1)) - d*x((axA - bxB)*(bxc - a*xd) + (Axb + axB)*(a*c + b*d))*(n + 1)*Tan[
e + f*x] - b*(d*x(A*b*c + a*Bxc - a*A*d)*(m + n) - b*B*(c”2*(m - 1) - d"2*(n
+ 1)))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, A, B}, x] &&
NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 472, 0] && GtQ[m, 1] &
& LtQ[n, -1] && (IntegerQ[m] || IntegersQ[2*m, 2*n])
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+

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.)
(f_)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[(A*b~2 -
a*b*B + a~2*C)*((a + bxTan[e + f*x]) " (m + 1)/(b*xf*x(m + 1)*(a"2 + b~2))), x

] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[b*B + a*(A -
C) - (A*¥b - a*B - b*C)*Tan[e + f*x], x], x], x] /; FreeQ[{a, b, e, f, A,

, C}, x] && NeQ[A*b~2 - a*xb*B + a~2*C, 0] && LtQ[m, -1] && NeQ[a"2 + b~2,

]

o w

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)*%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.
d*x(x_)1)"(n_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_.) + (£
_)*(x.)]172), x_Symbol] :> Simp[(-(b*c - a*d))*(c"2+#C - Bkcxd + A*d~2)*((c

+ d*Tan[e + fxx])"(n + 1)/(d"2*f*(n + 1)*(c”2 + d72))), x] + Simp[1/(d*(c"2
+ d"2)) Int[(c + d*Tan[e + f*x])~(n + 1)*Simp[axd*(A*c - cxC + B*d) + b*
(c™2*%C - B*c*d + A*d~2) + dx(A*b*c + a*Bxc - bxckC - axA*d + b*Bxd + a*Cxd)
xTan[e + f*x] + b*Cx(c~2 + d~2)*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b,

c, d, e, £, A, B, C}, x] && NeQ[bxc - axd, 0] && NeQ[c~2 + d~2, 0] && LtQ[n
, —-1]

3.22.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.12
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method result
. 3(3Ba?b—Bb*+Ca®—3Cab?) In (sec(dw+c)2) +6(—3B a?b+Bb3—C a®+3Ca b?) In(tan(dz+c))—2B a3 cot(dz+c)3+
parallelrisch
6d
2 Ba?2-3Bb2-3Cab 3B a2b—Bb3+C d
| (3B BR-Cat30aR) Intan(ie )~y B - shemie (Be g o) | (o0 -
derivativedivides v
2 2 2 3,04
Cam 2 s~ 3 R  B&® _ a2(3Bb+Ca) a(Ba?-3Bb%-3Cab)  (3Ba?b-Bb3+Ca
default (—3Ba?b+Bb3—C a3+3Cab?) In(tan(dz+c)) 3tan(doto)®  2tan(doto)? tan(dz+c)
d
4 a(Ba2—35b2—3Cab) tan(dz+c)3 Badt (dz+c) 2(3Bb+C’ ) tan(dz+ )2
norman (Ba3—3Bab?—3C a?b+C b®)x tan(dz+c)*+ 7 R T
tan(dz+c)?
. ; 2 ‘B a2 . . 2ia(9iBabe
risch Bﬁx—3BM%%%Km%x+C§m—&%b“+M%M—WB§x+MM%ﬁn—L——

input | int (cot (d*x+c) ~5* (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c)+C+tan(d*x+c) ~2) ,x,method

=_RETURNVERBOSE)

output | 1/6x* (3% (3*B*a~2*xb-B*b~3+C*a~3-3*%C*a*b~2) *1n(sec (d*x+c) ~2) +6* (-3*%B*a~2*b+Bx*
b~3-C*a~3+3*C*a*b~2) *1n(tan(d*x+c) ) -2*B*a~3*cot (d*x+c) ~3+3* (-3xBxa~2*xb-Cx*a
~3)*cot (d*x+c) “2+6*a*cot (d*x+c) * (Bxa~2-3*Bxb~2-3*C*a*b) +6*d*x* (Bxa~3-3*B*a
*b~2-3%C*a~2%b+Cxb~3) ) /d

3.22.5 Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 181, normalized size of antiderivative = 1.18

/cot5(c + dz)(a + btan(c + dz))* (B tan(c + dz) + Ctan’(c + dz)) dz =

3(Ca® + 3 Ba?b — 3Cab* — Bb®) log (M> tan (dz + ¢)* 4+ 2 Ba® + 3 (Ca® + 3 Ba?b — 2 (Ba?

tan(do+c)?+1

input integrate(cot (d*x+c) 5% (a+bxtan(d*x+c)) ~3*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x,
algorithm="fricas")

output | -1/6*(3*x(C*a~3 + 3*B*a~2%b - 3*C*a*b~2 - B*b~3)*log(tan(d*x + c)~2/(tan(dx*
X + ¢c)”2 + 1))*tan(d*x + c)”3 + 2*%B*a~3 + 3*x(C*a~3 + 3*Bxa”2%b - 2*(B*xa"3

- 3*%Cxa~2xb - 3*B*axb”™2 + Cxb~3)*d*x)*tan(d*x + c)~3 - 6*(B*a"3 - 3*C*a 2%
b - 3*Bxaxb~2)*tan(d*x + c)~2 + 3*%(C*a~3 + 3*B*a~2*b)*tan(d*x + c))/(d*tan

(d*x + ¢c)~3)
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3.22.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 323 vs. 2(150) = 300.

Time = 4.11 (sec) , antiderivative size = 323, normalized size of antiderivative = 2.10

/cots(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C tan®*(c + dz)) dz

(

NaN
z(a + btan (c))® (Btan (c¢) + C'tan? (c)) cot® (c)
~ ) NaN
Ba3 Bas 3Ba?blog (tan? (c+dx)+1) 3Ba?blog (tan (c+dzx)) 3Ba?b 2
\B(I3.’L' + dtan (c+dz)  3dtan® (c+dz) + 2d - - da T 2dtan? (ct+dx) 3Bab"z —

input | integrate (cot (d*x+c) **5* (a+bxtan (d*x+c)) **3* (Bxtan (d*x+c)+C*tan (d*x+c) **2)

,X)

output  Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (xx(a + bxtan(c))**3*(Bxtan(c) + C*t
an(c)**2)*cot(c)**5, Eq(d, 0)), (nan, Eq(c, -d*x)), (B*ax*3*x + B¥a*x3/(d*
tan(c + d*x)) - B*a**3/(3*d*tan(c + d*x)**3) + 3*Bxa**x2*b*log(tan(c + d*x)
**%2 + 1)/(2*%d) - 3*Bxax*2*bkxlog(tan(c + d*x))/d - 3*Bkxa**2*b/(2xd*tan(c +
d*x)**2) - 3*Bkaxb**2xx - 3*Bxaxbx*2/(d*tan(c + d*x)) - B*b**3*log(tan(c +

d*x)**2 + 1)/(2%d) + Bxbx*3xlog(tan(c + d*x))/d + Cxa*x3xlog(tan(c + d*x)
*k2 + 1)/(2%d) - Cxax*3xlog(tan(c + d*x))/d - Cxax*3/(2kd*tan(c + d*x)**2)

— 3%Cxax*2xbxx — 3%Cxax*2xb/(dxtan(c + d*x)) - 3*Cxaxb**2xlog(tan(c + d*x
)*x2 + 1)/(2%d) + 3*Cxa*xbx*2xlog(tan(c + d*x))/d + Cxb*x3*x, True))

3.22.7 Maxima [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 180, normalized size of antiderivative = 1.17

/cots(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

6 (Ba® — 3Ca?b — 3 Bab? + Cb%)(dz + ¢) + 3 (Ca?® + 3 Ba?b — 3 Cab® — Bb®) log (tan (dz +¢)® + 1) — ¢

.
input ‘ integrate(cot (d*x+c) “5* (a+b*tan (d*x+c) ) “3* (Bxtan (d*x+c) +C*tan (d*x+c) ~2) ,x, ‘

‘ algorithm="maxima") ‘
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output | 1/6%(6%(B*a~3 - 3*C¥a~2%b - 3%Bka*xb~2 + Cxb~3)*(d*x + c) + 3*%(C*a~3 + 3*Bx

a"2*%b - 3*C*xa*b~2 - B*b~3)*log(tan(d*x + c)"2 + 1) - 6%(C*a~3 + 3*Bxa~2*b

- 3*%C*xa*b~2 - Bxb~3)*log(tan(d*x + c)) - (2%B*xa”3 - 6*%(B*xa~3 - 3*Cxa"2xb -
3*#B*axb~2)*tan(d*x + c)~2 + 3*(C*xa”3 + 3*Bxa~2xb)*tan(d*x + c))/tan(d*x +
c)~3)/d

3.22.8 Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 390 vs. 2(148) = 296.

Time = 1.43 (sec) , antiderivative size = 390, normalized size of antiderivative = 2.53

/cot5(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

Ba?tan (3 dz + %c)3 —3Ca’tan (1 dz + %c)2 — 9 Babtan (1 dz + %c)2 —15Ba3tan (3dz + ¢) + 3

input | integrate (cot (d*x+c) “5* (at+b*tan(d*x+c) ) ~3* (B*tan(d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="giac")

output | 1/24* (B*a~3*tan(1/2*d*x + 1/2%c)~3 - 3*Cxa~3xtan(1/2*d*x + 1/2*c)”2 - 9*Bx
a~2%bxtan(1/2*xd*x + 1/2%c)”2 - 15%B*a~3*tan(1/2xd*x + 1/2%c) + 36*C*a~2*xbx*
tan(1/2%d*x + 1/2*c) + 36*Bxaxb~2*xtan(1/2*d*x + 1/2*c) + 24*(B*a~3 - 3*C*a
~2%b - 3*xB*a*b~2 + C*b~3)*(d*x + c) + 24*%(C*a~3 + 3*B*a~2%b - 3*Cxa*b~2 -
Bxb~3)*log(tan(1/2*d*x + 1/2%c)~2 + 1) - 24x(C*a~3 + 3*B*a~2%b - 3*Cxa*b~2

- Bxb~3)*log(abs(tan(1/2*d*x + 1/2%c))) + (44*Cxa”3*tan(1/2xd*x + 1/2%c)”
3 + 132*B*a~2+b*tan(1/2*d*x + 1/2%c)"3 - 132#Ckaxb~2+tan(1/2*d*x + 1/2%c)”
3 - 44xBxb~3*tan(1/2*d*x + 1/2%c)"3 + 15xBxa~3*tan(1/2*d*x + 1/2%c)"2 - 36
*Cxa~2+bxtan (1/2*d*x + 1/2%c)”2 - 36*B*axb”~2+tan(1/2*d*x + 1/2%c)~2 - 3*Cx*
a~3xtan(1/2*d*x + 1/2*c) - 9*Bkxa~2xbkxtan(1/2*d*x + 1/2*c) - B*a~3)/tan(1/2
*d*x + 1/2xc)~3)/d
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3.22.9 Mupad [B] (verification not implemented)

Time = 8.51 (sec) , antiderivative size = 169, normalized size of antiderivative = 1.10

cot’(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan®(c + dz)) dz
_In(tan(c+dzx)) (—Ca®-3Ba*b+3Cab’+ Bb’)

cot(c + dz)° (tan(c+dx) (CT"B + %) + B2 4 tan(c+ dz)’ (—-Bd® +3C’a2b+3Bab2)>

d
_ In(tan(c+dz) —i) (B+C1li) (a+b 1i)% 1
2d
In (tan(c 4+ dz) + 1i) (B — C1i) (a —b1i)* 1i
" 2d

input | int (cot(c + d*x) “5*(B*tan(c + d*x) + Cxtan(c + d*x) ~2)*(a + bxtan(c + d*x)
)73,x%)

output | (log(tan(c + d*x))*(B*b~3 - Cxa~3 - 3*Bxa~2%b + 3xC*a*xb~2))/d - (cot(c + d
*xx) "3x(tan(c + d*x)*((Cxa~3)/2 + (3*xBxa~2%b)/2) + (B*a~3)/3 + tan(c + d*x)
~2x(3*%B*a*b”2 - B*a~3 + 3*%C*a~2*b)))/d - (log(tan(c + d*x) - 1i)*(B + Cx1i
)x(a + bx1i)~3%1i)/(2xd) + (log(tan(c + d*x) + 1i)*(B - C*1li)*(a - bx1i)~3
*1i)/(2xd)
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3.23 [ cot®(c+dzx)(a+btan(c+dz))? (B tan(c + dz) + C'ta

3.23.1 Optimalresult . . . . . . .. . ... . 248]
3.23.2 Mathematica [C] (verified) . . . . . . . . . ... L Lo 249
3.23.3 Rubi [A] (verified) . . . . . ... . 249
3.23.4 Maple [A] (verified) . . . . .. . .. .. 257
3.23.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... .. ... 255
3.23.6 Sympy [B] (verification not implemented) . . ... .. ... ... ...... 2561
3.23.7 Maxima [A] (verification not implemented) . . ... .. ... ... ...... 2571
3.23.8 Giac [B] (verification not implemented) . . . ... ... ... ... ...... 257
3.23.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 258

3.23.1 Optimal result

Integrand size = 40, antiderivative size = 191

/cot6(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

21 13 3/ o p2
=(3a2bB—b3B+a3C’—3ab20)x+(3a bB —b°B+a C’d 3ab*C') cot(c + dzx)

N a(2a*B — 5b°B — 6abC) cot?(c +dz)  a®(3bB + 2aC) cot®(c + dx)

4d 6d
N (a®B — 3ab®B — 3a*bC + b*C) log(sin(c + dz))
d
_aBcot*(c + dz)(a + btan(c + dx))?
4d

output‘(3*B*a‘2*b—B*b‘3+C*a‘3—3*C*a*b‘2)*x+(3*B*a‘2*b—B*b“3+C*a‘3—3*C*a*b‘2)*cot(
\d*x+c)/d+1/4*a*(2*B*a‘2—5*B*b‘2—6*C*a*b)*cot(d*x+c)‘2/d—1/6*a‘2*(3*B*b+2*C
\*a)*cot(d*x+c)‘3/d+(B*a“3—3*B*a*b‘2—3*C*a‘2*b+C*b‘3)*1n(sin(d*x+c))/d—1/4*
|axBkcot (d¥x+c) “4* (a+b¥tan(d*x+c))"2/d

EER———.——
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3.23.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.81 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.04

cot®(c + dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan*(c + dz)) dz
_ 12(3a*bB — b°B + a*C — 3ab*C) cot(c + dz) + 6a(a®B — 3b°B — 3abC) cot?(c + dz) — 4a*(3bB + aC) ¢

input | Integrate[Cot[c + d*x]~6*(a + b*Tan[c + d*x]) 3*(B*Tan[c + d*x] + C*Tan[c
+ d*x]~2) ,x]

N\ J

output | (12*(3*a~2*b*B - b~3*%B + a~3*C - 3*a*b~2*C)*Cot[c + d*x] + 6*xa*(a”2*B - 3%
b~2*B - 3*axb*C)*Cot[c + d*x]~2 - 4%a~2x(3*b*B + a*xC)*Cot[c + d*x]~3 - 3*a
~3*B*Cot[c + d*x]~4 - 6x(a + I*b)"3*%(B + I*C)*Log[I - Tan[c + d*x]] + 12x(
a~3%B - 3*%axb”2%B - 3%a”2*%b*C + b~3*C)*Log[Tan[c + d*x]] - 6x(a - I¥b) 3%(
B - I*C)*LoglI + Tan[c + d*x]])/(12%d)

3.23.3 Rubi [A] (verified)

Time = 1.44 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.07,

number of steps used = 19, number of rules used = 19, Iﬁ%%éz?gr?cfl rslilzlgs = 0.475, Rules

used = {3042, 4115, 3042, 4088, 27, 3042, 4118, 25, 3042, 4111, 27, 3042, 4012, 25, 3042,
4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot®(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®(c + dz)) dz
| 3042

dzx

(a+ btan(c+ dz))? (Btan(c + dz) + C tan(c + dz)?)
/ tan(c + dx)8

| 4115
/cot5(c + dx)(a + btan(c + dz))3(B + C'tan(c + dz))dx

l 3042
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(a + btan(c + dx))3(B + C'tan(c + dz))
/ tan(c + dzx)®

l 4088

dz

i/200t4(c+dm)(a+btan(c+

dz)) (—b(aB — 2bC) tan*(c + dz) — 2(Ba® — 2bCa — b*B) tan(c + dz) + a(3bB + 2aC)) dz —
aB cot(c + dz)(a + btan(c + dx))?
4d

l 27

% / cot*(c + dx)(a + btan(c +

dz)) (—b(aB — 2bC) tan?(c + dz) — 2(Ba® — 2bCa — b*B) tan(c + dz) + a(3bB + 2aC)) dz —
aB cot(c + dz)(a + btan(c + dx))?
4d

l_3042

1 / (a+btan(c+ dz)) (—b(aB — 2bC) tan(c + dz)? — 2(Ba® — 2bCa — b*B) tan(c + dz) + a(3bB + 2aC)) i
2 tan(c + dz)*
aB cot(c + dz)(a + btan(c + dx))?
4d

l 4118

XT—

1
2 </ — cot®(c + dz) (b*(aB — 2bC) tan®(c + dz) + 2(Ca® + 3bBa® — 3b*Ca — b°B) tan(c + dz) + a(2Ba® — 6bC

aB cot(c + dz)(a + btan(c + dx))?
4d

l 25

1
2 <— /cot3(c + dz) (b*(aB — 2bC) tan?(c + dz) + 2(Ca® + 3bBa® — 3b°Ca — b°B) tan(c + dz) + a(2Ba* — 6bC

aB cot*(c + dz)(a + btan(c + dz))?
4d

l 3042

1 ( / b?(aB — 2bC) tan(c + dz)? + 2(Ca® + 3bBa? — 3b°Ca — b>B) tan(c + dz) + a(2Ba® — 6bCa — 5b>B) d
I 2

2 tan(c + dz)3
aB cot?(c + dx)(a + btan(c + dx))?
4d

l 4111
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24?1
% <— / 2cot?(c + dz) (Ca® + 3bBa? — 3b°Ca — b°B — (Ba® — 3bCa® — 3b*Ba + b°C) tan(c + dz)) dz + a(24’)

aB cot(c + dz)(a + btan(c + dx))?
4d

| 27
1 2a°F
3 (—2 / cot?(c + dz) (Ca® + 3bBa® — 3b*°Ca — b°B — (Ba® — 3bCa® — 36> Ba + b*C) tan(c + dz)) dz + a(ia

aB cot?(c + dx)(a + btan(c + dx))?
4d

l 3042

1 2/ Ca3 + 3bBa? — 3v’Ca — b*B — (Ba® — 3bCa® — 36> Ba + b3C) tan(c + dz) o+ a(2a?B — 6abC — 5b*
2 tan(c + dr)? v 2d
aB cot*(c + dz)(a + btan(c + dz))?
4d

l 4012

1 3¢
2(—2(/—cm@+dm(B&—3&%#—3§Ba+§0+40&44w3£—3§Ca—§3)mmc+¢wyM—(a

aB cot*(c + dz)(a + btan(c + dz))?
4d

l 25
1 (a3(

3 (—2 (— / cot(c + dz) (Ba® — 3bCa® — 3b*Ba + b*C + (Ca® + 3bBa® — 3b*Ca — b°B) tan(c + dz)) dz — ~—

aB cot*(c + dz)(a + btan(c + dz))?
4d

l 3042

1, / Ba3 — 3bCa? — 3v’Ba + b3C + (Ca® + 3bBa? — 3b°Ca — b3B) tan(c + d:c)d (a3C + 3a?bB — 3
tan(c + dx) v
aB cot(c + dz)(a + btan(c + dx))?

4d

l 4014
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3C + 3a%bB — 3ab?C — b3B) cot(c + d ,
% (—2 (— (a®B — 3a*bC — 3ab’B + b°C) /cot(c + dz)dz — (a°C +3a ¢ y Joot(e+da) (z(a
aB cot(c + dz)(a + btan(c + dx))?
4d
| 3042
3C + 3abB — 3ab’C — b3B) cot d
;(—2(—((133—3a2bC’—3ab2B+b3C)/—tan(c—l—dx-l-;r) dx — (a +da ¢ d )CO (c+do

aB cot?(c + dx)(a + btan(c + dx))?
4d

l 25
1

3 (—2 <(a3B —3a®bC — 3ab®B + b°0) /tan <;(20 +7) + d:c> dr — (

aB cot*(c + dz)(a + btan(c + dz))?

a3C + 3a*bB — 3ab*C — b>B) cot(c + d
d

4d
l 3956
1( a(2a’B — 6abC — 5b°B) cot?(c+ dz)  a?(2aC + 3bB) cot3(c + dz) 5 (a3C + 3a?bB — 3ab’C — b°B) «
2 2d 3d d
aB cot(c + dx)(a + btan(c + dz))?
4d

-

Int[Cot[c + d*x]~6%(a + b*Tan[c + d*x]) 3%(B*Tan[c + d*x] + C*Tan[c + d*x]
~2),x]

((ax(2*a~2+%B - 5*b~2+#B - 6xa*b*C)*Cot[c + d*x]~2)/(2xd) - (a~2+(3*b*B + 2%
a*C)*Cot[c + d*x]~3)/(3*d) - 2%(-((3*a~2*%b*B - b~3*B + a”~3*C - 3*a*xb~2xC)x*
x) - ((3%a~2%b*B - b~3*%B + a~3*%C - 3%a*b~2*C)*Cot[c + d*x])/d - ((a~3%B -
3xaxb~2*%B - 3*a”~2*bxC + b~3*C)*Log[-Sin[c + d*x]]1)/d))/2 - (axBxCot[c + d*
x]~4x(a + bxTan[c + d*x])~2)/(4*d)

3.23.  [cot®(c+ dz)(a+ btan(c + dz))? (B tan(c + dz) + C'tan®(c + dz)) dz



rule 25

rule 27

rule 3042

rule 3956

rule 4012

rule 4014

rule 4088
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3.23.3.1 Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl[{c, d}, x]

Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +
(f_.)*(x_)]1), x_Symbol] :> Simp[(b*c - a*d)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + 1)*(a”2 + b°2))), x] + Simp[1/(a”2 + b"2) Int[(a + bxTan[e + f*x]
)" (m + 1)*Simp[a*xc + b*d - (b*c - axd)*Tanl[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a~2 + b~2, 0] && LtQ[m, -1
]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b"2)), x] + Simp[(b*c - a
*d)/(a”2 + b™2) Int[(b - a*Tan[e + f*x])/(a + bxTanl[e + f*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(f_)*x)D*((c_.) + (@_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [(bxc - a*d)*(B*c - Axd)*(a + bxTan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x
D@ + 1)/(d*f*(n + 1)*(c™2 + d72))), x] - Simp[1/(d*(n + 1)*(c"2 + d72))
Int[(a + bxTan[e + f*x])"(m - 2)*(c + d*Tan[e + f*x])~(n + 1)*Simp[a*A*d*
(b*d*(m — 1) - a*c*(n + 1)) + (b*Bxc — (A*b + a*B)*d)*(b*c*x(m - 1) + a*xd*(n
+ 1)) - d*x((axA - bxB)*(bxc - a*xd) + (Axb + axB)*(a*c + b*d))*(n + 1)*Tan[
e + f*x] - b*(d*x(A*b*c + a*Bxc - a*A*d)*(m + n) - b*B*(c”2*%(m - 1) - d"2*(n
+ 1)))#*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d, e, £, A, B}, x] &&
NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + 472, 0] && GtQ[m, 1] &
& LtQ[n, -1] && (IntegerQ[m] || IntegersQ[2*m, 2*n])
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rule 4111

rule 4115

rule 4118
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+

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.)
(f_)*(x_)] + (C_.)*tan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[(A*b~2 -
a*b*B + a~2*C)*((a + bxTan[e + f*x]) " (m + 1)/(b*xf*x(m + 1)*(a"2 + b~2))), x

] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[b*B + a*(A -
C) - (A*¥b - a*B - b*C)*Tan[e + f*x], x], x], x] /; FreeQ[{a, b, e, f, A,

, C}, x] && NeQ[A*b~2 - a*xb*B + a~2*C, 0] && LtQ[m, -1] && NeQ[a"2 + b~2,

]

o w

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)*%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£f_.
d*x(x_)1)"(n_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_.) + (£
_)*(x.)]172), x_Symbol] :> Simp[(-(b*c - a*d))*(c"2+#C - Bkcxd + A*d~2)*((c

+ d*Tan[e + fxx])"(n + 1)/(d"2*f*(n + 1)*(c”2 + d72))), x] + Simp[1/(d*(c"2
+ d"2)) Int[(c + d*Tan[e + f*x])~(n + 1)*Simp[axd*(A*c - cxC + B*d) + b*
(c™2*%C - B*c*d + A*d~2) + dx(A*b*c + a*Bxc - bxckC - axA*d + b*Bxd + a*Cxd)
xTan[e + f*x] + b*Cx(c~2 + d~2)*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b,

c, d, e, £, A, B, C}, x] && NeQ[bxc - axd, 0] && NeQ[c~2 + d~2, 0] && LtQ[n
, —-1]

3.23.4 Maple [A] (verified)

Time = 0.31 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.09
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method result
. 6(—Ba®+3Bab?+3C a?b—Cb%) In (sec(d:c+c)2> +12(B a®—3Ba b?>—3C a?b+C b?) In(tan(dz+c))—3B a® cot(dz+c)?
parallelrisch
2
—3B 420+ Bb3—C a3+43Cab? 3 2 2 3 Bad a2(3Bb+Ca) | a(Ba?—3B!
— +(B a3—3Ba b?—3C a?b+C b?) In(tan(dz+c))— i—
. . o e tan(dz+ 3
derlvatlveleIdeS an(dz+c) 4 tan(dz+c) 3 tan(dz+c) Zt?in(dm
2
_ —3Ba?b4+Bb%—Ca+3Cab? 3 2 apv 2 5 _ Ba® _ a2(3BbtCa) , o(Ba?-3Bt
tan(dz-+e) +(Ba’-3Bab?-3C a’b+C0b%) In(tan(dz+c)) 4tan(doto)? _ 3tan(datc)d 2 tan(dw
default v
3B a?b—Bb3+C a®—3Ca b?) tan(dz+c)? 3 Ba?2-3Bb2-3
(380 e . ab?) tan(dz o) +(3B a2b—Bb3+C a3—3Cab?)z tan(dz+c)®— 22 tzrzi(dz+c)+a( : 5
norman 5
tan(dz+c)
. O a2 ‘Ba b2 . . (03
risch 6iabe 4 GiBabee _ ;B g3g + 3iC a’bx + 3B a’bz — Bb’z + C a®z — 3Ca b’z — ZCb<.

input | int (cot (d*x+c) ~6* (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c)+C+tan(d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/12% (6% (-B*a~3+3*B*a*xb~2+3*C*ka~2*xb-C*b~3) *1n(sec (d*x+c) ~2) +12* (Bxa~3-3*Bx*
a*b~2-3*C*xa~2xb+Cxb~3) *1n (tan (d*x+c) ) -3*B*xa~3*cot (d*x+c) ~4+4%* (-3*%B*xa~2xb-C
*a~3) *cot (d*x+c) “3+6*a*cot (d*x+c) “2* (Bxa~2-3*B*b~2-3*C*a*b) +12*cot (d*x+c) *
(3*B*a~2xb-B*b~3+C*a~3-3*Cxa*xb~2) +36*d* (B*xa~2xb—1/3*%Bxb~3+1/3*C*a~3-C*a*xb~
2)*x)/d

3.23.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.18

/cot6(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

6 (Ba® — 3Ca?b — 3 Bab® + Cb?) log <%> tan (dz + ¢)* 4+ 3 (3 Ba® — 6 Ca?b — 6 Bab® + 4 (Ca?

input‘integrate(cot(d*x+c)‘6*(a+b*tan(d*x+c))‘3*(B*tan(d*x+c)+C*tan(d*x+c)‘2),x,

‘ algorithm="fricas") ‘
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output | 1/12% (6% (B*xa~3 - 3*Cxa~2xb - 3*Bxaxb~2 + Cxb~3)*log(tan(d*x + c)~2/(tan(d*
X + c)”2 + 1))*tan(d*x + c)~4 + 3*%(3*B*a”3 - 6*Cxa”2%b - 6*%Bxaxb”2 + 4*(C*
a3 + 3%B*a"2xb - 3*C*xaxb~2 - B*b~3)*d*x)*tan(d*x + c)"4 - 3*B*a~3 + 12x(C
*a~3 + 3*Bxa~2*b - 3*C*a*b”2 - Bxb~3)*tan(d*x + c)~3 + 6%(B*¥a~3 - 3*Cxa”~2*
b - 3*Bxaxb~2)*tan(d*x + c)~2 - 4x(C*a~3 + 3*B*a~2+*b)*tan(d*x + c))/(d*tan
(d*x + c)~4)

3.23.6 Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 391 vs. 2(187) = 374.

Time = 5.46 (sec) , antiderivative size = 391, normalized size of antiderivative = 2.05

/cot6(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

;

NaN
z(a + btan (c))® (Btan (¢) + C'tan? (c)) cot® (c)
~ Y NaN
Ba?® log (tan? (c+dz)+1) Ba? log (tan (c+dz)) Ba3 Ba3 2 3Ba?b Ba?b
- 2d 4+ 2% 3 T 4+ 2dtan2a(c+dz) - 4dtan4czc+dw) + 3Ba”bx + dtan (i+dw) - dtan3gic+da

input integrate(cot (d*x+c)**6* (a+b*tan (d*x+c) ) **3* (Bxtan (d*x+c)+Cxtan (d*x+c) **2)

»X)

output | Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + b*tan(c))#**3*(Bxtan(c) + Cx*t
an(c)**2)*cot(c)**6, Eq(d, 0)), (nan, Eq(c, -d*x)), (-B*a**3xlog(tan(c + d
*xx)**%2 + 1)/(2%d) + Bxax*3xlog(tan(c + d*x))/d + Bkax*3/(2kd*tan(c + d*x)*
*2) - B¥a*x3/(4xd*tan(c + d*x)#**x4) + 3*Bkax*2*bxx + 3*Bkax*2*b/(d*tan(c +
d*x)) - Bxax*2xb/(d*tan(c + d*x)**3) + 3xBkax*bx*2*xlog(tan(c + d*x)**2 + 1)
/(2xd) - 3xBkaxb**2*log(tan(c + d*x))/d - 3xBkaxb**2/(2kd*tan(c + d*x)**2)
- Bxb**3xx - Bx*b**3/(d*tan(c + d*x)) + Ckax*3*x + Cka**3/(d*tan(c + d*x))
- C*ax*3/(3*d*tan(c + d*x)**3) + 3xCkax*2xb*log(tan(c + d*x)**2 + 1)/(2xd
) - 3*Cxa*x2*bxlog(tan(c + d*x))/d - 3*Cxa**x2*b/(2xd*tan(c + d*x)**2) - 3%
Cxaxb**2*x - 3*Cka*xb**x2/(d*tan(c + d*x)) - Ckb**3xlog(tan(c + d*x)**2 + 1)
/(2xd) + C*b**3*log(tan(c + d*x))/d, True))
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3.23.7 Maxima [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 215, normalized size of antiderivative = 1.13

/COt6(C + dz)(a + btan(c + dz))’ (Btan(c + dz) + C tan®*(c + dz)) dz

12 (Ca® + 3 Ba?b — 3 Cab® — Bb®)(dz + c) — 6 (Ba® — 3 Ca?b — 3 Bab? + Cb?) log (tan (dz + c)* + 1) +

input | integrate (cot (d*x+c) 6% (at+b*tan(d*x+c)) ~3*(B*tan(d*x+c)+Cxtan(d*x+c)~2),x,

algorithm="maxima"

output | 1/12* (12*x(C*xa~3 + 3*B*a~2%b - 3*Cxaxb~2 — B*b~3)*(d*x + c) - 6*x(Bxa~3 - 3x*
Cxa~2xb - 3*Bxaxb~2 + Cxb~3)*log(tan(d*x + c)~2 + 1) + 12%(B*a~3 - 3*C*a”2
*b - 3*Bxaxb~2 + Cxb~3)*log(tan(d*x + c)) - (3*%B*a~3 - 12x(C*a~3 + 3*B*a~2
*b - 3*%Cxa*b”2 — B*b~3)*tan(d*x + c)”3 - 6*%(B*xa"3 - 3*C*a~2xb - 3*B*a*xb~2)
*tan(d*x + c)”2 + 4%(Cxa~3 + 3xBxa~2xb)*tan(d*x + c))/tan(d*x + c)~4)/d

3.23.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 528 vs. 2(185) = 370.

Time = 1.48 (sec) , antiderivative size = 528, normalized size of antiderivative = 2.76

/cotﬁ(c + dz)(a + btan(c + dz))® (B tan(c + dz) + Ctan®(c + dz)) dz =

3 Ba®tan (3 dz + %c)4 —8Ca®tan (3 dz + %c)3 — 24 Ba®btan (3 dz + %c)?’ —36Bd*tan (1 dz + ;¢

input‘integrate(cot(d*x+c)“6*(a+b*tan(d*x+c))‘3*(B*tan(d*x+c)+C*tan(d*x+c)‘2),x,

‘ algorithm="giac") ‘
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-1/192*% (3*xB*a~3*tan(1/2*d*x + 1/2%c)"4 - 8*C*a~3xtan(1/2xd*x + 1/2%c)"3 -

24xBxa~2xbxtan(1/2*d*x + 1/2*c) 3 - 36*Bxa”~3*tan(1/2*d*x + 1/2%c)~2 + 72*C
*a " 2xbxtan (1/2*d*x + 1/2%c)”2 + 72xBxaxb~2*tan(1/2*d*x + 1/2%c)~2 + 120*Cx*
a~3*tan(1/2*xd*x + 1/2*c) + 360*B*a”2*bxtan(1/2xd*xx + 1/2%c) - 288*C*axb~2*
tan(1/2*d*x + 1/2%c) - 96*Bxb~3*tan(1/2*d*x + 1/2%c) - 192*(C*a”~3 + 3*B*a”
2%b — 3*Cxa*b”2 — B*b~3)*(d*x + c) + 192%(B*a”3 - 3*C*a~2*b - 3*B*axb"2 +

Cxb~3)x1log(tan(1/2*d*x + 1/2%c)~2 + 1) - 192%(B*a”3 - 3*C*a~2%b - 3*B*axb~
2 + C¥b~3)*log(abs(tan(1/2*d*x + 1/2%c))) + (400*B*a~3*tan(1/2*d*x + 1/2%c
)"4 - 1200%C*a~2*bxtan(1/2*d*x + 1/2*c)~4 - 1200*Bxaxb~2*tan(1/2*d*x + 1/2
*C) "4 + 400*C*b~3*tan(1/2*d*x + 1/2%c)”4 - 120*%Cxa”3xtan(1/2*d*x + 1/2xc)”
3 - 360*B*xa”2*bxtan(1/2*d*x + 1/2%c)”3 + 288*C*axb”~2+tan(1/2*d*xx + 1/2%c)”
3 + 96*%Bxb”~3*tan(1/2+d*x + 1/2%c)~3 - 36*B*a”3*tan(1/2*d*x + 1/2%c)”2 + 72
*Cxa~2xbxtan (1/2*d*x + 1/2%c)”2 + 72xBxaxb~2*tan(1/2*d*x + 1/2%c)”~2 + 8*Cx*
a~3*tan(1/2*xd*x + 1/2*c) + 24%B*a~2¥bxtan(1/2xd*xx + 1/2%c) + 3*B*a~3)/tan(
1/2*d*x + 1/2%c)"4)/d

3.23.9 Mupad [B] (verification not implemented)

Time = 8.47 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.07

cot’(c + dz)(a + btan(c + dz))* (Btan(c + dz) + C'tan®*(c + dz)) dz
_In(tan(c+dx)) (Ba®>—3Ca*b—3Bab®>+Cb’)

d
cot(c + dz)* (tan(c+ dz) (CT“P’ + Bba2> + 22 4 tan(c+dz)’ (—BT“P’ +3Ca%b 4 %) + tan(c A
a d
_In(tan(c+dz)+1i) (B—C1li) (b+ali)’li
2d
_ In(tan(c+dz)—i) (B+CL) (-b+a 1i)% 1i
2d

int(cot(c + d*x) 6% (Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + b*tan(c + d*x)
)~3,x)

(log(tan(c + d*x))*(B*a~3 + C*b~3 - 3*B*a*b~2 - 3*C*a~2xb))/d - (cot(c + d
*x) ~4*x(tan(c + d*x)*((C*a~3)/3 + Bxa~2*b) + (B*a~3)/4 + tan(c + d*x)~2*((3
*Bxa*b~2)/2 - (Bxa~3)/2 + (3*Cxa~2%b)/2) + tan(c + d*x) 3*(B*¥b~3 - C*a~3 -
3*%Bxa~2+b + 3xC*a*b~2)))/d - (log(tan(c + d*x) + 1i)*(B - Cx1i)*(ax1li + b
)"3%1i)/(2*d) - (log(tan(c + d*x) - 1i)*(B + C*1i)*(a*li - b)~3*1i)/(2*d)
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3.24 [ cot”(c+dz)(a+btan(ct+dz))? (B tan(c + dz) 4+ C ta
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3.24.8 Giac [B] (verification not implemented) . . . .. .. ... ... ....... 268
3.24.9 Mupad [B] (verification not implemented) . . . . ... ... ... ... ... 269

3.24.1 Optimal result

Integrand size = 40, antiderivative size = 233

/cot7(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

= —((a®*B — 3ab?B — 3a%C + b°C) z) — (a®B — 3ab®B — 3a°bC + b°C) cot(c + dz)
d

N (3a?bB — b®B + a3C — 3ab?C) cot?(c + dx) N a(5a®B — 12b>°B — 15abC) cot?(c + dx)

2d 15d
_ @*(7bB + 5aC) cot* (c + dx) N (3a?bB — b®B + a?C — 3ab?C) log(sin(c + dx))
20d d
_aBcot®(c + dz)(a + btan(c + dr))?
5d

output | - (B*a~3-3*B*axb~2-3*C*a~2*b+C*b~3) *x— (B*a~3-3*B*axb~2-3*C*xa~2*b+C*b~3) *cot
(d*x+c) /d+1/2* (3*xB*a~2%b-B*b~3+C*a~3-3*C*xa*b~2) *cot (d*x+c) ~2/d+1/15%a* (5%B
*3"2-12%B*b~2-15*C*a*b) *cot (d*x+c) “3/d-1/20%a"2* (7*B*b+5*C*a) *cot (d*x+c) ~4
/d+(3*B*a~2*b-B*b~3+C*a~3-3*C*a*b~2) *1n(sin(d*x+c))/d-1/5*a*B*xcot (d*x+c) "5
* (a+bxtan (d*x+c))~2/d
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3.24.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.24 (sec) , antiderivative size = 237, normalized size of antiderivative = 1.02

cot’(c+ dz)(a + btan(c + dz))® (Btan(c + dz) + C'tan*(c + dz)) dz
_ —60(a®B — 3ab’B — 3a*bC + b°C) cot(c + dz) + 30(3a®bB — b>B + a>C — 3ab*C) cot?(c + dz) + 20a(a

input | Integrate[Cot[c + d*x]~7*(a + b*Tan[c + d*x]) 3*(B*Tan[c + d*x] + C*Tan[c
+ d*x]~2) ,x]

N\ J

output | (-60*(a~3*B - 3*a*b”~2*%B - 3*a~2*b*C + b~3*C)*Cot[c + d*x] + 30*(3*a~2*b*B
- b"3*B + a~3*C - 3*a*b~2*C)*Cot[c + d*x]~2 + 20%a*x(a~2+%B - 3*b~2*B - 3*a*
b*C)*Cot [c + d*x]~3 - 15%a”2*(3*b*B + a*C)*Cot[c + d*x]~4 - 12*xa~3*Bx*Cot[c
+ d*x] "5 + (30*I)*(a + I*b)~3*(B + I*C)*Log[I - Tan[c + d*x]] + 60*(3*a~2
*b*B - b"3%B + a~3%C - 3*axb~2*C)*Log[Tan[c + d*x]] + 30*%(I*a + b)~3*(B -
IxC)*Log[I + Tan[c + d*x]])/(60%*d)

3.24.3 Rubi [A] (verified)

Time = 1.72 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.04,

_ _ number of rules _
number of steps used = 20, number of rules used = 20, integrand size 0.500, Rules

used = {3042, 4115, 3042, 4088, 3042, 4118, 25, 3042, 4111, 27, 3042, 4012, 25, 3042, 4012,
3042, 4014, 3042, 25, 3956}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot’(c + dz)(a + btan(c + dz))? (Btan(c + dz) + Ctan®(c + dz)) dz

l 3042

(a+ btan(c+ dz))? (Btan(c + dz) + C tan(c + dz)?) p
/ tan(c + dzx)” o

l 4115

/cots(c + dz)(a + btan(c + dz))3(B + C tan(c + dz))dx
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l 3042

dx

/ (a+ btan(c + dz))3(B + Ctan(c + dz))
tan(c + dx)®

l 4088

5
dz)) (—=b(3aB — 5bC) tan?(c + dz) — 5(Ba® — 2bCa — b*B) tan(c + dz) + a(7bB + 5aC)) dz —
aB cot®(c + dz)(a + btan(c + dx))?
5d

l 3042

E / cot®(c + dx)(a + btan(c +

dz-

1 / (a + btan(c+ dz)) (—b(3aB — 5bC) tan(c + dz)? — 5(Ba? — 2bCa — b?B) tan(c + dz) + a(7bB + 5aC))
5 tan(c + dz)®
aB cot®(c + dz)(a + btan(c + dx))?
5d

l 4118

% (/ — cot*(c + dz) (b?(3aB — 5bC) tan®(c + dz) + 5(Ca® + 3bBa® — 3b°Ca — b°B) tan(c + dz) + a(5Ba® — 1F

aB cot®(c + dz)(a + btan(c + dx))?
5d

| 25

1
£ <— /cot4(c + dz) (b*(3aB — 5bC) tan®(c + dz) + 5(Ca® + 3bBa® — 3b°Ca — b°B) tan(c + dz) + a(5Ba® — 15

aB cot®(c + dz)(a + btan(c + dx))?
5d

l 3042

1 / b?(3aB — 5bC) tan(c + dz)? + 5(Ca® + 3bBa? — 3b°Ca — b*B) tan(c + dz) + a(5Ba* — 156Ca — 12b*B
5 tan(c + dx)*
aB cot®(c + dx)(a + btan(c + dx))?
5d

l 4111

5a’]
(— / 5 cot?(c + da) (Ca® + 3bBa? — 3°Ca — B°B — (Ba® — 36Ca® — 36 Ba + HC) tan(c + o)) do + 200

av| =

aB cot®(c + dz)(a + btan(c + dz))?
5d
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l 27

5a2F
(—5 / cot?(c + dz) (Ca® + 3bBa® — 3b*°Ca — b°B — (Ba® — 3bCa® — 36> Ba + b*C) tan(c + dz)) dz + a(5a

Ot =

aB cot®(c + dz)(a + btan(c + dx))?
5d

l 3042

5 tan(c + dz)3 v 3d

aB cot®(c + dz)(a + btan(c + dz))?
5d

J 4012

1 ( 5/ Ca3 + 3bBa? — 3v’Ca — bB — (Ba® — 3bCa® — 3b*Ba + b3C) tan(c + dw)d N a(5a?B — 15abC — 12

3
% (—5 (/ — cot?(c + dz) (Ba® — 3bCa® — 3b°Ba + b°C + (Ca® + 3bBa® — 3v*Ca — b°B) tan(c + dz)) dz — (i

aB cot®(c + dz)(a + btan(c + dz))?
5d

l 25
1

3
= (—5 (— / cot?(c + dz) (Ba® — 3bCa® — 3b>Ba + b°C + (Ca® + 3bBa® — 3b°Ca — b°B) tan(c + dz)) dz — (i

5
aB cot?(c + dz)(a + btan(c + dz))?
5d

l 3042

ov| =

5 / Ba3 — 3bCa? — 3v’Ba + b3C + (Ca® + 3bBa® — 3b°Ca — b3B) tan(c + dm)d (a3C + 3a?bB — 3
tan(c + dr)? v
aB cot®(c + dz)(a + btan(c + dx))?
5d

l 4012

1 3
R (—5 (— / cot(c + dz) (Ca® + 3bBa® — 3b*Ca — b*B — (Ba® — 3bCa® — 3b*Ba + b°C) tan(c + dz)) dz — (a—
aB cot®(c + dz)(a + btan(c + dx))?
5d

l 3042
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1. / Ca?® + 3bBa? — 3b?Ca — b3B — (Ba® — 3bCa? — 36> Ba + b3C) tan(c + de) | (a3C + 3a?bB — 3
5 tan(c + dx) v
aB cot®(c + dz)(a + btan(c + dx))?
5d

l 4014

3C + 3a%bB — 3ab2C — b3B) cot?(c + d 3,
% (—5 (—(a3C +3a%bB — 3ab2C — b°B) / cot(c + dz)dz — \2C+30 a . Jcot®(c+de)  (a’,
aB cot®(c + dx)(a + btan(c + dx))?
5d
| 3042

(a®C + 3a*bB — 3ab*C — b*B) cot?(c + d:
2d

% (—5 <—(a3C’ +3a2bB — 3ab2C — b°B) / —tan (c+do+ 7 ) do —
aB cot®(c + dz)(a + btan(c + dz))?
5d

l25

1 1 3C + 3a%bB — 3ab’C — b>B) cot?
5 <_5 ((a?’C + 3a%bB — 3ab*C — b°B) /tan <2(2c + ) + dac) dx — (a°C +3a a = ) cot?(c +a
aB cot®(c + dz)(a + btan(c + dx))?
5d
| 3956

1 a(5a*B — 15abC — 12b*B) cot®*(c + dz)  a?(5aC + 7bB) cot*(c + dx) (a3C + 3a%bB — 3ab*C — b3E
= — —5[—
5 3d 4d 2d
aB cot?®(c + dz)(a + btan(c + dz))?
5d

)
input| Int[Cot[c + d¥x]~7*(a + b¥Tan[c + d¥x])~3*(B*Tan[c + d*x] + CxTan[c + dxx] |
“2),x] ‘
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output | ((ax(5*a~2*B — 12*b~2*B — 15*a*xb*C)*Cot[c + d*x]~3)/(3*d) - (a~2x(7*b*B +
5*xaxC) *Cot [c + d*x]~4)/(4*d) - 5%((a"3*%B - 3*a*b~2*B - 3*a~2*bxC + b~ 3*C)*
x + ((a"3%B - 3*axb”2#B - 3*a~2*b*C + b~3*C)*Cot[c + d*x])/d - ((3*a~2*b*B
- b73%B + a~3*C - 3*axb~2*C)*Cot[c + d*x]~2)/(2*xd) - ((3*a"2*b*B - b~ 3%*B
+ a"3*C - 3*axb~2xC)*Log[-Sin[c + d*x]])/d))/5 - (axBxCot[c + d*x] 5*(a +
b*Tan[c + d*x])~2)/(5%d)

3.24.3.1 Defintions of rubi rules used

ruk325‘Int[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 | Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 | Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, xI]

rule 4012 Int[((a_.) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_)*((c_.) + (d_.)*tan[(e_.) +

(f_.)*(x_)]), x_Symbol] :> Simp[(b*c - a*d)*((a + b*Tan[e + f*x])"(m + 1)/
(fx(m + D*(@a"2 + b°2))), x] + Simp[1/(a~2 + b~2) Int[(a + bxTan[e + f*x]
)~(m + 1)*Simp[a*c + bxd - (b*c - a*d)*Tan[e + f*x], x], x], x] /; FreeQ[{a
, b, c, d, e, £}, x] && NeQ[b*c - a*d, 0] && NeQ[a~2 + b~2, 0] && LtQ[m, -1
]

rule 4014 Int[((c_.) + (d_.)*tan[(e_.) + (f_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + bxd)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a"2 + b"2) Int[(b - a*Tan[e + f*x])/(a + bxTan[e + f*x]), x], x] /;
FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b2, 0] && N
eQ[axc + b*xd, 0]
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rule 4088 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*(x_)D*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [(bxc - a*d)*(B*c - Axd)*(a + bxTan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x
D@ + 1)/(d*f*(n + 1)*(c™2 + d72))), x] - Simp[1/(d*(n + 1)*(c"2 + d72))
Int[(a + bxTan[e + f*x])"(m - 2)*(c + d*Tan[e + f*x])~(n + 1)+*Simp[a*A*d*
(bxd*(m - 1) - akc*(n + 1)) + (b*Bxc - (A*xb + a*B)*d)*(b*cx(m - 1) + a*xdx(n
+ 1)) - dx((axA - bxB)*(bxc - a*xd) + (Axb + axB)*(a*c + b*d))*(n + 1)*Tan[
e + f*x] - b*(d*x(A*b*c + a*Bxc - a*A*d)*(m + n) - b*B*(c”2*(m - 1) - d"2*(n
+ 1)))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, A, B}, x] &&
NeQ[b*c - axd, 0] && NeQ[a~"2 + b~2, 0] && NeQ[c™2 + 472, 0] && GtQ[m, 1] &
& LtQ[n, -1] && (IntegerQ[m] || IntegersQ[2*m, 2*n])

+

rule 4111 Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.)
(f_.)*(x_)] + (C_.)xtan[(e_.) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[(A*b~2 -
axb*B + a~2+C)*((a + bxTan[e + f*x])“(m + 1)/(b*f*x(m + 1)*(a"2 + b~2))), x
] + Simp[1/(a”2 + b"2) Int[(a + b*Tan[e + f*x])~(m + 1)*Simp[b*B + a*(A -
C) - (A*b - a*B - bxC)*Tan[e + f*x], x], x], x] /; FreeQ[{a, b, e, f, A, B
, C}, x] && NeQ[A*b~2 - a*xb*B + a~2*C, 0] && LtQ[m, -1] && NeQ[a"2 + b2, O
]

N

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (F_)*(x D)D)~ (@_)*((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

rule 4118 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (f_.
d)*x(x_)1)"(n_)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_.) + (£
_)*(x_)]172), x_Symbol] :> Simp[(-(b*c - a*d))*(c”2*%C - Bxc*d + A*d~2)*((c
+ d*Tan[e + fxx])"(n + 1)/(d"2*f*(n + 1)*(c”2 + 472))), x] + Simp[1/(d*(c"2
+ d"2)) Int[(c + d*Tan[e + f*x])~(n + 1)*Simp[axd*(A*c - cxC + B*d) + b*
(c™2%C - B*cxd + A*d"2) + dx(Axb*c + a*Bxc - b*cxC - a*Axd + b*Bxd + axCxd)
xTan[e + f*x] + b*Cx(c™2 + d"2)*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b,
c, d, e, £, A, B, C}, x] && NeQ[bxc - axd, 0] && NeQ[c"2 + d~2, 0] && LtQ[n
, —-1]
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3.24.4 Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 243, normalized size of antiderivative = 1.04

method result
, (~90B a2b+30B 55 ~30C a®+90Ca b?) In sec(da-+c)? )+ (180B a2b—60B b3+60C a® —180Cab?) In(tan(do+c))~12B
parallelrisch
—3Ba2b+B b3 —C a3+3Ca b2 2 3 3 2 Ba3—3Bab2-3C a2b+C b3 Ba3
- +(3B a2b—B b3+C a3—3Cab?) In(tan(dz+c))— - :
. . o . n 2 tan(dz+ n 5
derivativedivides 2tan(dzte) an(da+c) 5 tan(dz-+c)
_ —3Ba2b+Bb3—Ca3+3Cab? 2,3 3_ 2 __Ba3-3Bab2-3Ca3%b+Cb>  Bad
default 2 tan(dotc)? +(3B a2b—Bb3+C a3—3Cab?) In(tan(dz+c)) on(datc) ey
3B a2b—Bb3+C a®—3Cab?) tan(dz+c)? (Ba3—3Bab2—3C a2b+C b3) ta:
o (—Ba3+3Bab?+3C a?b—Cb3)z tan(dz+c)8+ ( ¢ * °a ) enldete)” ( ¢ ¢ ad * ) =
norman tan(dz+c)®
. iB a2 2i(—60C a?b—60Ba b2+15C b3 +23B a®>—70B a®
risch —Bﬁw+ﬂhww+ﬁm%x—0§z—mww_ (

e N

input | int (cot (d*x+c) “7* (a+b*tan (d*x+c)) ~3* (Bxtan (d*x+c)+Cxtan (d*x+c) ~2) ,x,method
=_RETURNVERBOSE)

output | 1/60* ((-90%*B*a~2%b+30%B*b~3-30*C*a~3+90*C*a*xb~2) *1n (sec (d*x+c) ~2)+(180%B*a
~2%b-60%B*b~3+60*C*a~3-180*C*a*b~2) *1n (tan (d*x+c) ) -12*B*a~3*cot (d*x+c) ~5+(
-45%Bxa~2xb-15%C*a~3) *cot (d*x+c) ~4+20*a*cot (d*x+c) “3* (B*a~2-3*Bxb~2-3*Cxa*
b) +(90*B*a~2xb-30*B*b~3+30*C*a~3-90*C*ka*xb~2) *cot (d*x+c) ~2+(-60*B*a”~3+180*B
*a*xb~2+180%C*a~2*b-60%Ckb~3) *cot (d*x+c) -60*d*x* (B*a~3-3*xBkaxb~2-3*Cka~2*b+
C*b~3))/d

3.24.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 266, normalized size of antiderivative = 1.14

/cot7(c + dz)(a + btan(c + dz))’ (Btan(c + dz) + C tan®*(c + dz)) dz

30 (Ca® + 3 Ba2b — 3 Cab® — BK) log (%) tan (dz + ¢)° + 15 (3 Ca® + 9 Ba?b — 6 Cab? — 2 Bb

input‘integrate(cot(d*x+c)‘7*(a+b*tan(d*x+c))“3*(B*tan(d*x+c)+C*tan(d*X+C)A2),X,

‘ algorithm="fricas") ‘

3.24.  [cot’(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C tan?*(c + dz)) dz



output

input

output
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1/60%(30*(Cxa~3 + 3*Bxa~2*b - 3*Cxa*b~2 - Bxb~3)*log(tan(d*x + c)~2/(tan(d
*x + ¢c)72 + 1))*tan(d*x + c)”5 + 15%(3*%C*xa”~3 + 9*B*a~2*b - 6xCka*xb~2 - 2*B
*b~3 - 4x(B*a~3 - 3*C*a~2%b - 3*Bxaxb~2 + C*b~3)*d*x)*tan(d*x + c)~5 - 60%*
(B*¥a~3 - 3*C*xa”~2*b - 3*B*a*b~2 + Cxb~3)*tan(d*x + c)~4 - 12%Bxa~3 + 30*(Cx*
a~3 + 3*%B*a"2xb - 3*C*xaxb”2 - B*b~3)*tan(d*x + c)~3 + 20%(B*a"3 - 3*C*xa~2x*
b - 3*B*a*b~2)*tan(d*x + c)”2 - 16%(Cxa”~3 + 3*B*a~2*b)*tan(d*x + c))/(d*ta
n(d*x + c)~5)

3.24.6 Sympy [A] (verification not implemented)

Time = 12.36 (sec) , antiderivative size = 462, normalized size of antiderivative = 1.98

/cot7(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

;

NaN
z(a + btan (c))® (Btan (¢) + C'tan? (c)) cot” (c)
~ ) NaN
3 Ba3 Bal Ba3 3Ba2blog (tan? (c+dx)+1) 3Ba2blog (tan (c+dzx)) 3Ba?b
\_Ba L~ Ttan ((tl:+dm) + 3dtan3a(c+d:1:) o 5dtan5a(c+dz) o 2d +=" da et thanztzc‘*

integrate(cot (d*x+c) **7* (a+b*tan (d*x+c) ) **3* (B¥tan (d*x+c) +Cxtan (d*x+c) **2)

»X)

Piecewise((nan, Eq(c, 0) & Eq(d, 0)), (x*(a + b*tan(c))#**3*(Bxtan(c) + Cx*t
an(c)**2)xcot(c)**7, Eq(d, 0)), (nan, Eq(c, -d*x)), (-B*a**3*x - B*ax*3/(d
*tan(c + d*x)) + Bxa**3/(3xd*tan(c + d*x)**3) - B*a*x3/(5xd*tan(c + d*x)**
5) - 3*Bkax*2xbxlog(tan(c + d*x)**2 + 1)/(2xd) + 3*Bka**2xbxlog(tan(c + d*
x))/d + 3xBxa*x2+b/(2*¢d*tan(c + d*xx)**2) — 3*Bxax*2xb/(4xd+tan(c + d*x)**4
) + 3xBxaxb**2*xx + 3*Bkxaxb**2/(d*tan(c + d*x)) - Bxaxbx*2/(d*tan(c + d*x)*
*3) + Bxb**3xlog(tan(c + d*x)**2 + 1)/(2xd) - B*b*x3*log(tan(c + d*x))/d -
Bxb**3/(2xd*tan(c + d*x)**2) - Cxa*x*3xlog(tan(c + d*x)*x2 + 1)/(2+d) + Cx
a*x*3*xlog(tan(c + d*x))/d + C*a**3/(2+d*tan(c + d*x)**2) - Cka**3/(4*d*tan(
Cc + dxx)**4) + 3*kCka**2*b*x + 3*xCxax*x2xb/(d*tan(c + d+*x)) - Cxax*x2xb/(d*ta
n(c + d*x)**3) + 3*Ckaxb**2*log(tan(c + d*x)**2 + 1)/(2%d) - 3*Cxaxb**2*1lo
g(tan(c + d*x))/d - 3*Cka*xb**2/(2*d*tan(c + d*x)**2) — Cxb**3xx — Cxb**3/(
d*tan(c + d*x)), True))

3.24.  [cot’(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C tan?*(c + dz)) dz
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3.24.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.07

/Cot7(c + dz)(a + btan(c + dz))’ (Btan(c + dz) + C'tan®*(c + dz)) dz =

60 (Ba® — 3Ca?b — 3 Bab? + Cb?)(dz + ¢) + 30 (Ca® + 3 Ba?b — 3 Cab? — Bb?) log (tan (dz + ¢)* + 1

input | integrate (cot (d*x+c) “7* (at+b*tan(d*x+c)) ~3*(B*tan(d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="maxima"

output | -1/60* (60* (B*xa~3 — 3*C*a~2%b - 3*B*a*b~2 + Cxb~3)*(d*x + c) + 30%(Cxa~3 +

3*B*a~2*%b - 3*C*ka*b~2 - B*b~3)*log(tan(d*x + c)~2 + 1) - 60*(C*a~3 + 3*B*a
“2xb - 3*Cxaxb~2 - Bxb~3)*log(tan(d*x + c)) + (60*(B*a~3 - 3*C*a~2%b - 3*B
*axb”"2 + C*b~3)*tan(d*x + c)"4 + 12*B*a~3 - 30*(C*a~3 + 3*Bxa”2%b — 3*Cxax

b"2 - B*b"3)*tan(d*x + c)~3 - 20*(B*a~3 - 3*C*xa”2*b — 3*Bxa*b~2)*tan(d*x +
c)~2 + 15%(C*a~3 + 3*Bxa~2xb)*tan(d*x + c))/tan(d*x + c)~5)/d

N J

3.24.8 Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 670 vs. 2(225) = 450.

Time = 1.57 (sec) , antiderivative size = 670, normalized size of antiderivative = 2.88

/cot7(c + dz)(a + btan(c + dz))® (Btan(c + dz) + Ctan’(c + dz)) dz

6 Ba? tan (% dz + %0)5 — 15Ca?tan (% dz + %c)4 — 45 Ba®btan (% dz + % 0)4 — 70 Ba?® tan (% dz + %c)E

e B

integrate(cot (d*x+c) “7* (atb*tan(d*x+c)) “3* (Bxtan (d*x+c)+Cxtan(d*x+c) ~2),x,

algorithm="giac")
alg g |

input

3.24.  [cot’(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C tan?*(c + dz)) dz
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output | 1/960* (6*xBxa~3*tan(1/2*d*x + 1/2%c)~5 - 15xC*a”~3*tan(1/2*d*x + 1/2%xc)~4 -

45%B*a”2+bxtan(1/2*xd*x + 1/2%c)”4 - 7O0*B*a~3*tan(1/2*d*x + 1/2*c)~3 + 120%
C*a~2*b*tan(1/2*d*x + 1/2*c)~3 + 120*B*a*b~2*tan(1/2xd*x + 1/2%c)~3 + 180%
Cxa~3*tan(1/2*d*x + 1/2*c)”2 + 540*B*a”2*b*tan(1/2*d*x + 1/2%c)~2 - 360*C*
a*b~2*tan(1/2*xd*x + 1/2%c)”2 - 120%B*b~3*tan(1/2xd*x + 1/2%c) "2 + 660*B*a”
3*xtan(1/2*d*x + 1/2%c) - 1800*C*a~2xbk*tan(1/2*d*x + 1/2*c) - 1800*Bxa*xb~2*
tan(1/2%d*x + 1/2*c) + 480*Cxb~3*tan(1/2*d*x + 1/2*c) - 960*(B*a~3 - 3*C*a
~2%b - 3*B*axb~2 + C*b~3)*(d*x + c) - 960*(Cxa~3 + 3*xB*a~2%b - 3*Cxa*b~2 -
B¥b~3)*log(tan(1/2*d*x + 1/2%c)”2 + 1) + 960*(Cxa~3 + 3%Bxa~2*%b - 3xCxax*b
"2 - Bxb~3)*log(abs(tan(1/2*d*x + 1/2%c))) - (2192xC*a~3*tan(1/2*d*x + 1/2
*c) 5 + 6576*Bxa”2*bxtan(1/2*d*x + 1/2%c)”5 - 6576*Cxa*b”~2*xtan(1/2*d*x + 1
/2*xc) "5 - 2192%Bxb~3*tan(1/2*d*x + 1/2%c)~5 + 660*B*a~3*tan(1/2*d*x + 1/2%
c)~4 - 1800*C*a”2*b*tan(1/2*d*x + 1/2*c)~4 - 1800*B*a*b~2*tan(1/2*d*x + 1/
2%c)"4 + 480*Cxb~3*xtan(1/2*d*x + 1/2%c)~4 - 180*C*xa”3*tan(1/2*d*x + 1/2*c)
~3 - 540*Bxa”~2*b*tan(1/2*d*x + 1/2*c)”~3 + 360*C*a*b~2*tan(1/2*xd*x + 1/2%c)
~3 + 120*B*b~3*tan(1/2*d*x + 1/2%c)”3 - 70*B*a~3*tan(1/2*d*x + 1/2*c)"2 +

120*Cxa”~2*xb*tan (1/2*%d*x + 1/2*c) "2 + 120*B*a*b~2*tan(1/2*d*x + 1/2%c)"2 +

15%Cxa”~3*tan(1/2*%d*x + 1/2%c) + 45xBxa”2*b*tan(1/2*d*x + 1/2*c) + 6*B*a”3)
/tan(1/2*d*x + 1/2%c)~5)/d

3.24.9 Mupad [B] (verification not implemented)

Time = 8.43 (sec) , antiderivative size = 238, normalized size of antiderivative = 1.02

/cot7(c + dz)(a + btan(c + dz))® (B tan(c + dz) + Ctan’(c + dz)) dz =

cot(c +dz)° (tan(c+ dz) (CT“3 + %) + B;?’ + tan(c + d z)? (—BT“?’ +Ca’b+ Babz) + tan(c
- d

In (tan(c+dz)) (—Ca® —3Ba’b+3Cab®+ Bb?)
d
In (tan(c + dz) —i) (B+ C1i) (a+b1i)°1i
* 2d
In (tan(c + dz) + 1i) (B — C'1i) (a — b1i)°® 1
2d

.
input‘ int(cot(c + d*x) " 7*(Bxtan(c + d*x) + Cxtan(c + d*x)~2)*(a + bxtan(c + d*x) ‘
)73,%)

3.24.  [cot’(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C tan?*(c + dz)) dz



output
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(log(tan(c + d*x) - 1i)*(B + Cx1i)*(a + b*1i)~3*1i)/(2+#d) - (log(tan(c + d
*x))*(Bxb~3 - C*a”~3 - 3*B*a~2*b + 3*C*a*b~2))/d - (cot(c + d*xx) 5x(tan(c +
d*x)*((C*a~3)/4 + (3*Bxa~2*b)/4) + (B*a~3)/5 + tan(c + d*x) 2% (B*a*b~2 -
(B*xa~3)/3 + C*a"2*b) + tan(c + d*x) 4*x(B*xa~3 + C*b~3 - 3#*B*a*b~2 - 3*C*xa”2
*b) + tan(c + d*x) " 3*((B*b~3)/2 - (C*xa~3)/2 - (3*B*a"2%b)/2 + (3*Cxaxb~2)/

2)))/d - (log(tan(c + d*x) + 1i)*(B - Cxli)*(a - bx1i)"3*1i)/(2xd)

3.24.  [cot’(c+ dz)(a+ btan(c+ dz))? (Btan(c + dz) + C tan?*(c + dz)) dz
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tan?(c+dz) (B tan(c+dz)+C tan?(c+dz)) da

3.25 |

a+btan(c+dz)
3.25.1 Optimal result . . . . . . .. . ... . 2]
3.25.2 Mathematica [C] (verified) . . . . . . . . ... L Lo 271]
3.25.3 Rubi [A] (verified) . . . . . ... .. 272
3.25.4 Maple [A] (verified) . .. . ... . ... .. 275
3.25.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 276l
3.25.6 Sympy [C] (verification not implemented) . . . .. ... ... ... ......
3.25.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. 27Tl
3.25.8 Giac [A] (verification not implemented) . . . ... ... ... ........ 278l
3.25.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ..... 278

3.25.1 Optimal result

Integrand size = 40, antiderivative size = 127

dz

tan®(c + dz) (B tan(c + dz) + C tan*(c + dz))
/ a + btan(c + dx)
(bB —aC)zx = (aB +bC)log(cos(c + dx))
a? + b2 (a2 +b2)d
_ a’(bB — aC) log(a + btan(c + dz)) N (bB — aC) tan(c + dx) N C tan?(c + dz)
b (a2 + b2)d b2d 2%bd

output ‘ - (B*b-C*a) *x/ (a~2+b~2) +(B*a+C*b) *1n(cos (d*x+c) )/ (a~2+b~2) /d-a~3* (B*b-C*a) * ‘
‘1n(a+b*tan(d*x+c))/b“3/(a“2+b”2)/d+(B*b—C*a)*tan(d*x+c)/b“2/d+1/2*C*tan(d*
‘x+c)“2/b/d ‘

3.25.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.58 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.09

/ tan?(c + dz) (Btan(c + dz) + Ctan?(c + dz)) p
T
a + btan(c + dx)
b(B+iC) log(i—tan(c+dx)) b(B—iC) log(i+tan(c+dx)) 2a3(—bB+aC) log(a+btan(c+dx)) 2(bB—aC) tan(c+dx)
_ ? 05-‘:11) an(c X _ ? Oi_llb an(c X + a ab2 (;2g+(;;2) an(c i + a : an(c i + C tan2 (‘

2bd

tan?(c+dz) (B tan(c+dz)+C tan?(c+dx))
3.25. f a+btan(ct+dzx) d

i



input

output
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Integrate[(Tan[c + d*x]~2x(B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[
c + dxx]),x]

(-((b*x(B + I*C)*LoglI - Tanl[c + d*x]])/(a + I*b)) - (b*(B - I*C)*Logl[I + T
an[c + d*x]])/(a - I*¥b) + (2*%a~3*(-(b*B) + a*C)*Logla + b*Tan[c + d*x]])/(
b"2*%(a"2 + b~2)) + (2%(b*B - a*C)*Tan[c + d*x])/b + C*Tan[c + d*x]~2)/(2*b
*d)

3.25.3 Rubi [A] (verified)

Time = 1.08 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.13,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 0.325, Rules

used = {3042, 4115, 3042, 4090, 27, 3042, 4130, 3042, 4109, 3042, 3956, 4100, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dxr

/ tan?(c + dz) (Btan(c + dz) + Ctan?(c + dz))
a + btan(c + dx)

l 3042

dz

/ tan(c + dz)? (Btan(c + dz) + Ctan(c + dz)?)
a + btan(c + dx)

l 4115

/ tan3(c + dz)(B + C'tan(c + dz))
a + btan(c + dx)

l.3042

dx

dx

/ tan(c + dz)3(B + C'tan(c + dz))
a + btan(c + dx)

l 4090

2tan(c+dz) (— ((bB—aC) tan? (c+dz)) +bC tan(c+dz)+aC
[- tan(ct+da) (—(( a-i?btangc—i-dx;) (c+dz)+al) ;. C tan®(c + dz)

2b 2bd

| 27

tan(c+dz) (— (bB—aC) tan?(c+dz)) +bC tan(c+dz)+aC
Ctat(o ) _ [ I otpsiumtriines)
2bd b
l’3042

tan?(c+dz) (B tan(c+dz)+C tan?(c+dx)) d

3.25. f a+btan(ct+dzx)

i
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tan(c+dz) (— ((6B—aC) tan(c+dz)?) +bC tan(c+dz)+aC) de

Ctan2(c + dx) _ f a+btan(ct+dzx)
2bd b
l 4130
I B tan(c+d2)b?+ (—Ca?+bBa+b2C) tan (c+dw)+a(bB-aC) J
n z bB—aC)t d:
Ctan2(0+ da:) atbta b(c+dz) _( a )bdan(c+ x)
2bd b
l 3042
I Btan(c+do)b?+(—Ca?+bBa+b2C) tan(c+dz) 2 +a(bB—aC) p
n z bB—aC) t d:
Ctan2(0+ da:) atbta b(c+d:v) _( al )bdan(c+ x)
2bd b
l 4109
n2 d 1
b2<aB+bC)ftan(c+dz>dx+a3(b3‘ac)f&5&7%“” PatBoaC) o .
2 2152 332 _
Ctan2(0+ dx) _ at+b aZ+b aZ+b __ (bB—a )bdan(c+ z)
2bd b
l 3042
tan(c+dx 2+1
b2(“B+bC)ftan(0+dw)dw+a3<b3_ao)fa-H)(tT(c?de)dz_i_ﬁm(bB—aC) bBaC)t .
2 2152 2.2 _
Ctan?(c + dz) B a2 +b a2+b 212 _ (bB—a )bdan(ch )
2bd b
l 3056

3 tan(c+de)®+1
a®(bB~aC) [ a+btan(c+dx) dx _ b2 (aB+bC) log(cos(c+dz)) + bzz(bB—aC)

a2+b2 d(a2+b2 aZ+b2 bB—aC)t d
C'tan2(c + dz) G _ (bB=aO)tan(c+dr)
2bd b
l 4100
C'tan?(c + dz)
. o 2bd
a®(bB~a0) | ooprnteragy dbtan(etds)) 42 g0y log(cos(ctda)) |, b2z(bB—aC)
2152 - 2152 + 24b2
bd(a +b ) d(a +b ) @ __ (bB—aC) tan(c+dzx)
b bd
b
l 16
bz(aB+bC) log(cos(c+dz)) b2z(bB—aC) as(bB—aC) log(a+b tan(ct+dz))
) - d(a2+52) Tz T bd(a2+b2) (bB—aC) tan(c+dzx)
C'tan®(c + dx) 5 - bd
2bd b

input‘ Int[(Tan[c + d*x]~2*x(B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[c + dx*
Lx]),x]

f tan?(c+dz) (B tan(c+dz)+C tan?(c+dx)) d
a+btan(ct+dzx) z

3.25.
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output‘(C*Tan[c + d*x]~2)/(2%b*d) - (((b~2%(b*B - axC)*x)/(a"2 + b~2) - (b~2x(a*B
\ + b*C)*Log[Cos[c + d*x]])/((a"2 + b~2)*d) + (a"3*(b*B - a*C)*Logl[a + b*Ta
‘n[c + d*x]])/(*x(a"2 + b"2)*d))/b - ((b*B - a*C)*Tan[c + d*x])/(b*d))/b

3.25.3.1 Defintions of rubi rules used

rule 16 Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, x]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQl{c, d}, x]

rule 4090 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(f_)*x)D*((c_.) + (@_.)*tan[(e_.) + (f_.)*(x_)1)"(n_), x_Symbol] :> Si
mp [b*B*(a + b*Tan[e + f*x])"(m - 1)*((c + d*Tan[e + f*x])~"(n + 1)/(d*fx(m +
n))), x] + Simp[1/(d*(m + n)) Int[(a + b*Tan[e + f*x])"(m - 2)*(c + dx*Ta
nle + £xx]) n*Simp[a~2*A*d*(m + n) - b*Bx(b*c*(m - 1) + a*d*x(n + 1)) + d*(m
+ n)*(2*axA*b + Bx(a”2 - b"2))*Tan[e + f*x] - (b*Bx(b*xc - a*d)*(m - 1) - b
*(A%b + a*B)*d*(m + n))*Tanl[e + f*x]~2, x], x], x] /; FreeQ[{a, b, c, d, e,
f, A, B, n}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b2, 0] && NeQ[c™2 + 472
, 0] && GtQ[m, 1] && (IntegerQ[m] || IntegersQ[2*m, 2*n]) && !(IGtQ[n, 1]
&& ( !'IntegerQ[m] || (EqQlc, 0] && NeQ[a, 01)))

ruk34100‘Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((A_) + (C_.)*tan[(e_.) +
‘ (f_.)*(x_)172), x_Symbol] :> Simp[A/(b*f) Subst[Int[(a + x)"m, x], x, b*
\Tan[e + £*x1], x] /; FreeQ[{a, b, e, f, A, C, m}, x] && EqQ[A, C]

tan?(c+dz) (B tan(c+dz)+C tan?(c+dx))
3.25. f a+btan(ct+dzx) d

i



rule 4109

rule 4115

rule 4130
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Int[((A_) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]"2
)/ ((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[(a*A + b*B - a
*C)x(x/(a"2 + b72)), x] + (Simp[(A*b~2 - axb*B + a~2xC)/(a"2 + b~2) Int[(
1 + Tan[e + f*x]~2)/(a + b*Tan[e + f*x]), x], x] - Simp[(A*b - a*B - b*C)/(
a~2 + b"2) Int[Tan[e + f*x], x], x]) /; FreeQ[{a, b, e, f, A, B, C}, x] &
& NeQ[A*b~2 - a*xb*B + a~2*C, 0] && NeQ[a~2 + b~2, 0] && NeQ[A*b - a*B - b*C
, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*xx)1)"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D) o+ (£_.)*%(x_)]172), x_Symbol] :> Simp[1/b~2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxCxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*b~2 -

axbxB + a~2%C, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*&x)D (@ )*((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.
) + (£_.)*(x_)]1"2), x_Symbol] :> Simp[Cx(a + b*Tan[e + f*x]) m*((c + d*Tan[
e + £xx])"(n + 1)/(d*f*(m + n + 1))), x] + Simp[1/(d*(m + n + 1)) Int[(a

+ b*Tan[e + f*x])"(m - 1)*(c + d*Tan[e + f*x]) “n*Simp[a*A*d*(m + n + 1) - C
*(bkc*m + a*d*(n + 1)) + d*(A*b + a*B - b*C)*(m + n + 1)*Tan[e + f*xx] - (Cx*
m*(b*c - a*d) - b*Bkd*(m + n + 1))*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a,

b, ¢, d, e, £, A, B, C, n}, x] && NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] &&
NeQ[c™2 + d~2, 0] && GtQ[m, 0] && !(IGtQ[n, 0] && ( !'IntegerQ[m] || (EqQL
c, 0] & NeQ[a, 01)))

3.25.4 Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.00

tan?(c+dz) (B tan(c+dz)+C tan?(c+dx))
3.25. f a+btan(ct+dzx) d

i




input

output

input

output
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method result
—Ba—Cb)ln n 2
w-ﬁ-Btan(dm+c)b—Ctan(dz+c)a (ZBazon)l (;Ha s+ )+(—Bb+0a)arctan(tan(dwﬂ)) a3(Bb—Ca) In(a
b2 + a2 b2 - 3 (a2
. . .. + b (a +
derivativedivides ]
 Ba_ 2
MQM+B tan(dz+c)b—C tan(dz+c)a (~Ba-Cb) 1n(;+tan(dz+c) )+(7Bb+Ca) arctan(tan(dz+c)) a3(Bb—Ca) In(ad
2 + a2 +b2 a 3 (a2
b + b3 (a2+
default v
2
(Bb—Ca)tan(dz+c)  (Bb—Ca)z + C tan(dz+c)? _ (Ba+Cb) ln(l—i—tan(dm—l—c) ) __ a®(Bb—Ca)In(a+btan(c
norman b2d a1 b2 2bd 2d(a2152) b3 (a2 402)d
. 2Bz b*d—2Cxza b3d—C tan(dz+c)?a?b®—C tan(dz+c)?b*+B 1n(1+tan(d:l:-|—c)2) ab?+2B1In(a+btan(dz+c))ab—2.
parallelrisch — 3
risch 2iCa?c _ zC __ 2iBac __ 2iCc __ 2iCz __ 2iBax _ ixB __  2ia*Czx + 2iC o’z + 2ia3Bc
b3d b—a b2d bd b b2 ib—a  (a2+b2)63 b3 @ +62)b2d (e

int (tan(d*x+c) “2* (Bxtan (d*x+c)+C*xtan (d*x+c) ~2) / (a+b*tan(d*x+c)) ,x,method=_
RETURNVERBOSE)

1/d*(1/b"2%(1/2*%Cxtan (d*x+c) ~2*xb+B*xtan (d*x+c) *b-Cxtan (d*x+c) *a)+1/(a"2+b"2
)Y*(1/2%(-B*a-Cxb) *1n(1+tan(d*x+c) ~2)+(-Bxb+C*a) *arctan (tan(d*x+c)))-1/b"3%*
a~3*x(Bxb-C*a)/(a~2+b~2) *1n(a+b*tan(d*x+c)))

3.25.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.50

dz

/ tan?(c + dz) (B tan(c + dz) + Ctan?(c + dz))
a + btan(c + dx)

2 (Cab® — BbY)dz + (Ca2b? + Cb*) tan (dz + ¢)® + (Ca* — Ba®b) log (”2 tan(dm“f“““an(d”c)*“z) — (Cc

tan(dz+c)?+1

integrate(tan(d*x+c) ~2* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2) / (a+bxtan(d*x+c)) ,x, a

lgorithm="fricas")

1/2%(2x(C*a*xb~3 - Bxb~"4)*d*x + (C*xa"2%b~2 + Cxb~4)*tan(d*x + c)~2 + (Cxa"4
- Bxa~3xb)*log((b~2*tan(d*x + c)~2 + 2*axb*tan(d*x + c) + a~2)/(tan(d*x +
c)"2 + 1)) - (Cxa~4 - Bxa~3*b - Bxaxb~3 - Cxb~4)*log(1l/(tan(d*x + c)~2 +
1)) - 2%(C*a~3%b - B*a~2xb~2 + Cxaxb~3 - Bxb~4)*tan(d*x + c))/((a"2*%b~3 +
b~5)*d)

325. [ tan?(c+da) (B tan(c+dz) +C tan® (ctd))

a+btan(ct+dzx)

2 (a2b® + b%)d
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3.25.6 Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.93 (sec) , antiderivative size = 1306, normalized size of antiderivative = 10.28

/ tan?(c + dz) (B tan(c + dz) + C tan®(c + dz)) dz = Too large to display

a + btan(c + dx)

input‘integrate(tan(d*x+c)**2*(B*tan(d*x+c)+C*tan(d*x+c)**2)/(a+b*tan(d*x+c)),x)
N

output | Piecewise ((zoo*x*(B*tan(c) + Cxtan(c)#**2)*tan(c), Eq(a, 0) & Eq(b, 0) & Eq
(4, 0)), ((-Bxlog(tan(c + d*x)**2 + 1)/(2*d) + Bxtan(c + d*x)**2/(2xd) + C
*x + Cxtan(c + d*x)**3/(3%d) - C*tan(c + d*x)/d)/a, Eq(b, 0)), (-3*%Bxd*x*t
an(c + d*xx)/(2*xbk*d*tan(c + d*x) - 2%Ixbxd) + 3*I*Bxd*x/(2*¥b*d*tan(c + d*x)
- 2%Ixbxd) + I*Bxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)/(2xbxd*tan(c + d*x
) — 2*I*b*d) + Bxlog(tan(c + d*x)**2 + 1)/(2*bxd*tan(c + d*x) - 2xI*b*d) +
2xBxtan(c + d*x)**2/(2%bxd*xtan(c + d*x) - 2%Ixb*d) + 3*B/(2*b*dxtan(c + d
*x) — 2%I*bxd) - 3*xI*Ckd*x*tan(c + d*x)/(2*bxd*tan(c + d*x) - 2*xIxb*d) - 3
*Ckd*x/ (2*¥b*d*tan(c + d*x) - 2xI*b*d) - 2*Cxlog(tan(c + d*x)**2 + 1)=*tan(c
+ dxx)/(2xbxd*tan(c + d*x) - 2*I*b*d) + 2xIxCxlog(tan(c + d*x)*x2 + 1)/(2
*bxdxtan(c + d*x) - 2*I*b*d) + Cxtan(c + d*x)**3/(2*b*d*tan(c + d*xx) - 2*I
*bxd) + I*Cxtan(c + d#*x)**2/(2*¥bxd*tan(c + d*x) - 2%I*b*d) + 3*I*C/(2xb*xdx*
tan(c + d*x) - 2xI*bxd), Eq(a, -I*b)), (-3*Bkd*x*tan(c + d*x)/(2xb*d*tan(c
+ d*x) + 2*%Ixbxd) - 3*I*Bxd*x/(2*b*d*tan(c + d*x) + 2xI*b*d) - I*Bxlog(ta
n(c + d*x)**2 + 1)*tan(c + d*x)/(2xbxd*tan(c + d*x) + 2*%I*b*d) + Bxlog(tan
(c + d*x)**2 + 1)/(2%b*d*tan(c + d*x) + 2*I*bkd) + 2*xBxtan(c + d*x)**2/(2%
b*dxtan(c + d*x) + 2*I*b*d) + 3*B/(2xb*d*tan(c + d*x) + 2*I*bxd) + 3*I*Cxd
xx*tan(c + d*x)/(2xb*d*tan(c + d*x) + 2xIxb*d) - 3*Cxd*x/(2*b*d*tan(c + d*
x) + 2xI*b*xd) - 2#Cxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)/(2*bxd*tan(c + d
*xx) + 2xI*bxd) - 2+IxCxlog(tan(c + d*x)**2 + 1)/(2xb*d*tan(c + d*x) + 2...

3.25.7 Maxima [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.02

/ tan?(c + dz) (Btan(c + dz) + Ctan®(c + dz)) e
a + btan(c + dx)
2(Ca—Bb)(dote) | 2 (Ca*—Bab) log(btan(dz+c)+a)  (Ba+Cb)log (tan(d$+0)2+1) e tan(dz+c)?—2 (Ca—Bb) tan(dz+c)
. a2 b2 a2b3 4 b5 a24b2 b2
B 2d
3.95 tan?(c+dz) (B tan(c+dz)+C tan?(c+dx)) d
e f a+btan(ct+dzx) z
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input | integrate (tan(d*x+c) 2% (B*tan (d*x+c)+Cxtan(d*x+c) ~2)/(at+tb*tan(d*x+c)),x, a

lgorithm="maxima")

output | 1/2*% (2% (Cxa - B*#b)*(d*x + c)/(a”2 + b™2) + 2*%(C*a~4 - B*a~3#*b)*log(b*tan(d
*x + c) + a)/(a"2%b"3 + b"5) - (B*a + C*b)*log(tan(d*x + c)"2 + 1)/(a"2 +
b~2) + (Cxbxtan(d*x + c)~2 - 2*(Cxa - Bxb)*tan(d*x + c))/b"2)/d

3.25.8 Giac [A] (verification not implemented)

Time = 0.65 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.06

dz

/ tan?(c + dz) (Btan(c + dz) + C tan?(c + dz))
a + btan(c + dx)

2
2 (Ca—Bb)(dz+c) (Ba+Chb) log(tan(dw+c) +1) n 2 (Ca*—Ba®b) log(|btan(dz+c)+al) + Cbtan(dz+c)?—2 Ca tan(dz+c)+2 Bbtan(d
a2+b2 a2+62 a2b3+b5 b2

2d

input  integrate(tan(d*x+c) ~2*(Bxtan(d*x+c)+C*tan(d*x+c) ~2)/(a+bxtan(d*x+c)),x, a

lgorithm="giac")

output 1/2%(2%(C*a - B*b)*(d*x + c)/(a”2 + b"2) - (B*a + C*b)*log(tan(d*x + c)~2
+1)/(a”2 + b™2) + 2%(Cxa”4 - B*a"3*b)*log(abs(b*tan(d*x + c) + a))/(a"2xb
“3 + b75) + (Cxbxtan(d*x + c)~2 - 2*Ckaxtan(d*x + c) + 2*B*b*tan(d*x + c))
/b~2)/d

3.25.9 Mupad [B] (verification not implemented)

Time = 8.20 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.13

dz

tan®(c + dz) (B tan(c + dz) + Ctan*(c + dz))
/ a + btan(c + dx)
_tan(c+dz) (£ -%#) In(tan(c+dz) —i) (-C + B1i)
- d a 2d (—=b+ ali)
N In(a + btan(c+dzx)) (Ca* — Ba®b)
d (a2 b3+ b%)
_ In(tan(c+dz) +1i) (B - C1i) n C'tan(c + dz)*

2d (a — b1i) 2bd
tan?(c+dz) (B tan(c+dz)+C tan?(c+dx))
3.25. f a+btan(ct+dz) dzx
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input int((tan(c + d*x) ~2*x(B*tan(c + d*x) + Cxtan(c + d*x)~2))/(a + bxtan(c + d*
x)),X)

output  (tan(c + d*x)*(B/b - (Cxa)/b~2))/d - (log(tan(c + d*x) - 1i)*(B*1i - C))/(
2xdx(a*x1i - b)) + (log(a + b*tan(c + d*x))*(Cxa~4 - B*a~3%b))/(d*(b”"5 + a~
2%b~3)) - (log(tan(c + d*x) + 1i)*(B - Cx1i))/(2*d*(a - bx1i)) + (Cxtan(c
+ d*x)~2)/(2%b*d)

tan?(c+dz) (B tan(c+dz)+C tan?(c+dx)) d

3.25. f a+btan(ct+dzx) T
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3.96 tan(c+dz) (B tan(c+dz)+C tan?(c+dz)) d

) f a+btan(c+dz) z

3.26.1 Optimalresult . . . . .. .. . ... ... 280
3.26.2 Mathematica [C] (verified) . . . . . . . . ... L L Lo 280
3.26.3 Rubi [A] (verified) . . . . . .. . .. ... 2831
3.26.4 Maple [A] (verified) . . . . . .. . ... 287
3.26.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 2851
3.26.6 Sympy [C] (verification not implemented) . . .. ... ... ... ... ... 285
3.26.7 Maxima [A] (verification not implemented) . ... ... ... ... ... .. 280
3.26.8 Giac [A] (verification not implemented) . . . . ... . ... ... ....... 28T
3.26.9 Mupad [B] (verification not implemented) . . ... ... ... ... ... ... 28T

3.26.1 Optimal result

Integrand size = 38, antiderivative size = 101

dz

tan(c + dz) (Btan(c + dz) + C tan®(c + dz))
/ a + btan(c + dx)
_ (aB+bC)xz  (bB — aC)log(cos(c + dz))
T (a2 +b2)d
a?(bB — aC) log(a + btan(c + dz)) N C tan(c + dz)
b2 (a2 + b2)d bd

output ‘ - (B*a+Cx*b) *x/ (a~2+b~2) - (B*xb—C*a) *1n(cos (d*x+c)) / (a~2+b"2) /d+a~2* (Bxb-C*a) *
' 1n(at+b*tan(d*x+c))/b~2/ (a~2+b~2) /d+Cxtan (d*x+c) /b/d

3.26.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.66 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.17

tan(c + dz) (Btan(c + dz) + C tan®(c + dz)) p
/ a+ btan(c + dx) v
i(B+iC) log(i‘—tan(c—}-dm)) __ (iB4+0) log(i—{—ta.n(c—}-dm)) + 2a2(bB—aC’)210g2(a—}-2btan(c—|—da:)) + 2C tan(c+dz)
_ a+ib a—1ib b2(a2+b?) b
B 2d
2
3.96. f tan(c+dx) (B;ir;iit((icx—i)_—;—gtan (c+dz)) de



input

output
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Integrate[(Tan[c + d*x]*(B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[c
+ d*x]),x]

((I*(B + I*#C)*LoglI - Tan[c + d*x]])/(a + I*b) - ((I*B + C)*Logl[I + Tanlc
+ d*x]])/(a - I*b) + (2*a~2x(b*B - a*C)*Logla + b*Tan[c + d*x]])/(b"2*(a"2
+ b72)) + (2xC+Tan[c + d*x])/b)/(2%d)

3.26.3 Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.07,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.289, Rules

used = {3042, 4115, 3042, 4089, 25, 3042, 4109, 3042, 3956, 4100, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ tan(c + dz) (Btan(c + dz) + C'tan?(c + dz)) p
T

a + btan(c + dz)
| 3042

dz

/ tan(c + dz) (Btan(c + dz) + Ctan(c + dz)?)
a + btan(c + dx)

l 4115

dx

/ tan?(c + dz)(B + C'tan(c + dz))
a + btan(c + dx)

l 3042

/ tan(c + dz)%(B + C'tan(c + dz)) i

a + btan(c + dx)
| 4089

—((bB—aC) tan?(c+dz)) +bC tan(c+dz)+aC
J- (650 a2+2ta:f(2+dx) T d C'tan(c + dx)

b bd

| 25

—((bB—aC) tan?(c+dz))+bC tan(c+dz)+aC
C'tan(c + dx) B / ( atb tan(c)—l—dx) dz
bd b

l 3042

tan(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.26. f a+btan(ct+dzx) dzx
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—((®bB—aC) tan(c+dzx)?)+bC tan(c+dz)+aC
C’tan(c + dI) _ f a+btan(ct+dz) dzx
bd b
l 4109
2
a?(bB—aC) [ Ea (et At gy B a0 dz)d
Ctan(c+dz) — azﬁ,gt ctin) T _ bbBa 21;[3121(04— L bx(;ﬂjr:gC)
bd b
l 3042
a?(bB-aC) [ ERCtde gy op oo dz)d
Ctan(c+dz) — az_,fblét (crdn® _ b(bB—a Lﬂ?,lzl(ﬁ L ”””(g‘zﬁé’c)
bd b
l 3956
a%bB—aC)fﬁgi%f%f%§dw b(bB—aC) 1 d baz(aB-+bC
Ctan(c+dr)  — 2 R T
bd b
l 4100
a?(bB—aC) [ srpmanerazy dbtan(c+dz))  ppB—aC)1 +d ba(aB+bC
Clonietda) e } UeB-alomtesas) | tteBuc)
bd b
l 16
2(bB—aC) log(a-+b tan(c+d b(bB—aC)1 +d bz(aB+bC
Ctan(c—l—da:) B _a’( a I))d(()sgibz)an(c z)) + ( adzagi(gg)s(c z)) + w(;12+—il;2 )
bd b

Int[(Tan[c + d*x]*(B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[c + d*x]
) ,x]

input

-(((bx(axB + b*C)*x)/(a"2 + b"2) + (bx(b*B - a*C)*Logl[Cos[c + d*x]])/((a"2
+ b72)*d) - (a"2*(b*B - a*C)*Logla + b*Tan[c + d*x]])/(b*(a”2 + b~2)*d))/
b) + (CxTan[c + d*x])/(b*d)

output

tan(c+dz) (B tan(c+dz)+C tan?(c+dz)) dr

3.26. a+btan(ct+dzx)

J
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3.26.3.1 Defintions of rubi rules used

rule 16‘ Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +

bxx, x]1/b), x] /; FreeQ[{a, b, c}, x]

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

rule 3956

rule 4089

rule 4100

rule 4109

Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]1/d, x] /; FreeQl{c, d}, x]

/Int[(((a_.) + (b_.)*tanl(e_.) + (£_.)*(x_)1)72x((A_.) + (B_.)*tan[(e_.) + (

f_)*(x_)1))/((c_.) + (d_.)*tan[(e_.) + (f_.)*(x_)]1), x_Symbol] :> Simp[b~2
*Bx(Tan[e + f*x]/(d*f)), x] + Simp[1/d Int[(a"2xA*d - b~2xB*c + (2*kaxAxb
+ Bx(a”2 - b™2))*d*Tan[e + f*x] + (Axb~2+d - bxB*(b*c - 2%axd))*Tan[e + f*x
1°2)/(c + d*Tan[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, A, B}, x] &&
NeQ[b*c - a*d, 0] && NeQ[a"2 + b~2, 0] && NeQ[c™2 + d~2, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1)"(m_.)*((A_) + (C_.)*tan[(e_.) +
(f_.)*(x_)172), x_Symbol] :> Simp[A/(b*f) Subst[Int[(a + x)"m, x], x, b*
Tan[e + f*x]], x] /; FreeQ[{a, b, e, £, A, C, m}, x] && EqQ[A, C]

N\

Int[((A_) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]"2
Y/ ((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)]), x_Symbol] :> Simp[(a*A + b*B - a
*C)*(x/(a"2 + b°2)), x] + (Simp[(A*b~2 - a*b*B + a~2+%C)/(a"2 + b~2) Int[(
1 + Tan[e + f*x]~2)/(a + b*Tan[e + f*x]), x], x] - Simp[(A*b - a*B - b*C)/(
a2 + b™2) Int[Tanl[e + fx*x], x], x]) /; FreeQl{a, b, e, £, A, B, C}, x] &
& NeQ[A*b~2 — a*b*B + a~2*C, 0] && NeQ[a"2 + b~2, 0] && NeQ[A*b - a*B - b*C
, 0]

tan(c+dz) (B tan(c+dz)+C tan?(c+dz)) dr

3.26. f a+btan(ct+dzx)




rule 4115

input

output
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Int[((a_.) + (b_.)*tan[(e_.) + (f_)*(x)]1)"(m_.)*((c_.) + (d_.)*tan[(e_.)
+ (F_)*x)DD"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m
+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -
a*xbxB + a~2%C, 0]

3.26.4 Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.00

method result
(Bb—Ca) ln(1+tan(dz+c)2)
tan(d:z:+c)C’+ Pl +(—Ba—Cb) aTCtan(taﬂ(dT‘f‘C))+a2(Bbfca) In(a+b tan(dz+c))
e . . b aZ+b2 52 (a2 152
derivativedivides = (2427)
(Bb—Ca) 1n(1+tan(dz+c)2)
tan(dw+c)C+ Pl +(—Ba—Cb) arctan(tan(dm+c))+a2(Bb_Ca) In(a+b tan(dz+c))
default : il (e 422)
erau d
2
norman Ctan(dz4c)  (BatCb)x + a?(Bb—Ca) In(a+btan(dz+c)) + (Bb—Ca) ln(l—i—tan(dw—l—c) )
bd a2+ b2 b2(a21b2)d 2d(a?+5?)
lelrisch —2Bab2dac—2063dw+Bln<1+tan(dw+c)2>b3+23 ln(a+btan(dac+c))a2b—6’1n(1+tan(dw+c)2)ab2—201n(a,+btan(
parallelrisc S T
: zB ixC 2ia® Bz 2ia®Bc 2ia3Cz 2ia®Cec 2iBx 2iBc __
risch —a  ib—a _ ba210)) b +b?) T w69 T wdtey T b T bd

int (tan (d*x+c) * (B¥tan (d*x+c) +C¥tan (d*x+c) ~2) / (atb*tan(d*x+c)) ,x,method=_RE
TURNVERBOSE)

1/d* (tan(d*x+c) *C/b+1/(a”~2+b"2) * (1/2* (Bxb-C*a) *1n (1+tan (d*x+c) ~2) +(-B*a-Cx
b) *arctan(tan(d*x+c)))+1/b"2*%a~ 2% (Bxb-C*a)/(a~2+b~2) *1n (a+b*tan(d*x+c)))

tan(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.26. f a+btan(ct+dzx) dzx
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3.26.5 Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.48

/ tan(c + dz) (Btan(c + dz) + C tan®(c + dz)) e —
a + btan(c + dx) B

2 (Bab? + C¥)dz + (Ca® — Ba?) log (L ienldetel 2abguldesdsa® ) _ (Cq3 — Ba?h + Cab? — Bb*) log
2 (a20? + bh)d

input  integrate(tan(d*x+c)*(B*tan(d*x+c)+Cxtan(d*x+c)~2)/(a+b*tan(d*x+c)),x, alg
orithm="fricas")

output | -1/2*(2x(B*a*b~™2 + Cxb~3)*d*x + (C*a~3 - B*a~2*b)*log((b~2*tan(d*x + c)~2

+ 2xaxb*tan(d*x + c) + a”2)/(tan(d*x + c)~2 + 1)) - (C*a"3 - Bxa"2%b + Cxa
*b~2 - Bxb~3)*log(1l/(tan(d*x + c)~2 + 1)) - 2*x(C*a"2*b + C*b~3)*tan(d*x +

c))/((a~2*%b™2 + b~4)*d)

3.26.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.67 (sec) , antiderivative size = 1020, normalized size of antiderivative = 10.10

dx = Too large to display

/ tan(c + dz) (B tan(c + dz) + C tan®(c + dz))
a + btan(c + dx)

-/

input Lintegrate (tan(d*x+c) * (Bxtan(d*x+c) +Cxtan (d*x+c) **2) / (a+b*tan(d*x+c)) ,x)

tan(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.26. f a+btan(ct+dzx) dzx
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output | Piecewise ((zoo*x*(B*tan(c) + Cxtan(c)**2), Eq(a, 0) & Eq(b, 0) & Eq(d, 0))
, ((-Bxx + Bxtan(c + d*x)/d - Cxlog(tan(c + d*x)**2 + 1)/(2xd) + C*tan(c +
d=*x)*x2/(2xd))/a, Eq(b, 0)), (I*Bxd*x*tan(c + d*x)/(2*b*d*tan(c + d#*x) -
2xI*bxd) + Bxd*x/(2*b*d*tan(c + d*x) - 2*Ixb*d) + B*log(tan(c + d*x)**2 +
D *tan(c + d*x)/(2*bxd*tan(c + d*x) - 2*%Ixbxd) - I*B*log(tan(c + d*x)**2 +
1)/ (2*bxd*tan(c + d*x) - 2xIxbxd) - I*B/(2xbxdxtan(c + d*x) - 2*I*b*d) -
3*%Cxd*x*tan(c + d*x)/(2xb*dxtan(c + d*x) - 2%Ixb*d) + 3*I*xCxd*x/(2xb*d*tan
(c + d*x) - 2xI*b*d) + I*Cxlog(tan(c + d*x)*x2 + 1)*tan(c + d*x)/(2xb*d*ta
n(c + d*x) - 2*I*bxd) + Cxlog(tan(c + d*x)**2 + 1)/(2*bxd*tan(c + d*x) - 2
*I*b*d) + 2#Cxtan(c + d*x)**2/(2xb*d*tan(c + d*x) - 2%Ixbxd) + 3*C/(2xb*d*
tan(c + d*x) - 2xI*b*d), Eq(a, -I*b)), (-I*Bkd*x*tan(c + d*x)/(2*%b*d*tan(c
+ d*x) + 2*%I*bxd) + B*d*x/(2*bxd*tan(c + d*x) + 2*Ixbxd) + Bxlog(tan(c +
d*x)**2 + 1)*tan(c + d*x)/(2*b*d*tan(c + d*x) + 2xI*bxd) + Ix*B*log(tan(c +
d*x)*x2 + 1)/(2+%bxd*tan(c + d*x) + 2%Ixb*d) + I*B/(2+b*d*tan(c + d*x) + 2
*I*xbxd) - 3xCkd*x*tan(c + d*x)/(2xb*d*xtan(c + d*x) + 2%Ixb*d) - 3*I*Cxd*x/
(2*b*d*tan(c + d*x) + 2%Ixbxd) - I*Cxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)
/(2xb*d*tan(c + d*x) + 2%Ixb*d) + C*log(tan(c + d*x)**2 + 1)/(2xb*d*tan(c
+ d*x) + 2%Ixbxd) + 2*Cktan(c + d*x)**2/(2%bxd*tan(c + d*x) + 2%I*b*d) + 3
*C/ (2xbxd*tan(c + d*x) + 2*Ixbxd), Eq(a, I*b)), (x*x(Bxtan(c) + Cxtan(c)**2
)xtan(c)/(a + b*tan(c)), Eq(d, 0)), (2xB*xa**2*b*log(a/b + tan(c + d*x))...

3.26.7 Maxima [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.08

/ tan(c + dz) (B tan(c + dz) + C tan®(c + dz)) s
a+ btan(c + dx)
2 (Ba+Cb)(dxz+c) + 2 (Ca®—Ba?b) log(btan(dz+c)+a) + (Ca—Bb) log<tan(da:+c)2+l> __ 2Ctan(dz+c)
— a?+b? a?b2+b* a’?+b2 b
2d

input | integrate (tan(d*x+c)* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2)/(a+b*tan(d*x+c)),x, alg
orithm="maxima")

N

output | -1/2%(2*(B*a + Cxb)*(d*x + c)/(a”2 + b~2) + 2*%(Cxa~3 - B*a~2xb)*log(b*tan(
d*x + c) + a)/(a”2*b”2 + b~4) + (C*a - B*b)*log(tan(d*x + c)~2 + 1)/(a"2 +
b~2) - 2*Cxtan(d*x + c)/b)/d

tan(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.26. f a+btan(ct+dzx) dzx
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3.26.8 Giac [A] (verification not implemented)

Time = 0.49 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.09

/ tan(c + dz) (Btan(c + dz) + C tan®(c + dz)) i
a + btan(c + dx)
2 (Ba+Cb)(dz+c) + (Ca—Bb) log(tan(dx+0)2+1) 4 2 (Ca®—Ba?b) log(|btan(dz+c)+al) __ 2Ctan(dz+c)
_ a?+b? a?+b? a2b2+b b
B 2d

input  integrate(tan(d*x+c)*(Bxtan(d*x+c)+C*tan(d*x+c) ~2)/(a+bxtan(d*x+c)),x, alg
orithm="giac")

output | -1/2x(2x(B*a + C*b)*(d*x + c)/(a”2 + b~2) + (Cxa - B*b)*log(tan(d*x + c)~2
+ 1)/(a"2 + b™2) + 2*(C*a~3 - B*a"2xb)*log(abs(b*tan(d*x + c) + a))/(a"2%
b"2 + b™4) - 2*C+tan(d*x + c)/b)/d

3.26.9 Mupad [B] (verification not implemented)

Time = 8.25 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.16

/ tan(c + dz) (Btan(c + dz) + C tan?(c + dz)) i
a + btan(c + dx)
_ Ctan(c+dz) 4 In (tan(c + dz) + 1i) (B — C'1i)
bd 2d (b+ali)
_In(a+btan(c+dx)) (Ca® — Ba?b) N In (tan(c + dz) — i) (—C + B1i)
d (a?2b? + b*) 2d (a+ bli)

input | int ((tan(c + d*x)*(Bxtan(c + d*x) + Cxtan(c + d*x)~2))/(a + b*tan(c + d*x)
),x)

output | (log(tan(c + d*x) + 1i)*(B - C*1i))/(2*d*(ax1i + b)) - (log(a + bxtan(c +
d*x))*(C*a~3 - B*a~2%b))/(d*(b~4 + a~2*b~2)) + (Cxtan(c + d*x))/(bxd) + (1
og(tan(c + d*x) - 1i)*(Bx1i - C))/(2*d*(a + b*1i))

tan(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.26. f a+btan(ct+dzx) dzx
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3.97 f B tan(c+dz)+C tan®(c+dz) dx
a+btan(c+dz)

3.27.1 Optimalresult . . . . . . . . . .. . .
3.27.2 Mathematica [C] (verified) . . . . . . . . ... . L Lo 288
3.27.3 Rubi [A] (verified) . . . . . ... .. 230
3.27.4 Maple [A] (verified) . . . . ... . ... .. 290
3.27.5 Fricas [A] (verification not implemented) . . . . . . ... .. ... ... ... 2971
3.27.6 Sympy [C] (verification not implemented) . . . ... ... ... ... ... .. 291]
3.27.7 Maxima [A] (verification not implemented) . ... .. ... ... ... ... 2921
3.27.8 Giac [A] (verification not implemented) . . . .. .. ... ... ....... 293
3.27.9 Mupad [B] (verification not implemented) . . . .. ... ... ... ... .. 293

3.27.1 Optimal result

Integrand size = 32, antiderivative size = 85

/ Btan(c+ dz) + C tan®(c + dz) dp — (bB —aC)z  (aB +bC) log(cos(c + dz))

a + btan(c + dx) T ey (a? +b%)d
_a(bB — aC)log(a + btan(c + dz))
b(a?+b?)d

output \ (B¥b-Cxa)*x/ (a”2+b~2) - (B*xa+C*b) *1n(cos (d*x+c)) /(a~2+b~2) /d-a* (Bxb-C*a) *1n( \
atbxtan(d*x+c))/b/(a"2+b"2)/d

- J

3.27.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.20 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.15

/ Btan(c+ dz) + C tan®(c + dz)
dz
a + btan(c + dx)
_ (a—1ib)b(B +iC)log(i — tan(c + dx)) + (a + ib)b(B — iC) log(i + tan(c + dz)) + 2a(—bB + aC) log(a
B 20 (a? +b%)d

input‘ Integrate[(BxTan[c + d*x] + CxTan[c + d*x]~2)/(a + b*Tan[c + d*x]),x] ‘

Btan(c+dz)+C tan?(c+dz)
3.217. f a+btan(ct+dz) dzx
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output‘ ((a - I*#b)*b*(B + I*C)*Log[I - Tan[c + d*x]] + (a + I*b)*b*(B - I*C)*Log[I

\ + Tan[c + d*x]] + 2xa*(-(b*B) + a*C)*Log[a + b*Tan[c + d*x]])/(2*bx(a"2 +
| b72)*d)

3.27.3 Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.12, number
of steps used = 5, number of rules used = 4, umber of rules _ , 195 Ryjeg ysed = {3042,

integrand size
4853, 2160, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dz

/ Btan(c + dz) + C tan?(c + dz)
a + btan(c + dx)

l 3042

dx

/ Btan(c + dzx) + C'tan(c + dzx)?
a + btan(c + dz)

l 4853

tan(c+dz)(B+C tan(c+dx))
f (a+btan(ct+dz))(tan?(c+dz)+1) d ta'n(c + diL‘)

d
l 2160

(aC—bB) bB—aC+(aB+bC) tan(c+da)
/ ((az-l-b;;(;-l-btan(c-i-dz)) + (ag+b2)cétan2(c+;;)i1)z ) dtan(c + dz)

d
l 2009

(bB—aC) arctan(tan(c+dz)) + (aB+bC) log(tan?(c+dz)+1) _ a(bB—aC) log(a+btan(c+dz))
a2+b? 2(a2+b2) b(a2+b2)

d

input‘ Int[(B*Tan[c + d*x] + CxTan[c + d*x]~2)/(a + b*Tan[c + d*x]),x]

output‘ (((b*B - a*C)*ArcTan[Tan[c + d*x]]1)/(a"2 + b~2) - (a*(b*B - a*C)*Logl[a + b

\*Tan[c + d*x]]1)/(b*x(a”2 + b72)) + ((a*xB + b*C)*Log[1l + Tan[c + d*x]~2])/(2
‘*(a“2 +b72)))/d

Btan(c+dz)+C tan?(c+dz)
3.217. f a+btan(ct+dz) dzx




rule 2009

rule 2160

rule 3042

rule 4853

input
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3.27.3.1 Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int[(Pq_)*((d_) + (e_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symboll
:> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x~2)"p, x], x] /; FreeQ[{a, b,
d, e, m}, x] & PolyQ[Pq, x] & IGtQlp, -2]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

Int[u_, x_Symbol] :> With[{v = FunctionOfTrigl[u, x]}, Simp[With[{d = FreeFa
ctors[Tan[v], x]}, d/Coefficient([v, x, 1] Subst [Int [SubstFor[1/(1 + d~2#*x
~2), Tanl[vl/d, u, x], x], x, Tan[vl/dl]l, x] /; !FalseQ[v] && FunctionOfQ[N
onfreeFactors[Tan[v], x], u, x, True] && TryPureTanSubst[ActivateTrig[ul, x

1]

3.27.4 Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.02

method result
(Ba+Cb) 1n(1+tan(dm+c)2)
5 +(Bb—Ca) arctan(tan(dz+c)) __a(Bb—Ca) In(a+b tan(dz+c))
. . . . a?+b2 a21b2)b
derivativedivides 7 (20%)
(Ba+Cb) 1n(1+tan(dm+c)2)
5 +(Bb—Ca) arctan(tan(dz+c)) __a(Bb—Ca)In(a+btan(dz+c))
a24p2 a2+52)b
default v (2%)
2
norman (Bb—Ca)z (Ba+Cb) ln<1+ta,n(d:c+c) ) __ a(Bb—Ca)In(a+btan(dz+c))
a?+b? 2d(a?+b2) b(a2+b2)d
. 2B b2dz—2Cabdz+BIn (1+tan(dz+c)2) ab—2BIn(a+btan(dz+c))ab+CIn (1+tan(dz+c)2> b2+2C In(a+b tan(dz+c)
parallelrisch (a2 T50)hd
. izB | aC  2iCz | 2iCc , 2aBz | _2iaBc 2ia%Cx 2ia2Cc  _ (e 941)C
risch —a Tibma T b T od T 2462 T (a246%)d — (221696 — (a21b)bd

‘ int ((B¥tan (d*x+c)+C*tan (d*x+c) ~2) / (a+b*tan(d*x+c)) ,x ,method=_RETURNVERBOSE
)

B tan(c+da) £ tan® (e do)
3.27. f a+btan(c+dz) dz
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output ‘ 1/d*(1/(a"2+b~2) *(1/2% (B*xa+Cxb) *1n (1+tan (d*x+c) ~2) +(B*b-C*a) *arctan (tan (d* ‘
‘x+c)))-a*(B*b-C*a)/(a”2+b“2)/b*ln(a+b*tan(d*x+c))) \

3.27.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.29

/ Btan(c + dz) + C'tan®(c + dx)
dz =
a + btan(c + dx)
_ 2 _ 2 b2 tan(dz+c)2+2 ab tan(dz+c)+a2 2 2 1
 2(Cab ~ BY)dz ~ (Ca® ~ Bab) log ( e +(Ca? + OV log (o
2 (a?b + b%)d
input | integrate ((Bxtan(d*x+c)+C*tan(d*x+c) ~2)/(a+b*tan(d*x+c)),x, algorithm="fri
cas")
output | -1/2* (2% (C*axb - B*b~2)*d*x — (C*a~2 - B¥a*b)*log((b~2*tan(d*x + c)~2 + 2%
axbxtan(d*x + c) + a”2)/(tan(d*x + c)72 + 1)) + (C*a"2 + C*b~2)*1log(1/(tan
(d*x + ¢c)~2 + 1)))/((a”2*b + b~3)*d)
3.27.6 Sympy [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 0.56 (sec) , antiderivative size = 711, normalized size of antiderivative = 8.36
/ Btan(c+ dz) + C tan®(c + dz) p
x
a + btan(c + dx)
( oz (B tan (c)+C tan? (c))
tan (c)
{0} an2 c T
Blog (t 2; +dz)+1) _Cm+0tan&c+dz)
a
Bdztan (c+dx) iBdz _ B + iCdz tan (c+dzx) + Cdzx Clog (tan? (c
— ) 2bdtan(c+dz)—2ibd 2bd tan (c+dx)—2ibd 2bd tan (c+dx)—2ibd 2bd tan (c+dxz)—2ibd 2bd tan (c+dxz)—2ibd 2bd tan
Bdz tan (c+dz) + i1Bdz _ B ____iCdztan (ct+dzx) + Cdzx C'log (tan? (c:
2bd tan (c+dx)+2ibd 2bd tan (c+dx)+2ibd 2bd tan (c+dzx)+2ibd 2bd tan (c+dx)+2ibd 2bd tan (c+dz)—+2ibd 2bd tan
z(Btan (c)+C tan? (c))
a+btan (c)
2Bablog (% +tan (c+dz)) Bablog (tan? (c+dz)+1) 2Bb2dx 2Ca? log (¢ -+tan (c+dx)) 2Cabdz Cb? log (tan?
u 2a2bd+2b3d + 2a2bd+2b3d + 2a%baraesa T 2a2bd+2b3d ~ Za%bd+26%d 2a2bd+

Btan(c+dz)+C tan?(c+dz)
3.217. f a+btan(ct+dz) dzx
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input | integrate ((Btan(d*x+c)+Cxtan(d*x+c)**2)/(a+bxtan(d*x+c)),x)

output

input

output

Piecewise ((zoo*x*(Bxtan(c) + Cxtan(c)**2)/tan(c), Eq(a, 0) & Eq(b, 0) & Eq
(d, 0)), ((Bxlog(tan(c + d*x)**2 + 1)/(2+%d) - C#x + Cxtan(c + d*x)/d)/a, E
q(b, 0)), (Bxd*xxtan(c + d#*x)/(2*bxd*tan(c + d*x) - 2xI*bxd) - I*B*d*xx/ (2%
b*d*xtan(c + d*x) - 2*I*b*d) - B/(2*bxd*tan(c + d*x) - 2%Ixb*d) + I*Cxd*x*t
an(c + d*x)/(2%xbxd*tan(c + d*x) - 2%xIxb*d) + Cxd*x/(2*b*d*tan(c + d*x) - 2
*Ixbxd) + Cxlog(tan(c + d*x)**2 + 1)xtan(c + d*x)/(2*b*d*tan(c + d*x) - 2%
Ixbkd) - I*Cxlog(tan(c + d*x)**2 + 1)/(2¥bkd*tan(c + d*x) - 2%Ixb*d) - I*C
/(2xb*dxtan(c + d*x) - 2+Ixb*d), Eq(a, -I*b)), (Bxd*x*tan(c + dxx)/(2xb*d*
tan(c + d*x) + 2*%I*b*d) + I*Bxd*x/(2*b*d*tan(c + d*x) + 2%Ixb*d) - B/(2%bx
d*tan(c + d*x) + 2*%I*bxd) - I*Cxd*x*tan(c + d*x)/(2*b*d*tan(c + d*x) + 2xI
*b*d) + Ckd*x/(2xbxd*tan(c + d*x) + 2*Ixbxd) + Cxlog(tan(c + d*x)**2 + 1)*
tan(c + d*x)/(2%bxd*tan(c + d*x) + 2%Ixb*d) + I*Cxlog(tan(c + d*x)**2 + 1)
/ (2¥bxd*tan(c + d*x) + 2%xIxb*d) + I*C/(2*b*d*tan(c + d*x) + 2*Ixb*d), Eq(a
, I¥b)), (x*(Bxtan(c) + Cxtan(c)**2)/(a + b*tan(c)), Eq(d, 0)), (-2*Bkxaxbx
log(a/b + tan(c + d*x))/(2%a*x2%b*d + 2%b*x3%d) + B*axbxlog(tan(c + d*x)**
2 + 1)/(2*a**2xb*d + 2xb**3xd) + 2xBkb**2kd*x/(2*a**2*xb*d + 2xb**3*d) + 2%
Cxa**2*xlog(a/b + tan(c + d*x))/(2*%a**2*b*xd + 2¥b**3*d) - 2*Ckaxbxd*x/(2*xax*
*2¥b*d + 2xb*x3xd) + Cxb**2xlog(tan(c + d*x)**2 + 1)/(2xa**2xbxd + 2¥bx*3%
d), True))

N\

3.27.7 Maxima [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.11

/ Btan(c+ dz) + C tan®(c + dz)
dz
a + btan(c + dx)
2(Ca—Bb)(dz+c) 2 (Ca?—Bab) log(btan(dz+c)+a)  (BatCb)log (tan(dw+c)2+1)
_ a?+b? — a2b+b3 — a?+b?
2d

integrate ((B*tan(d*x+c)+C*tan(d*x+c) ~2)/(at+b*tan(d*x+c)) ,x, algorithm="max
ima")

-1/2%(2%(Cxa - Bxb)*(d*x + c)/(a"2 + b~2) - 2*(C*a"2 - B*a*b)*log(b*tan(d*
x + c) + a)/(a”2xb + b™3) - (B*a + Cxb)*log(tan(d*x + c)~2 + 1)/(a"2 + b~2
))/d

Btan(c+dz)+C tan?(c+dz)
3.217. f a+btan(ct+dz) dzx
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3.27.8 Giac [A] (verification not implemented)

Time = 0.50 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.12

/ Btan(c + dz) + Ctan?(c + dz)
dx
a + btan(c + dx)
2 (Ca—Bb)(dz+c) (Ba+Cb)log (tan(dm+c)2+1> 2 (Ca?—Bab) log(|btan(dz+c)+al)
_ a21b2 B a21b2 — aZb1b3
2d

input | integrate ((B*tan(d*x+c)+C*tan(d*x+c)~2)/(at+b*tan(d*x+c)),x, algorithm="gia
C")

output | -1/2x(2x(C*a - B*b)*(d*x + c)/(a"2 + b~2) - (B*a + C*b)*log(tan(d*x + c)~2
+ 1)/(a"2 + b™2) - 2*(C*a~2 - B*a*b)*log(abs(b*tan(d*x + c) + a))/(a~2*b
+ b73))/d

3.27.9 Mupad [B] (verification not implemented)

Time = 8.91 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.18

/ Btan(c + dz) + C tan®(c + dz) dp — In (tan(c + dz) —i) (—C + B1i)

a + btan(c + dx) v 2d (—b+ali)
In (tan(c-l-dm)—l—ll) (B - C1i)
d (a —b1li)
a ln(a+btan(c+d:r)) (Bb—Ca)
B bd (a2 + b?)

1nputt1nt((B*tan(c + d*x) + Cxtan(c + d*x)~2)/(a + b*tan(c + d*x)),x)

~—

output‘((log(ta.n(c + dxx) - 1i)*(B*1i - C))/(2*d*(ax1i - b)) + (log(tan(c + d*x) +
| 1i)%(B - C%1i))/(2*d*(a - b¥1i)) - (a*log(a + b¥tan(c + d*x))*(B*b - Cxa)
L)/(b*d*(a‘2 + 1°2))

~

Btan(c+dz)+C tan?(c+dz)
3.217. f a+btan(ct+dz) dzx
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3.28.4 Maple [A] (verified) . . . ... . ... ... 290
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3.28.6 Sympy [C] (verification not implemented) . . ... .. ... ... ...... 298]
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3.28.1 Optimal result

Integrand size = 38, antiderivative size = 58

/ cot(c + dz) (Btan(c + dz) + C'tan?(c + dz)) e
a + btan(c + dx)
_ (aB+0bC)z  (bB — aC)log(acos(c+ dz) + bsin(c + dz))
a2+ b2 (a2 +0?)d

-

output L(B*a+C*b) *x/(a~2+b~2) + (B¥b-C*a) *1n (a*cos (d*x+c) +b*sin(d*x+c) )/ (a"2+b~2) /d

~—

3.28.2 Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.16

dz

/ cot(c + dz) (Btan(c + dz) + C tan®(c + dz))
a + btan(c + dx)

_ —2(aB + bC) arctan(cot(c + dzx)) + (bB — aC) (2log(b + a cot(c + dx)) — log (csc®(c + dx)))

B 2(a?2+0%)d

input Integrate[(Cot[c + d*x]*(B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tanl[c
+ d*x]),x]

output | (-2*(a*B + b*C)*ArcTan[Cot[c + d*x]] + (b*B - a*C)*(2*Log[b + a*Cot[c + d*
x]] - Logl[Csclc + d*x]~2]))/(2%(a”2 + b~2)*d)

cot(c+dz) (B tan(c+dx)+C tan?(c+dz))
3.28. f a+btan(ct+dzx) d

i
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3.28.3 Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.00, number
of steps used = 6, number of rules used = 6, Bumber of rules _ , 158 Ryjleg used = {3042,

integrand size
4115, 3042, 4014, 3042, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

cot(c + dz) (Btan(c + dz) + Ctan®(c + dz)) p
/ a + btan(c + dz) v
| 3042
l?tan(c#—dm)—F(?tan(c#—dm)Qd
tan(c + dz)(a + btan(c + dz)) v
| 4115
B + C'tan(c + dx)
a + btan(c + dx) v
| 3042
B + C'tan(c + dx)
a + btan(c + dx)
| 4014
b— d
(bB —aC) [ a+2::2521dg dx + z(aB + bC)
a? + b2 a? 4 v?
| 3042
b—atan(ct+dx
(bB —aC) [ i5iomeiids  z(aB + bC)
a? + b2 a? + b2
| 4013
(bB — aC) log(acos(c + dz) + bsin(c + dzx)) + z(aB + bC)
d(a® + %) a? + b2

input| Int [(Cot [c + d*x]*(B*Tan[c + d*x] + C*Tan[c + d*x]~2))/(a + b*Tan[c + d*x]
) ,x]

output/((a*B + b*C)*x)/(a"2 + b~2) + ((b*B - a*C)*Logl[a*Cos[c + d*x] + b*Sin[c +
d*x]1)/((a"2 + b~2)*d)

cot(c+dz) (B tan(c+dx)+C tan?(c+dz))
3.28. f a+btan(ct+dzx) d

i




rule 3042

rule 4013

rule 4014

rule 4115
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3.28.3.1 Defintions of rubi rules used

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (f_.)*
(x_)1), x_Symbol] :> Simp[(c/(b*f))*Log[RemoveContent[a*Cos[e + f*x] + bx*Si
nle + f*x], x]], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*d, 0] &&
NeQ[a~2 + b2, 0] && EqQ[a*c + bxd, 0]

Int[((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_.) + (b_.)*tan[(e_.) + (£f_.
)*(x_)]1), x_Symbol] :> Simp[(a*c + b*d)*(x/(a"2 + b~2)), x] + Simp[(b*c - a
*d)/(a"2 + b™2) Int[(b - a*Tan[e + f*x])/(a + b*Tan[e + f*x]), x], x] /;
FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && N
eQ[axc + bxd, 0]

Int[((a_.) + (b_.)*tan[(e_.) + (£_.)*(x_)1) " (m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*x)D"(_.)*((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x])~(m

+ 1)*(c + d*Tan[e + f*x]) nx(b*B - a*xC + b*CxTan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, f, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -

a*bxB + a~2*C, 0]

3.28.4 Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.14

cot(c+dz) (B tan(c+dx)+C tan?(c+dz))
3.28. f a+btan(ct+dzx) d

i




input

output

input

output
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method result
. (2Bb—2Ca) In(a+btan(dz+c))+(—Bb+Ca)ln (sec(dz+c)2> +2dz(Ba+Cb)
parallelrisch 7
2d(a2157)
(—Bb+Ca) ln(1+tan(dz+c)2)
5 +(Ba+Cb) arctan(tan(dz+c)) + (Bb—Ca) In(a+btan(dz+c))
derivativedivides AL ;| LA
(—Bb+Ca) ln(1+tan(dz+c)2)
5 +(Ba+Cb) arctan(tan(dz+c)) + (Bb—Ca) In(a+btan(dz+c))
default PLENL a”+b?
d
2
norman (Ba+Cb)x + (Bb—Ca)In(a+btan(dz+c)) (Bb—Ca)ln <1+tan(dz+c) )
a?+b2 d(a?2+b?) 2d(a?+b?)
risch _ @B | iaC _ 2iBbo | 2%iCas _ 2iBbc | 2iCac_ | In(e2dzto_tbta) gy qn(eRildete) itk
ib—a ib—a a?+-b2 a?+b2 d(a?+b2) d(a2+b2) d(a2+b2) d(a2+b?)

int (cot (d*x+c) * (Bxtan (d*x+c) +Cxtan (d*x+c) ~2) / (a+bxtan (d*x+c)) ,x,method=_RE
TURNVERBOSE)

1/2% ((2*B*b-2%C*a) *1n (a+b*tan (d*x+c) )+ (-Bxb+C*a) *1n(sec (d*x+c) ~2) +2*xd*x* (B
*a+Cxb) ) /d/(a~2+b"2)

3.28.5 Fricas [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.31

dx

/ cot(c + dz) (Btan(c + dz) + C'tan®(c + dz))
a + btan(c + dx)

_ _ b2 tan(dz+c)?+2 abtan(do+c)+a2
2 (Ba + Cb)dz — (Ca — Bb) log ( e . )
5 (a2 + b2)d

integrate (cot (d*x+c) * (B¥tan (d*x+c) +Cxtan (d*x+c) ~2) / (a+bxtan(d*x+c)) ,x, alg

orithm="fricas")

1/2x(2*(B*a + C*b)*d*x - (C*a - Bxb)*log((b~2*tan(d*x + c)~2 + 2xa*bxtan(d
*x + c) + a”2)/(tan(d*x + c)”2 + 1)))/((a"2 + b~2)*d)

3.28. [ cot(cda) (Btan(ctdn)+C tan (c+dz) .

a+btan(ct+dzx)



input

output
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3.28.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 1.20 (sec) , antiderivative size = 541, normalized size of antiderivative = 9.33

dz

/ cot(c + dz) (Btan(c + dz) + C'tan®*(c + dz))
a + btan(c + dx)

(o (Btan (¢)+C tan? (c)) cot (c)
tan (c)

Clog (tan2 (c+dz)+1)
2d
a

1Bdz tan (c+dz)

Bx+

Cdz tan (c+dz) iCdx

iBdz tan (c+dz) Cdz tan (c+dz)

+ Bdz + iB + _ _
2bd tan (c+dx)—2ibd 2bd tan (c+dx)—2ibd 2bd tan (c+dz)—2ibd 2bd tan (c+dz)—2ibd 2bd tan (c+dz)—2ibd 2bd tan (c+dz
iCdx

z (B tan (c)+C tan? (c)) cot (c)
a+btan (c)

2Badx + 2Bblog (% +tan (c+dz)) __ Bblog (tan? (c+dz)+1) _ 2Calog ($+tan (c+dz))

_ + Bdz _ 1B + + _
2bd tan (c+dz)+2ibd 2bd tan (c+dx)+2ibd 2bd tan (c+dx)+2ibd 2bd tan (c+dx)+2ibd 2bd tan (c+dzx)+2ibd 2bd tan (c+

Calog (tan? (c+dxz)+1)

\ 2a2d+2b%d 2a2d+2b2%d 2a2d+2b2%d

2a2d+2b2d + 2a2d+2b2d

|

integrate (cot (d*x+c)* (Bxtan (d*x+c)+Cktan (d*x+c) **2) / (a+b*tan (d*x+c)) ,x)

| —

Piecewise((zoo*x*(B*tan(c) + C#tan(c)**2)*cot(c)/tan(c), Eq(a, 0) & Eq(b,
0) & Eq(d, 0)), ((B*x + Cxlog(tan(c + d*x)**2 + 1)/(2*d))/a, Eq(b, 0)), (I
*Bxd*x*xtan(c + d*x)/(2*b*d*tan(c + d*x) - 2*I*bkd) + B*d*x/(2¥b*d*tan(c +
d*x) - 2%I*bxd) + I*B/(2*b*d*tan(c + d*x) - 2*I*b*d) + Cxd*x*tan(c + d*x)/
(2%bxd*tan(c + d*x) — 2xI*bxd) - I*Ckd*xx/(2*bxd*tan(c + d*x) - 2*I*b*xd) -
C/(2*bxd*tan(c + d*x) - 2%I*bxd), Eq(a, -I*b)), (-I*Bkd*x*tan(c + d*x)/(2*
b*d*tan(c + d*x) + 2xIxb*d) + Bkd*x/(2xbxd*tan(c + d*x) + 2xIxb*d) - I*B/(
2xbxd*tan(c + d*x) + 2%Ixb*d) + Ckd*x*tan(c + d*x)/(2*bxd*tan(c + d*x) + 2
*I*b*d) + I*Cxd*x/(2%b*d*tan(c + d*x) + 2%I*b*d) - C/(2*bxdxtan(c + d*x) +
2xIxb*d) , Eq(a, I*b)), (x*(B+tan(c) + Cxtan(c)**2)*cot(c)/(a + b*tan(c)),
Eq(d, 0)), (2xBkaxd#x/(2*a**x2*d + 2xb**x2*d) + 2*Bxb*log(a/b + tan(c + d*x
))/ (2%ax*2xd + 2*%b**2%d) - Bxbxlog(tan(c + d*x)**2 + 1)/(2%a**2%d + 2%b**2
*d) - 2*Ckaxlog(a/b + tan(c + d*x))/(2%a**2*d + 2*¥b**2%d) + C*a*log(tan(c
+ dxx)**2 + 1)/(2*a*x*2xd + 2*b**2xd) + 2*Ckbkxd*xx/(2*a*x*2xd + 2*b**2xd), Tr
ue))

3.28. [ cot(cda) (Btan(ctdn)+C tan (c+dz) .

a+btan(ct+dzx)
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3.28.7 Maxima [A] (verification not implemented)

Time = 0.44 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.52

dx

/ cot(c + dz) (Btan(c + dz) + Ctan?(c + dz))
a + btan(c + dx)

2
2(Ba+Cb)(dz+c)  2(Ca—Bb)log(btan(dz+c)+a) + (Ca—Bb) log(tan(dx+c) ‘H)
a2+b2 a2+b2 a2+b2

2d

input | integrate (cot (d*x+c)* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2) /(atb*tan(d*x+c)),x, alg
orithm="maxima")

output | 1/2%(2+(Bxa + C*b)*(d*x + c)/(a"2 + b~2) - 2*(C*a - Bxb)*log(b*tan(d*x + c
) + a)/(a”2 + b~2) + (Cxa - B*b)*log(tan(d*x + c)~2 + 1)/(a"2 + b~2))/d

3.28.8 Giac [A] (verification not implemented)

Time = 0.67 (sec) , antiderivative size = 94, normalized size of antiderivative = 1.62

/ cot(c + dz) (Btan(c + dz) + C tan®(c + dz)) i
a + btan(c + dz)
2 (Ba+Cb)(dz+c) , (Ca—Bb)log (tan(dw+0)2+1) 2 (Cab—Bb?) log(|btan(dz+c)+al)
a21b2 a21b2 — a2b+b3

2d

input | integrate(cot (d*x+c)* (Bxtan(d*x+c)+Cxtan(d*x+c) ~2)/(atb*tan(d*x+c)),x, alg
orithm="giac")

output | 1/2*(2+(B*xa + Cxb)*(d*x + c)/(a"2 + b™2) + (C*a - Bxb)*log(tan(d*x + c)~2
+ 1)/(a"2 + b™2) - 2x(Cxaxb - B*b~2)*log(abs(b*tan(d*x + c) + a))/(a"2*b +
b~3))/d

cot(c+dz) (B tan(c+dx)+C tan?(c+dz))
3.28. f a+btan(ct+dzx) dzx
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3.28.9 Mupad [B] (verification not implemented)

Time = 9.09 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.60

/ cot(c + dz) (Btan(c + dz) + Ctan*(c + dz)) i
a + btan(c + dx)
__In(a+btan(c+dzx)) (Bb—Ca) In(tan(c+dzx)+ 1i) (B — C1li)
B d (a2 + b?) a 2d (b+ ali)
In (tan(c +dz) — i) (—C + B1i)
B 2d (a + b1i)

input| int ((cot(c + d*x)*(B*tan(c + d*x) + Ckxtan(c + d*x)~2))/(a + bxtan(c + d*x)
) ,x)

output | (log(a + b*tan(c + d*x))*(B*b - C*a))/(d*(a"2 + b72)) - (log(tan(c + d*x)
+ 1i)*(B - C*1i))/(2*d*(a*x1i + b)) - (log(tan(c + d*x) - 1i)*(B*1i - C))/(
2xd*(a + b*1i))

cot(c+dz) (B tan(c+dx)+C tan?(c+dz))
3.28. f a+btan(ct+dzx) d

i
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3.29

2 2
f cot®(c+dr) (B tan(c+dz)+C tan (c+dac)) dx

a+btan(c+dx)
3.29.1 Optimal result . . . . . . .. . ... 30T]
3.29.2 Mathematica [C] (verified) . . . . . . . . ... L Lo
3.29.3 Rubi [A] (verified) . . . . . . ... .. 302
3.29.4 Maple [A] (verified) . . . . . .. . . ... 304
3.29.5 Fricas [A] (verification not implemented) . . . . . . .. ... ... ... ... . 304
3.29.6 Sympy [C] (verification not implemented) . . .. ... ... ... ......
3.29.7 Maxima [A] (verification not implemented) . . ... ... ... ... ....
3.29.8 Giac [A] (verification not implemented) . . . ... ... ... ........
3.29.9 Mupad [B] (verification not implemented) . . . .. ... ... . ... .....

3.29.1 Optimal result

Integrand size = 40, antiderivative size = 80

/ cot?(c + dz) (B tan(c + dz) + C tan?*(c + dz)) i
a + btan(c + dx)
_ (bB—aC)z | Blog(sin(c+dx)) b(bB — aC)log(acos(c+ dz) + bsin(c + dz))
a2 ad a a(a®+b)d

output‘—(B*b—C*a)*x/(a‘2+b‘2)+B*1n(sin(d*x+c))/a/d—b*(B*b—C*a)*ln(a*cos(d*x+c)+b*
sin(d*x+c))/a/(a"2+b~2)/d

N\

3.29.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.37 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.41

/ cot?(c + dz) (B tan(c + dz) + Ctan*(c + dz)) i
a + btan(c + dx)
(B+1iC) log(i—tan(c+dz))  2Blog(tan(ctdz)) + (B—iC) log(i+tan(ct+dzx)) + 2b(bB—aC) log(a+btan(c+dz))
a+ib a a—ib a(a?+b2)

2d

input‘ Integrate[(Cot[c + d*x] 2+ (B*Tan[c + d*x] + C*Tan[c + d*x]"2))/(a + b*Tan[

‘¢ + dx]),x]

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dz) dzx
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Olltpllt‘ -1/2%(((B + I*C)*Log[I - Tan[c + d*x]])/(a + I*b) - (2*B*Logl[Tan[c + d*x]]
\)/a + ((B - I*C)*Log[I + Tan[c + d*x]])/(a - I*b) + (2xb*(b*B - axC)x*Logla
‘ + b*Tan[c + d*x]]1)/(ax(a”2 + b~2)))/d

3.29.3 Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.02, number
of steps used = 8, number of rules used = 8, Bumber of rules _ , 954 Ryles used = {3042,

integrand size
4115, 3042, 4094, 3042, 25, 3956, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot?(c + dz) (Btan(c + dz) + C tan?(c + dx)) p
a + btan(c + dx) v
| 3042
Btan(c + dz) + Ctan(c + dx)? i
tan(c + dz)2(a + btan(c + dz)) v
| 4115
/ cot(c+ dz)(B + Ctan(c + dx))
dz
a + btan(c + dx)
| 3042
/ B + Ctan(c + dx) iz
tan(c + dz)(a + btan(c + dz))
| 4094
_b(bB —a0) [ %ﬁﬁiﬁ:gdw N B [cot(c+dz)dz  x(bB —aC)
a(a? + b?) a a? + b2
| 3042

b— d
b(bB—aC)f#mdw N B[ —tan(c+dz+7%)dz _ z(bB —a0)
a(a? 4+ b?) a a? 4 b2

| 25

b(B —aC) [ %mdw _ B [tan (3(2c+7) + dz) d _ z(bB —aC)
a(a? +b?) a a® + b?

l 3956

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dzx) dx




input

output
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b—atan(c+dz
_b(bB ~a0C) | Fiianteran9®  z(bB — aC) | Blog(=sin(c+dr))

a(a? +b?) a? + b2 ad
| 4013
_b(bB — aC)log(acos(c + dz) + bsin(c +dz)) z(bB —aC)  Blog(—sin(c +dx))
ad (a? + b?) a? + b2 ad

Int[(Cot[c + d*x] 2% (B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[c + dx*
x]),x]

-(((b*B - axC)*x)/(a"2 + b~2)) + (B*Log[-Sin[c + d*x]])/(a*d) - (b*(b*B -

a*C)*Log[a*Cos[c + d*x] + b*Sin[c + d*x]])/(a*x(a”2 + b~2)*d)

3.29.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042

rule 3956

rule 4013

rule 4094

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + 4
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Int[((c_) + (d_.)*tan[(e_.) + (£_.)*x(x_)1)/((a) + (b_.)*tan[(e_.) + (£f_.)*
(x_)1), x_Symbol] :> Simp[(c/(b*f))*Log[RemoveContent[a*xCos[e + f*x] + b*Si
nle + fxx], x]]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - a*xd, 0] &&
NeQ[a~2 + b2, 0] && EqQ[a*c + bxd, 0]

Int[((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)1)/(((a_) + (b_.)*tan[(e_.) + (£f_.
dx(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)*(x_)1)), x_Symboll :> Simp[(B*(b*
c + axd) + Ax(axc - b*d))*(x/((a"2 + b"2)*(c”2 + d472))), x] + (Simp[b*((Axb
- a*xB)/((b*c - a*d)*(a"2 + b"2))) Int[(b - a*Tan[e + f*x])/(a + bx*Tanl[e

+ f*x]), x], x] + Simp[d*((B*c - Axd)/((b*c - axd)*(c"2 + d72))) Int[(d -
c¥Tan[e + f*x])/(c + d*Tan[e + f*x]), x], x]) /; FreeQ[{a, b, c, d, e, f,

A, B}, x] && NeQ[b*c - axd, 0] && NeQ[a"2 + b~2, 0] && NeQ[c~2 + d~2, 0]

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz)) dr

3.29. f a+btan(ct+dzx)




rule 4115

input

output
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Int[((a_.) + (b_.)*tan[(e_.) + (f_)*(x)]1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (F_)*x)DD"(@_.)*((A_.) + (B_.)*tan[(e_.) + (£f_.)*(x_)] + (C_.)*tan[(e_
D+ (£_)*(x_)]172), x_Symbol] :> Simp[1/b"2 Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + dxTan[e + f*x]) n*(b*B - a*C + b*CxTan[e + f*xx]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] && NeQ[b*c - axd, 0] && EqQ[A*xb~2 -

a*xbxB + a~2%C, 0]

3.29.4 Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.19

method result
. (—2B b2+2Cab) In(a+btan(dz+c))+(—Ba?—Cab) In (sec(dm+c)2) +2B(a?+b?) In(tan(dz+c))—2adz(Bb—Ca)
parallelrisch CETDT
(—Ba—Cb) ln(1+tan(da:+c)2)
Bln(tan(dz+c)) + 5 +(—Bb+Ca) arctan(tan(dz+c)) __ (Bb—Ca)bln(a+btan(dz+c))
. . . . a a?+b2 2162)a
derivativedivides v (o2+22)
(—Ba—Cb) ln(1+tan(dz+c)2)
B ln(tan(dz+c)) + 5 +(—Bb+Ca) arctan(tan(dz+c)) __ (Bb—Ca)bln(a+btan(dz+c))
d f lt a a2+b2 (a2+b2)u
elau d
2
norman _ (Bb=Ca)z + Bln(tan(dz+c)) (Ba+Cb) 1n(1+tan(da:+c) ) __ (Bb=Ca)bln(a+btan(dz+c))
a?+b2 ad 2d(a2+b?) (a?+b2)ad
2 2i(dz+c) _ ibta
risch __ieB _ zC 2°Bo | 2%*Bc  _ 2bCs _ 2ibCc  _ 2Bz _ 2iBc _ b*In(e h-a,
ib—a ib—a (a2+b2)a (a2+b2)ad a?+b2 (a2+b2)d a ad (a2+b2)ad

int (cot (d*x+c) "2* (Bxtan (d*x+c)+C*xtan (d*x+c) ~2) / (a+b*tan(d*x+c)) ,x,method=_
RETURNVERBOSE)

1/2% ((-2*xBxb~2+2%C*a*xb) *1n (a+b*tan (d*x+c) )+ (-B*a~2-C*xa*xb) *1n(sec (d*x+c) ~2)
+2*B* (a~2+b~2) *1n (tan (d*x+c) ) -2*xa*d*x* (Bxb-C*a)) /(a~2+b"2) /a/d

3.29.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.48

/ cot?(c + dz) (B tan(c + dz) + C tan*(c + dz)) i

a + btan(c + dx)
an(dz+c)? b2 tan(dz+c)?42 abtan(dz+c)+a?
 2(Ca? — Bab)dz + (Ba® + BY) log (24 ) + (Cab — BY?) log (tenldet el gnidetel il )
- 2(a® + ab?)d
cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dzx) dx
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input | integrate(cot (d*x+c) 2% (Bxtan(d*x+c)+Cxtan(d*x+c) ~2)/(atb*tan(d*x+c)),x, a

lgorithm="fricas")

output | 1/2*% (2% (C*xa~2 - B*a*b)*d*x + (B*xa~2 + B*b~2)*log(tan(d*x + c)~2/(tan(d*x +
c)”2 + 1)) + (C*xa*xb - B*b~2)*log((b~2*tan(d*x + c)~2 + 2%a*b*tan(d*x + c)
+ a~2)/(tan(d*x + ¢)~2 + 1)))/((a”3 + a*b~2)*d)

3.29.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 2.17 (sec) , antiderivative size = 966, normalized size of antiderivative = 12.08

/ cot?(c + dz) (B tan(c + dz) + C tan?(c + dz))

dz = Too 1 to displ
a+ btan(c + dx) £ oo large to display

-

inputLintegrate(cot(d*x+c)**2*(B*tan(d*x+c)+C*tan(d*x+c)**2)/(a+b*tan(d*x+c)),x)

~—

output | Piecewise ((zoo*x*(Bxtan(c) + Cxtan(c)**2)*cot(c)**2/tan(c), Eq(a, 0) & Eq(
b, 0) & Eq(d, 0)), ((-Bxlog(tan(c + d*x)**2 + 1)/(2xd) + Bxlog(tan(c + d*x
))/d + C*xx)/a, Eq(b, 0)), ((-B*x - B/(d*tan(c + d*x)) - Cxlog(tan(c + d*x)
**x2 + 1)/(2%d) + Cxlog(tan(c + d*x))/d)/b, Eq(a, 0)), (B*d*xxtan(c + dx*x)/
(2#%b*d*tan(c + d*x) - 2%I*bkd) - I*Bxd*x/(2*bkd*xtan(c + d*x) - 2*I*bxd) -
IxBxlog(tan(c + d*x)**2 + 1)xtan(c + d*x)/(2*b*d*tan(c + d*x) - 2%Ixb*xd) -
Bxlog(tan(c + d*x)**2 + 1)/(2%b*d*tan(c + d*x) - 2%I*bxd) + 2xI*Bxlog(tan
(c + d*x))#*tan(c + d*x)/(2xb*d*tan(c + d*x) - 2*I*bxd) + 2*B*log(tan(c + d
*x) )/ (2xbxd*tan(c + d*x) - 2*Ixbxd) + B/(2*b*d*tan(c + d*x) - 2*xIxbxd) + I
*Cxd*xx*xtan(c + d*x)/(2*b*d*tan(c + d*x) - 2xI*bkxd) + C*d*x/(2¥b*d*tan(c +
d*x) - 2%I*bxd) + I*C/(2%b*d*tan(c + d*x) - 2*I*b*d), Eq(a, -I*b)), (B*d*x
*tan(c + d*x)/(2*bxd*tan(c + d*x) + 2xI*b*d) + I*Bxd*x/(2*b*d*tan(c + d*x)
+ 2xI*b*d) + I*Bxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)/(2*bxd*tan(c + d*x
) + 2xI*b*d) - Bxlog(tan(c + d*x)**2 + 1)/(2xb*d*tan(c + d*x) + 2%Ixb*d) -
2%I*B*log(tan(c + d*x))*tan(c + d*x)/(2%b*d*tan(c + d*x) + 2%I*b*d) + 2*B
xlog(tan(c + d*x))/(2xbxd*tan(c + d*x) + 2*Ixb*d) + B/(2*b*d*tan(c + d*x)
+ 2%Ixb*d) - I*Cxd*x*tan(c + d*x)/(2*b*d*tan(c + d*x) + 2*xI*b*d) + Cxd*xx/(
2xb*d*tan(c + d*x) + 2*Ixbxd) - I*C/(2xb*d*tan(c + d*x) + 2*I*bxd), Eq(a,
I*¥b)), (x*(Bxtan(c) + Cxtan(c)**2)*cot(c)**2/(a + bxtan(c)), Eq(d, 0)), (-
Bxax*2*log(tan(c + d*x)**2 + 1)/(2%a**3xd + 2%axb**2*d) + 2*Bxa**2*xlog(...

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dzx) dx
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3.29.7 Maxima [A] (verification not implemented)

Time = 0.38 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.34

/ cot?(c + dz) (B tan(c + dz) + Ctan*(c + dz)) i
a + btan(c + dx)
2 (Ca—BY)(date) | 2(CabBY) log(bten(date)yta) _ (Ba+OV)log(tan(do+c’+1) 3 Blog(tan(date))
_ a’+b? + a3+ab? B a’+b? + a
2d

input | integrate(cot (d*x+c) 2% (Bxtan(d*x+c)+Cxtan(d*x+c) ~2)/(atb*tan(d*x+c)),x, a

lgorithm="maxima")

output | 1/2%(2+(Cxa - Bxb)*(d*x + c)/(a"2 + b~2) + 2*(C*a*b - B*b~2)*log(b*tan(d*x
+ c) + a)/(a”3 + a*b”2) - (Bxa + C#b)*log(tan(d*x + c)”"2 + 1)/(a"2 + b~2)
+ 2xBxlog(tan(d*x + c))/a)/d

3.29.8 Giac [A] (verification not implemented)

Time = 0.80 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.41

/ cot?(c + dz) (B tan(c + dz) + C tan?(c + dz)) s
a + btan(c + dx)
2 (Ca— Bb)(dz+c) (Ba+Cb) log (tan(dw+c)2+1) 2 (Cab®—Bb3) log(|btan(dz+c)+al) 2 Blog(|tan(dz+c)|)
. a2+b? B a?+b? + a3b+ab3 + a

a 2d

input | integrate (cot (d*x+c) 2% (B*tan (d*x+c)+Cxtan(d*x+c) ~2)/(at+tb*tan(d*x+c)),x, a

lgorithm="giac")

output | 1/2*%(2*x(Cxa - B*#b)*(d*x + c)/(a"2 + b"2) - (Bxa + C#b)*log(tan(d*x + c)~2
+ 1)/(a”2 + b72) + 2%(Cxaxb~2 - Bxb~3)*log(abs(b*tan(d*x + c) + a))/(a"3*b
+ a*xb~3) + 2*Bxlog(abs(tan(d*x + c)))/a)/d

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dz) dzx
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3.29.9 Mupad [B] (verification not implemented)

Time = 9.20 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.44

dz

/ cot?(c + dz) (B tan(c + dz) + C'tan?(c + dz))
a + btan(c + dx)
_ Bn(tan(c+dz)) In(tan(c+dz)—i) (—C + B1i)
- ad a 2d (—b+ ali)
In (tan(c+dz) +1i) (B—C1li) bln(a+btan(c+dzx)) (Bb—Ca)
- 2d (a — b1i) B ad (a2 + b?)

input| int ((cot(c + d*x) 2% (B*tan(c + d*x) + Cxtan(c + d*x)~2))/(a + b*tan(c + d*
x)),x%)

output | (Bxlog(tan(c + d*x)))/(a*d) - (log(tan(c + d*x) - 1i)*(Bx1i - C))/(2*d*(a*
1i - b)) - (log(tan(c + d*x) + 1i)*(B - Cx1i))/(2+d*(a - bx1i)) - (bxlog(a
+ bxtan(c + d*x))*(B*b - C*a))/(axd*(a”2 + b~2))

cot?(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.29. f a+btan(ct+dz) dzx
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cot3(c+dz) (B tan(c+dz)+C tan?(c+dz)) da

3.30 |

a+btan(c+dx)
3.30.1 Optimalresult . . . . . . .. . ... ... 308]
3.30.2 Mathematica [C] (verified) . . . . . . . . ... L L Lo
3.30.3 Rubi [A] (verified) . . . . . . ... .. 309
3.30.4 Maple [A] (verified) . .. .. ... ... ..
3.30.5 Fricas [A] (verification not implemented) . . . . . . ... ... ... ... .. 312
3.30.6 Sympy [C] (verification not implemented) . . .. ... ... ... ...... 313
3.30.7 Maxima [A] (verification not implemented) . . . ... ... ... ... ... .. B14
3.30.8 Giac [A] (verification not implemented) . . . . . ... ... ... ....... B14
3.30.9 Mupad [B] (verification not implemented) . . ... ... ... ... .....

3.30.1 Optimal result

Integrand size = 40, antiderivative size = 103

dz

cot*(c + dz) (B tan(c + dz) + C tan?*(c + dz))
/ a + btan(c + dx)
(aB+bC)xz Bcot(c+dz) (bB — aC)log(sin(c+ dzx))
R ad a a’d
N b%(bB — aC) log(a cos(c + dz) + bsin(c + dz))
a? (a® + b?)d

output \ - (B*a+C*b) *x/ (a~2+b~2) -B*cot (d*x+c) /a/d- (B*xb—-C*a) *1n (sin(d*x+c))/a~2/d+b"~2 |
L*(B*b-C*a)*ln(a*cos(d*x+c)+b*sin(d*x+c))/a‘2/(a‘2+b‘2)/d J

3.30.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.98 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.34

/ cot*(c + dz) (B tan(c + dz) + C tan?(c + dz)) I

a+ btan(c + dx)
__2Bcot(ctdzx) + i(B+iC) log(i—tan(c+dz)) + 2(=bB+aC)log(tan(ct+dz))  (iB+C)log(i+tan(c+dz)) + 2b2(bB—aC) log(a+b tan(
_ a a+ib a? a—ib a?(a?+b2)
2d
cot3(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.30. f a+btan(ct+dz) dzx
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input Integrate[(Cot[c + d*x]~3*(B*Tan[c + d*x] + C*Tan[c + d*x]~2))/(a + bxTan[
c + dxx]),x]

output | ((-2#B*Cot[c + d*x])/a + (I*(B + I*C)*Log[I - Tan[c + d*x]])/(a + Ixb) + (
2% (-(b*B) + a*C)*Log[Tan[c + d*x]])/a"2 - ((I*B + C)*Log[I + Tan[c + d*x]]
)/(a - I*b) + (2%xb~2x(b*B - a*C)*Logla + bxTan[c + d*x]])/(a"2*(a"2 + b~2)
))/(2%d)

3.30.3 Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.08,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.250, Rules

used = {3042, 4115, 3042, 4092, 3042, 4134, 3042, 25, 3956, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

dzr

/ cot3(c + dz) (Btan(c + dz) + C tan?(c + dz))
a + btan(c + dx)

l 3042

dx

/ Btan(c + dzx) + C'tan(c + dzx)?
tan(c + dz)3(a + btan(c + dz))

l 4115

dz

/ cot?(c + dz)(B + Ctan(c + dx))
a + btan(c + dx)

J’3042

/ B + Ctan(c + dz)
tan(c + dz)2(a + btan(c + dz))

i

l'4092

cot(c+dz) (bB tan?(c+dz)+aB tan(c+dz)+bB—aC)
f a+btan(ct+dx) dzx _ B COt(C + da;)

a ad

l,3042

bB tan(c+dz)?+aB tan(ct+dz)+bB—aC
f t;n(cidx)‘za—i—btarcl(cfdx)) “dz _ B COt(C + dI)

a ad

l 4134

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz)) dr

3.30. f a+btan(ct+dzx)
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b—at +d.:
b2(bB—aC) [ tﬁ)t‘;ﬂimdx n (bB—aC) [ cot(ct+dz)dz |, ax(aB+bC)

o a(a2+b?) a + a?+62 B COt(C + dx)
a ad
| 3042
b2(bB—aC) [ T ian(erds) 4 | (bB—aC) [ —tan(ctdz+3)de | az(aB+bC)
_ - a(a?+b2) + a + a?+b? B COt(C + d;v)
a ad

| 25

b—at +d.
b2(bB—aC) [ #&gdw _ (bB—a0) [ tan (3 (2c+m)+dz)dz n az(aB+bC)

- a(a2+b?) a aZ+b2 _ B COt(C + dx)
a ad
l'3956
b? (bB—aC) f Tlfﬁi@d?dw az(aB+bC bB—aC) log(— sin(c+dz
__ a(azi;;zt) (c+dz) + ((12_1_1,2 ) + ( ) i,(d ( ) _ BCOt(C+ d_’L‘)
a ad
l 4013

b%(bB—aC) log(a cos(c+dz)+bsin(c+dz)) (aB+bC) | (bB—aC)log(—sin(c+dzx))
— a og Z;&S2ib2)w sin(c+ax + az;.z-'_bz + a ogad sin(c+dx ~ Bcot(c—|— dm)

h a ad

input | Int [(Cot[c + d*x] 3% (B*Tan[c + d*x] + CxTan[c + d*x]~2))/(a + b*Tan[c + dx*
x]),x]

output | -((B*Cot [c + d*x])/(a*d)) - ((ax(a*B + b*C)*x)/(a"2 + b~2) + ((b*B - a*C)x*
Log[-Sin[c + d*x]])/(a*d) - (b~2*(b*B - a*C)*Logl[a*Cos[c + d*x] + b*Sin[c
+ d*x]])/(a*x(a”2 + b72)*d))/a

3.30.3.1 Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3956 Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQl{c, d}, x]

f cot3(c+dx) (B tan(c+dz)+C tan?(c+dz)) dr

3.30. a+btan(ct+dzx)



CHAPTER 3. LISTING OF INTEGRALS 311

rule 4013 Int[((c_) + (d_.)*tan[(e_.) + (£_.)*(x_)1)/((a_) + (b_.)*tan[(e_.) + (f_.)*
(x_)1), x_Symbol] :> Simp[(c/(b*f))*Log[RemoveContent[a*xCos[e + f*x] + b#*Si

nle + £*x], x]1, x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c - axd, 0] &&
NeQ[a~2 + b2, 0] && EqQ[a*c + bxd, 0]

rule 4092 | Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_)*((A_.) + (B_.)*tan[(e_.) +
(£_)*x_)D*((c_.) + (d_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_), x_Symbol] :> Si
mp [b*(A*b - a*B)*(a + bxTan[e + f*x])~(m + 1)*((c + d*Tan[e + f*x])~(n + 1)
/(fx(m + D) *(bxc - a*d)*(a"2 + b~2))), x] + Simp[1/((m + 1)*(b*c - axd)*(a”
2 +b72)) Int[(a + b*Tan[e + f*x])~(m + 1)*(c + d*Tan[e + f*x]) n*Simp [b*
Bx(b*c*(m + 1) + a*d*(n + 1)) + Ax(ax(b*xc - a*d)*(m + 1) - b"2xd*(m + n + 2
)) - (Axb - a*B)*(b*c - a*d)*(m + 1)*Tan[e + f*x] - b*d*(Axb - axB)*(m + n
+ 2)*Tan[e + f*x]~2, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, A, B, n}, x] &&
NeQ[b*c - a*d, 0] && NeQ[a"2 + b2, 0] && NeQ[c™2 + d~2, 0] && LtQ[m, -1]
&& (IntegerQ[m] || IntegersQ[2#m, 2*n]) && !(ILtQ[n, -1] && ( !IntegerQ[m]
Il (EqQQlc, 0] && NeQ[a, 0]1)))

rule 4115 Int[((a_.) + (b_.)*tan[(e_.) + (f_.)*(x_)1)"(m_.)*((c_.) + (d_.)*tan[(e_.)

+ (£_)*(x_)1)"(n_.)*((A_.) + (B_.)*tan[(e_.) + (£_.)*(x_)] + (C_.)*tan[(e_
D o+ (£_.)*(x_)]172), x_Symbol] :> Simp[1/b"2 1Int[(a + b*Tan[e + f*x]) (m

+ 1)*(c + d*Tan[e + f*x]) n*(b*B - a*C + bxC*Tan[e + f*x]), x], x] /; FreeQ
[{a, b, ¢, d, e, £, A, B, C, m, n}, x] & NeQ[bxc - axd, 0] && EqQ[A*b~2 -

a*xbxB + a~2%C, 0]

N

rule 4134 Int[((A_.) + (B_.)*tan[(e_.) + (f_.)*(x_)] + (C_.)*tan[(e_.) + (f_.)*(x_)]1"
2)/(((a_) + (b_.)*tan[(e_.) + (£_.)*(x_)1)*((c_.) + (d_.)*tan[(e_.) + (£_.)
*(x_)]1)), x_Symbol] :> Simp[(a*(A*c - cxC + B*d) + bx(Bxc - A*d + Cxd))*(x/
((@”2 + b™2)*(c”2 + d472))), x] + (Simp[(A*b~2 - a*b*B + a~2xC)/((bxc - a*d)
*(a”2 + b"2)) Int[(b - a*Tan[e + f*x])/(a + bxTan[e + f*x]), x], x] - Sim
pl(c™2%C - B*cxd + A*d~2)/((b*c - a*d)*(c™2 + d”2)) Int[(d - cxTan[e + f*
x])/(c + d*xTan[e + f*x]), x], x]) /; FreeQ[{a, b, ¢, 4, e, £, A, B, C}, x]
&& NeQ[b*c - a*d, 0] && NeQ[a~2 + b~2, 0] && NeQ[c"2 + d~2, 0]

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz)) dr

3.30. f a+btan(ct+dzx)
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3.30.4 Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 122, normalized size of antiderivative = 1.18

method result

. (2B b®—2Ca b?) In(a+btan(dz+c))+ (B a?b—Ca?) In (sec(dx+c)2) —2(a%+b%) (Bb—Ca) In(tan(dz+c))—2a (B (a?+b?
parallelrisch AT

(Bb—Ca) ln(1+tan(da:+c)2)
2

B (—Bb+Ca) In(tan(dz+-c)) +(—Ba—Cb) arctan(tan(dz+c)) (Bb—C’a)b2 In(a+b tan
. . . _atan(dz+c)+ a2 + a2+b2 + (a2+b2)a2
derivativedivides ]
(Bb—Ca) ln(l+tan(dm+c)2)
B (=Bb+Ca) In(tan(dz+c)) 3 +(—Ba—Cb) arctan(tan(dz+c)) (Bb—Ca,)b2 In(a+b tan(
_atan(d$+c)+ a2 + a2+b2 + 2.112) 42
default (24+7)e
d
Btan(dz+c) (Ba+Cb)zt n(dz+c)2
norman T - a2+7,2 + (Bb—Ca)b? In(a+btan(dz+c))  (Bb—Ca)In(tan(dz+c)) + (Bb—Ca) In
tan(dz+c)? a?d(a2+b2) a2d 2d(
: zB _ izC 2iBbzr | 2iBbc _ 2iCx _ 2iCc __ _2i3Bx __ _ 2ib3Bc 2ib2Cx 2ib2Ce
risch ib—a ib—a + a? + a?d a ad a?(a2+b2) a?d(a?+b2) + a(a?+b2) + ad(a?+b2)

input | int (cot (d*x+c) ~3* (Bxtan (d*x+c)+C*tan (d*x+c) ~2) / (a+b*tan (d*x+c) ) ,x,method=_
RETURNVERBOSE)

output | 1/2* ((2*Bxb~3-2+C*xa*b~2) *1n (a+b*tan (d*x+c) ) +(Bxa~2*xb-C*a~3) *1n(sec (d*x+c) "~
2)-2x(a~2+b"2) * (Bxb-C*a) *1n(tan (d*x+c) ) -2*a*x (Bx (a~2+b"2) *cot (d*x+c) +axd*x*
(B*a+Cxb)))/a~2/d/(a~2+b"2)

3.30.5 Fricas [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.72

/ cot®(c + dz) (B tan(c + dz) + C'tan*(c + dz)) i —

a + btan(c + dx)
2 Ba® + 2 Bab® + 2 (Ba® + Ca?b)dz tan (dz + ¢) — (Ca® — Ba?b + Cab® — Bb®) log (%) tan
B 2 (a* + a2b?)d tan (dz + c)

input ‘ integrate(cot (d*x+c) ~3* (Bxtan (d*x+c)+Cxtan(d*x+c) ~2) / (a+b*tan(d*x+c)) ,x, a ‘

‘ lgorithm="fricas") ‘

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.30. f a+btan(ct+dz) dzx
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output | -1/2*(2*B*a"~3 + 2*B*a*b~2 + 2% (Bxa~3 + Cxa~2*b)*d*x*tan(d*x + c) - (Cxa”3
- B*a"2*b + C*a*b~2 - Bxb~3)*log(tan(d*x + c)~2/(tan(d*x + c)~2 + 1))*tan(
d*x + c) + (Cxa*b~2 - B*b~3)*log((b~2*tan(d*x + c)~2 + 2xa*bxtan(d*x + c)
+ a”2)/(tan(d*x + c)”2 + 1))*tan(d*x + c))/((a"4 + a"2%b~2)*d*tan(d*x + c)
)

3.30.6 Sympy [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 3.72 (sec) , antiderivative size = 2067, normalized size of antiderivative = 20.07

/ cot*(c + dz) (B tan(c + dz) + C tan?(c + dz)) p

= Too large to displ
a + btan(c + dzx) z = loo large to display

-

inputLintegrate(cot(d*x+c)**3*(B*tan(d*x+c)+C*tan(d*x+c)**2)/(a+b*tan(d*x+c)),x)

~—

output  Piecewise((nan, Eq(a, 0) & Eq(b, 0) & Eq(c, 0) & Eq(d, 0)), ((-B*x - B/(d*
tan(c + d*x)) - Cxlog(tan(c + d*x)#**2 + 1)/(2xd) + Cxlog(tan(c + d*x))/d)/
a, Eq(b, 0)), ((Bxlog(tan(c + d*x)**2 + 1)/(2+d) - Bxlog(tan(c + d*x))/d -
B/(2*d*tan(c + d*x)**2) - C*x - C/(d*tan(c + d*x)))/b, Eq(a, 0)), (-3*B*d
xx*xtan(c + d*x)**2/(2xaxd*tan(c + d*x)**2 + 2kIxaxd*tan(c + d*x)) - 3*I*Bx
d#x*tan(c + d*x)/(2xa*d*tan(c + d*x)**2 + 2*I*a*xdxtan(c + d*x)) - I*Bxlog(
tan(c + d*x)**2 + 1)*tan(c + d*x)**2/(2*a*d*tan(c + d*x)**2 + 2xI*a*d*tan(
c + d*x)) + Bxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)/(2*axd*tan(c + d*x)**2
+ 2xIxa*xd*tan(c + d#*x)) + 2xI*Bxlog(tan(c + d*x))*tan(c + d#*x)**2/(2xa*dx*
tan(c + d*x)**2 + 2xI*a*xd*tan(c + d*x)) - 2*Bxlog(tan(c + d*x))*tan(c + d*
x)/(2xa*d*tan(c + d*x)**2 + 2xIka*d*tan(c + d*x)) - 3*Bxtan(c + d#*x)/(2*ax
d*tan(c + d*x)**2 + 2*Ixakxd*tan(c + d*x)) - 2*I*B/(2*a*d*tan(c + d*x)**2 +
2xIxa*xd*tan(c + d*x)) + I*Cxd*x*tan(c + d*x)**2/(2*a*d*xtan(c + d*x)**2 +
2xI*xaxd*tan(c + d*x)) - Cxd*x*tan(c + d*x)/(2*axdxtan(c + d*x)**2 + 2xIxa*
d*tan(c + d*x)) - Cxlog(tan(c + d*x)**2 + 1)*tan(c + d*x)**2/(2*axd*tan(c
+ dxx)**2 + 2xIxaxdxtan(c + d*x)) - I*Cxlog(tan(c + d*x)**2 + 1)*tan(c + d
*x)/(2xaxd*xtan(c + d*x)*x2 + 2xIxaxd*tan(c + d*x)) + 2*Cxlog(tan(c + d*x))
*tan(c + dxx)**2/(2*a*d*tan(c + d*x)**2 + 2xI*akd*tan(c + d*x)) + 2*xI*Cxlo
g(tan(c + d*x))#*tan(c + d*x)/(2xa*d*tan(c + d#*x)**2 + 2*Ixa*d*tan(c + d*x)
) + I*Cxtan(c + dx*x)/(2*axd*tan(c + d*x)**2 + 2xI*axd*tan(c + d*x)), Eq...

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.30. f a+btan(ct+dzx) dx
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3.30.7 Maxima [A] (verification not implemented)

Time = 0.42 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.27

/ cot®(c + dz) (B tan(c + dz) + Ctan*(c + dz)) i —
a + btan(c + dx) B
2 (Ba+Chb)(dz+c) + 2 (Cab?—Bb?) log(btan(dz+c)+a) + (Ca—Bb) log<tan(dz+c)2-|—1) __ 2(Ca—Bb) log(tan(dz+c)) + 2B
a?+b2 a*+a2b? a?+-b2 a? atan(dz+c
2d

input | integrate (cot (d*x+c) ~3* (B¥tan(d*x+c)+Cxtan (d*x+c) "2) / (atb*tan(d*x+c)) ,x, a
lgorithm="maxima")

output | -1/2%(2*(B*a + Cxb)*(d*x + c)/(a”2 + b~2) + 2*%(Cxaxb~2 - Bxb~3)*log(b*tan(
d*x + c) + a)/(a”4 + a~2*%b"2) + (C*a - Bxb)*log(tan(d*x + c)~2 + 1)/(a™2 +
b~2) - 2*(C*a - Bxb)*log(tan(d*x + c))/a"2 + 2xB/(axtan(d*x + c)))/d

3.30.8 Giac [A] (verification not implemented)

Time = 1.07 (sec) , antiderivative size = 157, normalized size of antiderivative = 1.52

/ cot®(c + dz) (B tan(c + dz) + C'tan*(c + dz)) i —
a + btan(c + dx) B
2 (Ba+Cb)(dz+c) 4 (Ca—Bb) log(tan(dx+c)2+1) i 2 (Cab®—Bb*) log(|btan(dz+c)+al) 2 (Ca—Bb) log(|tan(dz+c)|) + 2(Cata
a’+b? a?+b? a*b+a?b? a?
2d

input | integrate (cot (d*x+c) ~3* (B¥tan(d*x+c)+Cxtan (d*x+c) "2) / (atb*tan(d*x+c)) ,x, a
lgorithm="giac")

output | -1/2*(2x(Bxa + C*b)*(d*x + c)/(a”2 + b~2) + (C*a - Bxb)*log(tan(d*x + c)~2
+1)/(a”2 + b™2) + 2%(Cxa*xb~3 - Bxb~4)*log(abs(b*tan(d*x + c) + a))/(a4x

b + a”2xb~3) - 2*(C*a - Bxb)*log(abs(tan(d*x + c)))/a"2 + 2x(Cxaxtan(d*x +
c) - Bxbxtan(d*x + c) + Bxa)/(a"2xtan(d*x + c)))/d

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz))
3.30. f a+btan(ct+dz) dzx
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3.30.9 Mupad [B] (verification not implemented)

Time = 9.88 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.36

/ cot®(c + dz) (B tan(c + dz) + Ctan*(c + dz))
dz
a + btan(c + dx)
_ In(a+btan(c+dz)) (Bb® —Cab®) In(tan(c+dz)) (Bb—Ca)
N d (a*+ a?b?) a?d
In (tan(c +dz) +1i) (B—C1i) Bcot(c+dz) n In (tan(c+dz) — i) (—C + B1i)
2d (b+ali) ad 2d (a+0b1i)

input| int ((cot (c + d*x) 3% (B*tan(c + d*x) + Cxtan(c + d*x)~2))/(a + b*tan(c + d*
x)),x)

output | (log(a + b*tan(c + d*x))*(B*b~3 - Cxa*b~2))/(d*(a”4 + a~2%b~2)) - (log(tan
(c + d*x))*(Bxb - C*a))/(a"2+d) + (log(tan(c + d*x) + 1i)*(B - C*1i))/(2xd
*(a*1i + b)) - (B*cot(c + d*x))/(a*xd) + (log(tan(c + d*x) - 1i)*(B*1i - C)
)/ (2xd*(a + b*1i))

N

cot3(c+dx) (B tan(c+dz)+C tan?(c+dz)) dr

3.30. f a+btan(ct+dzx)
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cot*(c+dz) (B tan(c+dz)+C tan?(c+dz)) da
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3.31.1 Optimal result

Integrand size = 40, antiderivative size = 137

/ cot*(c + dz) (Btan(c + dz) + Ctan*(c + dz)) i
a+ btan(c + dx)
_ (bB—aC)z | (bB—aC)cot(c+dx) Bcot*(c+ dx)
a? +b? a2d - 2ad
(a’B — b2B + abC) log(sin(c + dz))  b*(bB — aC) log(a cos(c + dz) + bsin(c + dz))
B a’d B ad (a2 +0v%)d

B
output \ (B*b-Cx*a) *x/ (a~2+b~2) +(Bxb-C*a) *cot (d*x+c) /a~2/d-1/2*B*cot (d*x+c) ~2/a/d- (B

‘ *a~2-Bxb~2+C*ax*b) *1n(sin(d*x+c))/a"~3/d-b~3* (Bxb-Cx*a)*1n(a*cos (d*x+c)+b*sin
(d*x+c))/a~3/(a~2+b"2)/d

N\ J

—

3.31.2 Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.52 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.19

/ cot*(c + dz) (B tan(c + dz) + Ctan*(c + dz)) i
a + btan(c + dx)
2(bB—aC) cot(c+dx) B cot?(ctdx) + (B+iC) log(i—tan(c+dz)) _ 2(a?B—b*B+abC) log(tan(c+dx)) + (B—iC) log(i+tan(c+dz))
a? a a+ib ad a—ib

2d

cot*(c+dz) (B tan(c+dz)+C tan?(c+dz))
3.31. f a+btan(ct+dz) dzx
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input Integrate[(Cot[c + d*x] 4*(B*Tan[c + d*x] + C*Tan[c + d*x]~2))/(a + bxTan[

c + dxx]),x]

output | ((2*(b*B - a*C)*Cot[c + d*x])/a"2 - (BxCot[c + d*x]~2)/a + ((B + I*C)*Logl
I - Tan[c + d*x]])/(a + I*b) - (2%(a”2%B - b~2*B + a*b*C)*Log[Tan[c + d*x]
1)/a"3 + ((B - I*C)*Logl[I + Tan[c + d*x]])/(a - I*b) + (2%b~3*(-(b*B) + ax
C)*Logla + bxTan[c + d*x]])/(a"3*(a”2 + b~2)))/(2*d)

3.31.3 Rubi [A] (verified)

Time = 1.20 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.12,

_ _ number of rules _
number of steps used = 14, number of rules used = 14, integrand size 0.350, Rules

used = {3042, 4115, 3042, 4092, 27, 3042, 4132, 25, 3042, 4134, 3042, 25, 3956, 4013}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed below.

/ cot*(c + dz) (Btan(c + dz) + C tan?(c + dz)) p
a + btan(c + dx) v
| 3042
/ Btan(c + dzx) + C'tan(c + dzx)? i
tan(c + dz)*(a + btan(c + dz))
| 4115
/ cot3(c + dz)(B + Ctan(c + dx))
dz
a + btan(c + dx)
| 3042
/ B + Ctan(c + dz) -
tan(c + dz)3(a + btan(c + dz))
| 4092
2 cot?(c+dzx) (bB tan?(c+dz)+aB tan(c+dz)+bB—aC
_f e ( . a+cbtaﬁ(cfd$)a — . )dIL‘ _ BCOt2(0+ dI)
2a 2ad
| 27
cot?(c+dz) (bB tan?(c+dz)+aB tan(c+dz)+bB—aC)
_ f a+btan(ct+dz) dx _ B cot? (C + dil,‘)
a 2a